QUOTIENTS OF AFFINE SPACES FOR ACTIONS OF REDUCTIVE
GROUPS

MIHAI HALIC

ABSTRACT. The article studies actions of reductive groups on affine spaces. We prove the
existence of a fan structure on the space of characters of the group, which parameterizes
the possible invariant quotients. Secondly, we compute the Chow and the cohomology rings
of the quotients. Further, we prove the vanishing of the higher cohomology groups of nef
line bundles on the quotients. Finally we show that for ‘large’ G-modules V', the quotient
morphism V* — V//G is a semi-stable principal G-bundle.

In this article we study the geometric properties of the varieties which are obtained as
invariant quotients of affine spaces by the action of reductive groups. There are a multitude
of examples of such varieties: the most at hand are the toric varieties, obtained for repre-
sentations of tori, and the quiver varieties, which include as very particular cases the flag
varieties of the general linear group.

The possible linearizations of the action of a linear group on an affine space are given by
the characters of the group. A first issue that we address is the existence of a fan structure
on the space of characters, whose cones parameterize the invariant quotients which appear.

Theorem Let X be a normal, affine G-variety. The GIT-equivalence classes in X*(G)g,
corresponding to the linearization of the G-action on X in Ox, are the relative interiors of
the cones of a rational, polyhedral fan A% (X), which we call the GIT-fan of X.

This result can be viewed as a non-abelian generalization of the Gelfand-Kapranov-Zelevinskij
decomposition for linear representations of tori. The case when V' is the representation space
of a quiver has been treated in [16]. The analogous issue for projective varieties has been
addressed in [7, 24].

In the rest of the paper we have investigated the geometrical properties of the quotients
of an affine space V on which G acts linearly. The first issue in this direction is that of
computing the Chow ring of the invariant quotients.

Theorem Let x € X*(G) be a character with the property that the corresponding semi-stable
locus coincides with the properly stable one. Then

A, (V//XG)Q = (A*G)Q/QQE]T; E is a (T, x)-unstable component 0fV>Q7

where @ denotes the projection from the T- to the G-equivariant Chow ring of a point. If
moreover the ground field is that of the complex numbers and V//XG 1s projective, then its
cohomology ring is isomorphic to the Chow ring.

This formula has been obtained in [10] under the additional assumptions that the group G
acting on the affine space contains its homotheties, and the stability concept corresponds to
a character with large weight on the subgroup of homotheties. We also answer in positive a
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question raised in loc. cit., asking whether the Chow ring of the quotients is generated by the
Chern classes of ‘natural’ vector bundles, induced by representations of the group G.

In section 6 we use the techniques from [25] to show that projective varieties of the form
v/ XG fit together in families over separated and reduced schemes over Spec Z, and moreover
that the absolute case considered in the previous sections corresponds to base change. In
particular, we obtain flat families of quotients over SpecZ. This eventually allows us to
extend in positive characteristic certain cohomological properties holding in characteristic
zero. In theorem 6.2 we compute the Chow ring of families of such varieties, parameterized
by reduced schemes defined over algebraically closed fields, and also, in the case of complex
numbers, the cohomology ring of the total space of the fibration.

We conclude the article by computing the Picard group and the ample cone of the geometric
quotients that we obtain. Using the Hochster-Roberts theorem, we further prove the vanishing
of higher cohomology groups of nef line bundles.

Theorem Let x € X*(G) be a character such that the codimension of the unstable locus
codimyV™(G, x) = 2, and V(G x) = Vi (G, X). There is a prime p(x) depending only on
the GIT-chamber of x, having the property that over ground fields of characteristic zero or
larger than p(x):

(i) V// G is arithmetically Cohen-Macaulay with respect to any ample, invertible sheaf on it;
(ii) For any nef, invertible sheaf £ — V//, G holds: H? (V//XG7$) =0, Vi>0.
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1. LINEAR ACTIONS OF REDUCTIVE GROUPS: BASIC FACTS

In this section we introduce part of the notations used in this paper, and also recall from
[15, 20] some facts concerning linear actions of reductive groups.

Let K be an algebraically closed field of arbitrary characteristic, G a reductive group over
K, and G,, := Spec K[t,t~!] the multiplicative group of K. We denote Z(G)° the connected
component of the centre of G; we fix a maximal torus 7" of G and denote by W := N¢(T)/T
the corresponding Weyl group. Further, we consider a finite dimensional G-module V', such
that the representation p : G — GI(V) has finite kernel.

Let V := Spec (Sym' VV) be the affine space corresponding to V', and consider

Y:GxV —YV

the natural G-action on it (see [22], section 1.1). Since Pic(V) = {&y}, the possible lineariza-
tions of ¥ are parameterized by the group of characters X*(G) of G: x € X*(G) defines the
linearization

(1.1) Sy G x (VxAg) — Vx Ak, 39 (z,2) = (2(g.2),x(9)2)-

A function f € K[V] is E-invariant if f(3(g,z)) = x(9)f(z) for all (g,2) € G x V. For
n 2= 0, we denote by K [V]Sn the vector space of ¥,n-invariant functions on V, and define the
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algebra
KV]“ .= P KV
n>0
A one-parameter subgroup (1-PS for short) of G A € X,(G) decomposes V into the direct
sum of its weight spaces V' = @;V}, where A(t)|y; = t/Idy,. This decomposition breaks V into
the direct product
V = Spec(Sym*® V) = Spec(®; Sym® V;) = x;V;,

and we remark that A acts on V; by multiplication through tJ. Let (xj); be the components
of a point x € V with respect to this decomposition, and we define

min{j | z; # 0} if z #0,
m(x’A)::{o itz =0

Lemma 1.1. (i) For x € X*(QG), the corresponding x-unstable locus is

e = | G EN =6,

X € X (T),
(x,A\) <0

where E(X) :={z € V| m(x,\) > 0}.
(ii) For A € X(G), E(X) is a linear subspace of V which is stable under the parabolic subgroup
P\ :={geq| }in% At)gA(t) ™! exists in G}

of G. As a consequence, G -E(\) is closed in V.
(iii) There is a finite W -invariant set F(x) C {(x,) < 0}, such that

U cEeEN= |J G¢-EW.
A e X (T), AEF(x)
(x;A) <0
Proof. Is a particular case of [15], applied to the action induced by p' : G — GI(K & V),
P(g) = diag(x "' (9), p(9))- O
The Hilbert-Mumford criterion corresponding to our linear problem is the following:

Proposition 1.2. Fiz a character x € X*(G). Then:
(i) z€eVS(G,x) <= [VAre{{x,") <0} = m(z,\) <0].
(i) =€V (G.x) <= [VAe{{x.") <0} = m(z,A) <0].

Proof. See [20]. O

2. LINEAR ACTIONS OF REDUCTIVE GROUPS: REDUCTION TO THE PROJECTIVE CASE

In this section we will view the affine space V as a G-invariant, Zariski open subset of the
projective space P(K ® V') := Proj (Sym' (Ko VV)), for an appropriate G-action on this latter
one. For any character x € X*(G), we prove that the G-action on P(K @ V') can be linearized
in such a way that the intersection of the corresponding semi-stable locus with V coincides
with the y-semi-stable locus of V. Our goal is to reduce the issue of chamber structure on
X*(G) in the affine case to known results in the projective case.

Let us recall that for any character x € X*(G), the invariant quotient V// G corresponding

to the linearization X, can be described as Proj (K [V]G’X), and this one is projective over
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Spec(K[V]¥). We denote 7 : V = Spec K[V] — Spec K[V]® =: V/G the natural projection,
and define 0 := 7(0) € V/G. Since K[V]%X is a subalgebra of K[V], it inherits an additional
graduation given by the degree in K[V] (it becomes a bi-graded algebra); we denote by
K [V]gn’(p) CK [V]% the submodule of homogeneous elements of degree p.

Lemma 2.1. For a character x € X*(G), the following statements hold:

(i) There is an integer ¢ > 0 such that K[V]G.. = (K[V]gc)n for alln > 1.

Assume that x € X*(G) is such that the condition (i) holds for ¢ = 1.

(iiy) In the case K[V]Y # K, there are integers D,D, > 1 such that the following two
conditions are fulfilled:

vn > 1z € V\x~'(0) 3f € K[VIT ) with f(z) # 0;

{ ¥n > D, Vo € V¥(G,x) \ 71(0) 3f € K[V]gD (np) With f(z) #0.
Conversely: consider x € V with the property that there are N > 0 and f € K[V]gN (Nd)
d > D, such that f(x) #0. Then x € V¥(G, x) \ 7~1(0).

(iip) In the case K[V]Y = K,

max{deg f | f € K[V]fn} <n-max{deg f | f € K[V]g} =:nDy, foralln > 1.

, with

Proof. The first statement is a particular case of [12], lemme 2.1.6. The statement (iiy) is
obvious, since in this case K [V]g, which is a finite dimensional K-module, generates K[V]&X
as a K-algebra.

We prove now (ii,): we consider finite sets of homogeneous polynomials Sy ¢ K[V]¢ \ K
and S C K [V])Cj which generate respectively K[V] as a K-algebra, and K[V]“X as a K[V]%-
algebra. We define D to be the smallest common multiple of deg f, for f € Sp, and D, :=
max{deg f1 | f1 € S1}. For z € V\ 77 (0) there is f € Sy such that f(x) # 0. Raising it to a
suitable power, we obtain the desired polynomial.

Consider an integer n > 1. For z € V(G, x) \ 7 1(0), we find f; € Sy such that f;(z) # 0.
The previous step shows that there is a homogeneous polynomial f; € K[V]® of degree
deg fo = (n + Dy — deg fo)D with fo(z) # 0. We obtain that

fofP € KVSh, deg(fof’) = (n+ Dy) D, and fof{(x) # 0.

Conversely, assume that x € V has the stated property. Then, clearly, z € V(G, ). We
claim that the elements of K[V]¢\ K do not vanish at z. Assume the contrary, and consider
a homogeneous decomposition f = f'+ f” with [’ € K[s;s € &] and f” € Z[s;s € S,
for T := (sg;s0 € So) C K[V]®. Since f(x) # 0, f'(x) # 0 too. Thus we have found a

non-zero f' € K [V]SN (Nd) which can be expressed as a polynomial of degree N (because of

the x"V-homogeneity) in the elements of S;. But, in this case
Nd =deg f' < N-max{deg f1 | f1 € S1} = ND,,
which contradicts the choice of d > D,,. g

We will view P(K @ V) as the quotient ((A} x V)\ {0})/Gp,. Consider the representation
G — GU(K @ V), g— diag(1, p(g)), and observe that for the induced action

(2.1) S:GxPKaV)—PKaV), Xg,la,x]):=[a,X(g, )],
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the inclusion V C P(K @ V) is G-invariant. We wish to linearize the G-action in Op(ggy)(d),
for some d > 0, such that the corresponding (semi-)stable points in V are precisely the
¥y-(semi-)stable points of V. The line bundle defined by Opkevy(d) can be described as

O]P’(KG}V)(d) = S&(Sym.ﬁp([(@v)(—d)) = ((A}( X V) \ {O}) X A}(/Gm,
where G,,, acts on (Al x V) x AL by t x (y,2) := (ty,t?2) Vt € Gp,. For x € X*(G), we
linearize the G-action on P(K @ V') in Op(ggyv)(d) by
(22) Ed,x : G X OP(K@V)(d) - OP(KG}V)(CZ)? (97 [(a,x), Z]) — [(aa 2(.97‘7:))7)((9)2}

In particular, we deduce the natural isomorphism
(2.3) Pic“(P(K & V)) 2 Pic(P(K & V)) & X*(G) 2 Z & X*(G).

Lemma 2.2. (i) The action g, on Opggy)(d)|v induces the action X\ on Oy.

(ii) The restriction homomorphism Pic® (P(K @ V) — Pic%(V) is surjective, and corre-
sponds to the projection Z & X*(G) — X*(G).

Proof. We consider the section s in Op(xgy)(d) given by sla,z] := [(a,z),a’]; it defines an
isomorphism Oy — Op(kav)(d)|v, and we observe that X4, (g, s[1,2]) = x(g) - s[1, X(g, z)]
forx € Vand g € G. O

We are going to clarify the behaviour of the (semi-)stable loci under restriction.

Proposition 2.3. Let x € X*(G) be a character. There are positive integers c, D, depending
on x such that for any d > D, we have

P(K & V)*(Saxe) = V(G x) U [V(G )\ 7 H0)] /g
For writing this union, we view P(K & V) = VUP(V). Moreover,
In particular, if K[V]Y = K, it follows that P(K & V)*(24,c) = V(G, x).

Proof. We choose ¢ > 0 such that the condition (i) in lemma 2.1 is fulfilled. Since the right-
hand-side of the equality is invariant under the change x ~~ x¢, we may assume that K [V]G’X
is generated by K[V]g over K[V]%. We let D, D, > 0 be as in (ii,), resp. (iip), of loc. cit.

For z € V(G, ), there is a homogeneous f € K[V]g, with deg f < D,, such that f(z) # 0.
The section
(2.4) s € D(P(K & V), Opkav)(d)) defined by sla, 2] := [(a,z), ad_DXf(:U)]
is clearly G-invariant and does not vanish at [1, z].

Assume that K[V]¢ # K, and take x € V*5(G, x) \71(0); we have proved that there is f €
K[V]§D7(dl)), with f(x) # 0. The section s € I(P(K&V), Op(xay)(dD)) defined by s[a, 2] :=
[(a,z), f(x)] is again G-invariant and does not vanish at [0, z].

For the converse, we notice that lemma 2.2 implies that VNP(K @ V)*(34,) C V¥(G, x).
If K[V]® # K, the converse to the condition (ii,) in lemma 2.1 says precisely that

P(V)NPE & V)*(Say) C [VE(G )\ 71 (0)] /G

When K[V]® = K, we prove that P(V) — P(K @ V) consists of ¥,,-unstable points.
Assume that [0, zo] is semi-stable; then there is N > 0 and F' € Sym™¢((K @ V)¥) such that

m*
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F(a,%(g,7)) = x(g)F(a,x) and F(0,z0) # 0. Define f(x) := F(0,z). Since F(0,x¢) # 0 it
follows deg f = deg F' = Nd. On the other hand, f(X(g,z)) = x™V(g)f(x), that is f € K[V]gN.

Applying (ii) of lemma 2.1, we find that deg f < ND, < Nd, a contradiction.
For the second equality, notice that the left-hand- is obviously included in the right-hand-
side. Conversely, for x € V?O)(G, X) the section defined by (2.4) vanishes on the hyperplane

P(V) — P(K @ V), and therefore the orbit G[1,x] is closed in P(K & V)*(Xq)- O

Remark 2.4. By taking finite covers of G' we can linearize the G-action in Op(ggy)(1) with-
out affecting the semi-stable locus. Indeed, for d > 0, we consider {; : Z(G)° — Z(G)°,
z+— 2% and define

o (Carid[a,q)) m
mq : Z(G)° x [G,G] ——— Z(G)° x [G,G] —/— G,

where m; is the multiplication. For all x € X*(G) holds V¥(G, x) = V*(Z(G)° x[G, G], m}x).
Moreover, the representation

Z(G)° x [G,G] = GUK @ V), (2.9') — diag(x " (2),x"'(2) - (p o ma)(,9))

induces a linearization of the Z(G)° x |G, GJ-action ¥ omg in Op(ggyy(1). For shorthand, we

will write g — (X(g)_l/d, X(g)_l/dp(g)) for this representation.

Following [7], subsection 1.1.3, we introduce numerical functions needed to address the
issue of the chamber structure on X*(G) with respect to the GIT-equivalence relation. We
fix a norm on X, (7T)g invariant under the action of the Weyl group W it naturally induces a
norm | - | on Xy (G). Consider x € V and X € X,(G): an immediate computation shows that

[0, Zpo )] if m(z, A) <0
SO, [1,2]) = [1, @ ay);] Z2 {0 [1,20] if m(z,\) =0
[1,0] if m(xz,\) > 0.
The weight of the A-action at the specialization, corresponding to g, is
XA —d-m(z,\) if m(z,\) <O0;
:ud,x(ma ) = .
(x, \) if m(z,A\) > 0.
We extend p..(x,A) to R & X*(G)g, and define the numerical functions

0GA)Y | A e X (G) }
IA| m(x,\) >0

M: X" (GrxV—-R, M(x,z) ::inf{

(2.5) (2.3)
v * v . Hd \T,

M: (R X*(G V—-R, M((d = f —
(R®X"(G)r) X ’ (40, @) rexo@ |

3. THE CHAMBER STRUCTURE ON THE CONE OF EFFECTIVE CHARACTERS

There are two questions which naturally arise in the study of the quotients V// XG, as
X € X*(G) varies:

(i) Does it exist a chamber structure on X*(G) corresponding to the possible semi-stable
loci V¥(G, x)?

(ii) For which characters y is the corresponding semi-stable locus non-empty?
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The answer to the first question is ‘yes’. We will rely on the results obtained in [24],
concerning the GIT-equivalence relation on the space of G-linearized line bundles over a
projective variety. The main result in loc. cit. is the following: consider a normal, projective
variety X, acted on by a reductive, linear algebraic group G. One defines NSG(X ) to be the
quotient of Pic®(X) by the G-algebraic equivalence relation (see [24], subsection 2.1); it is a
finitely generated group, so that NS(X) is a finite dimensional vector space over R.

One chooses a W-invariant norm on X, (T’), and defines the function M : NSY(X)x X — R
similarly as above. It has the property that for all I € NS%(X) holds X*(1) = {M(l,-) > 0}.
Moreover M uniquely extends to a function on NS®(X)g x X, which is continuous in the
first argument (see [7], lemma 3.2.5). For I € NSY(X)g, the I-semi-stable locus is defined as
X5(1) := {M(1,-) > 0}.

Definition 3.1. (see [24], section 2) An element | € NSY(X)g is called effective if X55(1) # (.
One says that I, ly € NSY(X)g are GIT-equivalent if X55(11) = X5(1y).

With these preparations, the main result of [24] reads:

Theorem Let X be a normal, projective G-variety, and denote by CE(X) the set of effective
classes in NS(X)g. Then the following hold:
(1) CY(X) is closed in NS (X)g.
(ii) For all l, € CE(X), C(l,) := {l € CY(X) | X*(I,) € X*3(1)} is a closed, conver, rational
polyhedral cone in NSE(X)g.
(iii) The cones C(1), 1 € C¥(X) form a fan covering C%(X).
(iv) The GIT-equivalence classes are the relative interiors of these cones.
The fan constructed in this way is called in [24] the GIT-fan, and will be denoted by A% (X).
We let A%(X)g := AS(X)NNSY(X)g and notice that, since the cones of A®(X) are rational,
A%(X) is obtained from the fan A%(X)g by extending the coefficients from Q to R.

We are going to adapt this result, holding for projective varieties, to our setting where we
deal with actions on affine spaces. For x € A*(G), we define V¥(G, x) := {M(x,-) = 0},
where M is defined in (2.5).

Theorem 3.2. Let p : G — GI(V) be a representation of the reductive group G which has
finite kernel, and consider the induced G-action on P(K @ V') defined by (2.1). We denote by
e the trivial character of G. Then the following statements hold:

(i) Rxo(1,e) is a ray in A (P(K & V)).

(ii) The GIT-equivalence classes in X*(G)r corresponding to the G-action on'V are the relative
interiors of the cones of the fan

AC(V) := star(Rxo(1,e)) /R(1, e).

We will prove theorem 3.2 in two steps: first we prove the existence of the fan structure on
the set of effective characters in X*(G)q; this part uses the results obtained in the previous
section. Secondly, we prove that the induced fan in X*(G)g, obtained by extending the
coefficients from Q to R, parameterizes the GIT-equivalence classes in X*(G)g.

Proof. (theorem 3.2 with Q coefficients) (i) A direct computation yields P(K & V)*(3¢) =
VU[V\7~1(0)] /Gm, so that (1, ) is an effective class in NS¢ (P(K@V)) = Pic® (P(K@V)) =
Z @ X*(G). From the third part of the theorem above, we deduce that (1,e) is in the relative
interior of a cone in A¢(P(K & V))Q.
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We claim that Q>0(1, e) is actually a ray in the GIT-fan. Assume the contrary, that (1,e)
is in the relative interior of a cone 7y € A (]P’(K &) V)) o since 1y is rational, we find an
integral point [ = (d, x) on its boundary. Then [24], proposition 8, implies that

VCPKEDV)*(S1e) CP(KDV)®(Say)-

In particular, [1,0] € P(K & V) (Ed,x)7 so that there is a homogeneous polynomial F of
positive degree, such that

F(1,0) # 0 and F(a, p(g)v) = x (9) - F(a,v), for all (a,v) € Ak x V.
Restricting to a = 1, we obtain f € K[V]gN such that f(0) # 0. We deduce that

£0) = f(p(9)0) =xN(g)- f(0) = x=e.

It follows that [ = (d,e) is collinear with (1, e), which contradicts the choice of .
(ii) First, consider x € X*(G) such that V*(G, x) # 0. For ¢, d appropriate

P(K & V)™ (Zaxe) 2 VS(G, x) U [VH(G, x) \ 7 1(0)] /G C P(K & V)®(S10),

so that, on one hand, (d, x°) is effective and therefore contained in the relative interior of a
cone 7 of A% (IP’(K < V)); on the other hand, [24], proposition 8, implies that (1, e) belongs
to 7. All together shows that 7 € star(Qxo(1,e)).

Using proposition 2.3 again, we deduce that for two GIT-equivalent characters xi, x2 €
X*(G), that is V¥(G,x1) = V*(G, x2), the linearizations 4 ye and Yg,c are still GIT-
equivalent, for suitable ¢,d. Therefore (d, x§) and (d, x§) are in the relative interior of the
same cone of the GIT-fan of P(K & V).

Conversely, consider 7 € star(Qx0(1,e)) and an integral point (d, x) in its relative interior.
Lemma 2.2 implies that () # VNP(K ¢ V)™ (Zd,x) C V(G, x), and therefore x is effective.
Since (1,e) € 7, (d+n, x) is in the relative interior of 7 for all n > 0, and therefore the (d, x)-
and (d + n, x)-semi-stable loci coincide. On the other hand,

P(K & V)®(Sq,,x1) = V¥(G, x) U [V¥(G, x) \W*I(O)] /G

for some appropriate c¢1, and for all d; sufficiently large. Choosing d; and n in such a way
that (d +n,x) and (dq, x“') are collinear, we deduce that P(K & V)*(X,) is still given by
the right-hand-side of the equality above.

Consider now 7 € star(Qx0(1,0)), and two integral points (di, x1), (d2, x2) in its relative
interior. Then a similar argument shows that V*(G, x1) = V*(G, x2), that is x1 and 9 are
GIT-equivalent. O

For extending the coefficients from Q to R, we adapt certain intermediate results in [24] to
our context. We recall that T C G is a maximal torus of G; for g € G, we denote 79 := gTg~ .
The T-module V' decomposes into the direct sum of its weight subspaces V = @©,c4V,, and
we denote {7g}qeca the corresponding weights. Then V = X4V, and T acts on V, by the
character n,. For x € V, we write (24),cq(5) its non-zero coordinates with respect to this
decomposition.

Definition 3.3. We define the stability set of a point x € V to be
Qz) == {x € X (G)r | M(x, z) > 0}.
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Lemma 3.4. (i) For all x € V, the stability set Q(x) C X*(G)r is a closed, convex, rational
polyhedral cone.
(ii) There are only finitely many stability sets.

Proof. (i) Let x € V: Q(x) is closed since M (-, x) is continuous on X*(G)r; Q2(x) is convex
since M (x1 + x2,z) = M(x1,x) + M(x2,x), for all x1, x2 € X*(G)r.
We prove now the rationality property. Define the set £, := {\ € X.(G) | m(x, \) > 0},
and notice that
Lo= | X(T) N Ly = | Ady(Xu(T) N L1 .0))-
geG geG
Moreover, for g € G, Xi(T) N Lyyg-1,4) C Xe(T') is convex (if we consider Q-coefficients), and

Xo(T)N Ly ) ={X € Xu(T) [ m(Z(g7" 2),A) >0}

=\ X (T i as A) =05,
the ()‘a@(gléqax»m )= 0}

Since ®(X(g~!,z)) € @ for all g € G, only a finite number of such sets appear as g € G
varies; let I';, C G be a set of representatives. We deduce that

A A
M(x,z) = inf 06 A = ;Ielginf{ <>|<;\|>

= 1Ilf 1nf{ <X’ )\> ’ )\ S X*(T) N ‘CZ(g_l,z)} = min 1nf{

A€ Adg(X*(T) N 52(9—1730))}

‘ AE X*(T) N LE(Q_I#E)}

and therefore

(0 A)
Al

X € ﬂ (X*(T) N ﬁz(g—l’x)) .
9€lz

X € Q(z) <:>inf{ ‘)\GX*(T)OEE(Q—171)} >0, Vgel,

This is a finite intersection of half-spaces defined by rational equations, so that (x) is a
rational, polyhedral cone.

(ii) Clearly, any stability set is the union of the GIT classes contained in it. There is a
finite number of stability sets of the form Q(x) N X*(G)q: indeed, the proof of theorem 3.2
with Q coefficients implies that

Qz) N X*(G)g = Pra-(g)q, [Q([1, z]) N Support of star(Qxo(1,e))],
which is clearly finite. By the previous step, Q(x) = Q(z) N X*(G)g. O
Lemma 3.5. (i) For a subset U C V, we define C(U) = {l € X*(G)r | U C V¥(G,I)}.

Then C(U) is a closed, convez, rational cone in X*(G)g.

(ii) For any xo € X*(G)q holds V¥(G, x) = V¥(G, xo0), Vx € rel.int. C(VSS(G, XO))-

Proof. (i) We notice that C(U) = (¢ 2(x); by the previous lemma, this is a finite intersec-
tion of closed, convex, rational cones, so that C'(U) is the same.

(ii) As x € C(V*(G, x0)), it follows V¥(G, x0) C V*(G, x), and therefore C'(V*(G, x)) C
C’(VSS(G, XO))- We deduce that y € C(VSS(G, X)) N rel.int. C(VSS(G, xg)), and using the first
part of the lemma we conclude that there is a rational point x’ in the intersection above. Then
VS(G, x) C V(G x') since x' € C(V*(G, x)), and also C(V*(G, X)) = C(V*(G, x0)) by
theorem 3.2 with rational coefficients. It follows that V(G x) C V*(G, xo). O
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Proof. (theorem 3.2 with R coefficients) We have already proved the statement for rational
coefficients, and we know from [24] that the GIT classes in A% (P(K®V)) build a fan structure.
Combining these facts with lemma 3.5(ii), we deduce that it remains to prove the following
statement: any y € X*(G)gr is GIT-equivalent to some rational character xo € X*(G)q.

Let x € X*(G)r such that V¥(G, x) # 0. We know from lemma 3.5 that C'(V*(G, x)) C
X*(G)r is a rational polyhedral cone. Therefore we find a sequence {x,}, C X*(G)qg such
that x, — x. Since the number of stability sets for rational classes is finite, we may assume
that V*(G, x,,) =: U is independent of n. Now, x,, € C(V¥(G, xy)) = C(U) for all n; since
Xn converges to y and C'(U) is closed, we deduce that x € C(U).

There is a unique face 7 C C(U), possibly equal to C'(U), such that, on one hand, x €
rel.int. 7; on the other hand, applying again theorem 3.2 with rational coefficients, we deduce
that 7 = C(VSS(G, Xo)), for any rational point x¢ € rel.int. 7. Applying lemma 3.5, we deduce
that x is GIT-equivalent to xp. O

Now we describe those characters of G for which the semi-stable locus is non-empty. Ob-
viously the set of effective characters is convex cone in X*(G)g, and the natural question
which raises is what this cone looks like. Secondly, we wish to characterize the characters
X € X*(G)r for which V5(G, x) # Vio) (G, x). In the terminology of [7], one says that these

characters belong to a wall; on the other hand, in [24] a wall is by definition a cone of codi-
mension one in A%(V). Here we will adopt the former definition, but we stress that in this
case there may exist walls of codimension zero in A%(V).

Definition 3.6. A character | € X*(G)g is effective if V*5(G,1) # (). A cone 7 € A%(V) is a
wall if V(G 1) # V?O)(G, l) for all [ € rel.int. 7.

We start by addressing these issues in the abelian case.

Lemma 3.7. Let T be a torus, and p: T — GI(V') a representation with weights ® C X*(T).
(i) The effective cone is CT (V) = ZR>077.
ned
(ii) The walls are precisely the cones
Tg 1= Z R>on, where ® C ® is such that codim (1), (;1 € P’y = 1.
ned’

Proof. (i) Since the GIT-fan is rational, we may restrict ourselves to integral coefficients.
Consider x = -, cq(y) knn, with ®(x) C ® and k;; > 0. For each n € ®(x) we choose a linear
function f,, on the weight space V,, — V. Then f := H??G@(x) fjf” € K|[V] is x-invariant,
and not identically zero. More precisely, f does not vanish at general points of the form
x = (xy)y €V, with z,, = 0 for n & ®(x).

Conversely, let x € X*(T) be effective, and choose = = (x,), € V¥(T,x) \ {0}; define
®(x) := {n | x, # 0}. Using proposition 1.2, we deduce that x is x-semi-stable if and only if:

(3.1)
YAE (o) <0) = min (.0} <0 = L) <0} (S pea Boon) =0

\Y%
> (Zneé(m) 22077) - {<X7 > > O} — X € ZT]GCI)((E) Z}()T].

(ii) A character x is in a wall precisely when there is a point z = (x,), € V¥(T,x)
with positive dimensional stabilizer. Define ®(x) as above. The relation (3.1) implies that
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X € 2776‘1)(38) Z>on. Also, there is a 1-PS A contained in the stabilizer of z, which means that

(n,A) = 0 for all n € ®(x). Therefore the {n},cq(y)’s does not span X*(T)r. Conversely, we
observe that the point constructed above has positive dimensional stabilizer. O

We consider now the general case: let p : G — GI(V) be a representation of a reductive
group. We let ® be the weights of its maximal torus T', and R be the roots of g with respect
to T'. Let M be the (finite) set of couples (A,E) C R x & defined by the following properties:

(i) IANeX(T)st. A={aeR|{(a,\) <0}={A<0}NR
(3.2) E={ned|nA)<0}={A<0}Nd

(i) #A =3 dimV,,.
neé

For identifying these pairs one proceeds as follows: first, one determines the points of R U ®
which define hyperplanes H C X, (T)q, and considers the pairs (A’,£’) such that A" U &’ is
contained in one of the (closed) half-spaces determined by H; secondly, for the pairs (A, &)
obtained in this way, one checks the equality (ii) above.

Proposition 3.8. The cone of effective characters equals
COWV)y=— () C(AE), where C(AE):=> Rypa+ > Ruon.
(AE)eM acA ne&é
In the case K[V] = K, C%(V) is strictly conve.

Proof. Consider x € X*(G): it is not effective if and only if
V(@) =V =  3IAeX(T)st. (,\) <0and G-EQN) =V
The last equality holds if and only if dim(G - E(\)) = dimV. For suitably chosen A holds
StabgE(A) = P()\), ¢f. [15], proposition 4.5, and therefore
dim(G-E()\)) = #{a € R|{a,\) < 0} + dimE(\) = #{a € R|{a, A\) < 0} + Z dim V.
{ne@|(n,A) 20}

The condition above becomes #{a € R|(a, \) < 0} = Y. dimV,, and we obtain a pair
{ne®[(n,A) <0}

(A,€) as in (3.2). One can now turn around the reasoning, and say that the character x is

not effective if and only if there is (A, £) € M such that

I\ € X (T) with (x,—A) >0 and — X € int. C(A, )",

which means that y € U {& >0} = Xu(D)g \ (—-C(A,&)). The cone of effective
p€int.C(A,E)V
characters is the complementary of the union of these sets. O

Proposition 3.9. Let G be a reductive group and p : G — GI(V') be a representation with
finite kernel. Assume that X*(G)gr is not contained in the linear span of any T-wall. Then
the walls in A (V) are of the form X*(G)g Nt,,, with ® C ® as above. In particular, in this

case, all walls have codimension one in A%(V).

Proof. Since the induced representation pr : T — GI(V') has finite kernel, the weights ®
span X*(T)gr. The Hilbert-Mumford criterion implies that any wall in A% (V) is contained
in the intersection of X*(G)g with a wall in AT(V). Our assumption together with the fact
that the walls for the T-action on V have codimension one in X*(7") imply that for any wall
7 € AT(V), the intersection X*(G)gr N7 C A%(V) has codimension one. By [7], proposition
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3.3.20, (which, by theorem 3.2, is still valid in our affine setting), every interior wall in A% (V)
is contained in a wall of codimension at most one, and deduce that all the interior walls in
A% (V) have the form X*(G)g N7, with 7 € AT (V) a wall.

This argument leaves uncovered the exterior cones of A%(V), but these are obviously walls
in the sense of 3.6, and they have (by definition) codimension one. O

Actually, the very same argument as in [7], proposition 3.2.8, shows that if I € C%(V)
belongs to an exterior cone of A%(V), then V?O)(G, l)=0.

The disadvantage of this proposition is that of involving the maximal torus of G, which is
typically much larger than its centre. For explicit computations, the observations below can

be quite useful.

Remark 3.10. (i) C%(V) c ¢4(@)°(V);
(ii) A character x € X*(G) belongs to a wall if and only if the y-poly-stable locus is non-
empty (i.e. there is x € V*(G, x) whose stabilizer is positive dimensional, and its orbit is
closed in V*(G, x)). In this case Stabg(z) is reductive, and for any A € X, (Stab ¢(z)) holds:
(ln) z € Vyg:={y € V| X C Stabg(y)};
(iip) V0 < V is a linear subspace, invariant under the parabolic subgroup P(\) C G
(iii) Let L(A) := Zp(x)(A) denote the centralizer of A in P()); it also coincides with the Levi

component of P(\). Then X[y (Pl LOYV—GI(Vio))® = 1. This condition should be viewed as
CT\PIL(N)* - 2,0
a restriction for the character x lying in the wall since the parabolic subgroups of G containing

a fixed Borel subgroup of G are described by combinatorial data.

All statements above are clear except maybe the last one: since x is y-semi-stable, we deduce
from the very definition that x is trivial on Stabg(x)°, and this one contains Ker(p|ry))°-

Example 3.11. We wish to illustrate our remark in the case of quiver factorization problems,
where we recover the semi-stability criterion in [20], proposition 3.2.

Consider a quiver @ = (Qo, @1, h,t), where h,t are the head and the tail maps respec-
tively, and fix a dimension vector (og)qeq,. We let V = @ate Hom(Uh(a),Ut(a)) be a
representation space for @, with dim U, = o for all ¢ € Q. We consider further the quiver
representation p : G = [[ .o, GI(Uy) — GI(V), and we wish to determine the possible walls
for this action. In this case proposition 3.9 is very ineffective because the maximal torus is
large, while the dimension of the centre equals |Qo|.

Assume that the character x, := [ cq, detg" is in a wall, and let A = (\g)qeq, be the 1-PS
as above. For each ¢ € Qo, U; = ®;U, ; decomposes into the direct sum of the weight spaces
corresponding to )4, and we find that

o= @ (69 Hom(UsijvUt(a),j)) = GB< S Hom(Usm),j’Ut(a)J))’ and

a€Q1 \JEZ JEZ \a€Qq
r0 = 11 (M6i0,)) = (1 6w, ).
q€Qo \JEZ JEZ \geQo
For 7 € Z holds I[I Gn C (Kerp]L()\))O, and therefore ) 6, -dimU,; = 0. The
qGQo,diqu,j>0 q€Qo

conclusion is that the potential walls in RI90l have the form

Z Bqfq = 0, where 0 < 3, < aq Vg € Qo.
q€Qo
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In particular, for quiver factorization problems, all walls have codimension one.

More generally, for a subset S C Qg one defines Gg := [] €S Gl(U,) and asks the equations
of the walls for the induced representation pg : Gg — GI(V). Replacing 6, = 0 for ¢ € S, we
get that the potential walls are

(3.3) Zﬁqﬁq =0, where 0 < 3, <a,Vges.
qes

For several explicit examples of quiver factorization problems one may consult [16].

4. THE CHOW RING OF THE QUOTIENTS

Let p : G — GI(V) be a representation with finite kernel. Our goal in this section is to
compute the Chow ring of the invariant quotients of V, corresponding to characters of G.
The main tool for this computation is the equivariant intersection theory developed in [8].
For shorthand, we denote by AY the equivariant Chow ring of a point.

First we recall some results from [6]: the discriminant Ag € End(Sym® X*(T")) is defined
to be the product of the linear forms corresponding to the reflections in the Weyl group. This
definition determines it is uniquely, up to sign. Equivalently, for a choice T' C B C G of a Borel
subgroup, A is defined as the product of the positive roots. For w € W = Ng(T')/T, we
let det(w) be the determinant of w, viewed as an endomorphism of X*(7"). The discriminant
has the property that for all w € W, w(Ag) = det(w)Ag. Since A} = Sym® X*(T'), we will

. . dim G/B
view A as an element in A, .

We consider the (A%)W-linear endomorphism Jg := > det(w)w of A%; according to [6],
weWw
lemme 4, it has the property that pg := Jg/Ag is still an endomorphism of A%, which takes

values in (A%)W. Since p¢ : (A%)g — (Ai})(g/ is (Ai})g-linear, and pg(Ag) = |W/, it is an
epimorphism. The geometrical meaning of the homomorphism ¢ is captured in the

+—dim G/B LN A;—dlm G/B

Lemma 4.1. The composition A} = A% & Agq equals p¢ -

Proof. The push-forward formula implies that the endomorphism h := ¢*p, is ¢*(Ag,)-linear.

But ¢* : A%, — (A%)" is injective, its cokernel is Z-torsion, and therefore h is (A%)W-

linear. Moreover, h vanishes in degree strictly less than dim G/B = deg Ag. Applying [6],

proposition 1, we obtain that |W|- Ag - h(u) = h(Ag) - Ja(u) = |W| - Ja(u). O
With these preparations, the main result of this section is

Theorem 4.2. Let x € X*(G) be a character such that V*(G, x) = V?O)(G, X); in particular
V//,G is a geometric quotient. Then the Chow ring

AV G)g = (Af)g/mﬂE()\)]T; A ETF(X))g-

This result represents a considerable generalization of [10], theorem 4.4, where one assumes
that p(G) contains the homotheties of G1(V) (which implies that K[V]% = K), and moreover
that G acts freely on Viy (G, x). The computation of [E(A)]r is immediate: if E — V' is a
T-submodule, then the equivariant class of the linear space E := Spec (Sym' Ev) is

[E]T = Hﬁ;na € AZ?
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where {na}a are the weights of the T-module V/E, and {ma}a are the corresponding multi-

plicities.

Lemma 4.3. Let P C G be a parabolic subgroup, L C P its Levi component, and consider

il € An(G/P)W. Further, denote by fI : A%(G/P) — A% the proper push-forward.

(i) The fized point set of G/P under the natural T-action consists of finitely many points:
(G/P)" = {wP | w e No(T)/NL(T) = W/WL}

(ii) Let v : {P} — G/P be the inclusion, and n :=157j. Then fI ({7 )0 3) = pa(n)o.

Proof. The first statement is well-known. For the second one, we use the integration formula
[9], corollary 1, applied to the homogeneous variety G/P. For w € W consider the diagram

{wP} > G/P

fu i if
Spec K == Spec K

Observe that for a € <17>(g/, 1,0 = w(2}&); in particular 1j& € A% is Wp-invariant. Choosing

a set of representatives W C W for the rest classes in W/Wp, with 1 € W, the integration
formula reads

@y A@= Y U Z w( )erid )

' R T(Top(G/P 1,7 (Tp(G/P)) )

We observe now that the image of (f{),} : A%(G / P) — A% equals (A% ) , and also that
(F),247 = n. Tt follows that (f),#(7)g =n- (A;){{L.

Secondly, we claim that (f{),e’ (Tp(G/P)) equals the quotient Ag/Ay of the discrimi-
nants of G and L respectively. Indeed, if g, p and b are the Lie algebras of G, P and B respec-
tively, then (f{),e” (Tp(G/P)) is the product of weights of the T-module g/p = (g/b)/(p/b).
Remains to notice that the weights of p/b are (up to sign) precisely the positive roots of L.

We rewrite equality above as

@ = 2 i g ) with o= (L@ € n- (4n)5"

1
rWL| 2w <AG/AL> = T rebe @)

We are going to compute pg<?7>(@, and compare with this formula. For the same reason as
before, n € (A%)WE. For nb € (1), we obtain

a(nb) _AG Zdet w(nb) = A Z Z det(w) - w(nd)

weW weW wewWr,
1
weWw wewWr,
1 R .
= Ao Z det(w) - w(n) - w< Z det(w) -w(b)>
weW weWr,

- AlG D det(d) - a(n) - a(Ar-pr(b) = 3 w<m)'

WeEW wew
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As g1, ¢ (Af)g — (AR)g" is surjective, {n- pr(b) | b€ (Af)g} =n- (A5)G " O

Proposition 4.4. Let p : G — GI(V) be a representation with finite kernel, and E — V q
linear subspace such that its stabilizer P := Stabg(E) is a parabolic subgroup of G. Then the
image of the canonical homomorphism

AS(G ‘E)g — AE(V)@ = (AffdimV)@

equals pc([Elr)o-

Proof. (i) The statement makes sense: G-E is closed in V since the stabilizer of E is parabolic.
Let e := dim E, and consider the action of G on the Grassmannian Grass(e, V) of e-dimensional
linear subspaces of V. We denote .7 — Grass(e, V) the tautological bundle of rank e, and by
Og = G/P the G-orbit of [E] € Grass(e, V). Consider the commutative diagram

T 0y 1> O x V

G-E——V

The homomorphism o, is surjective since o is a projective morphism. We deduce that image
of AY(G-E)g — A%(V)g equals the image of (pry)¢ 0 7¢. We consider the commutative

*
diagram of homomorphisms between G-equivariant Chow groups

G )G
AG(T|o,) — > AG(0g x V) — " AG(W)
G_T eG(Q\oE)ﬂ c _T f*G C:T
A*—e(O]E) A*—dimV(OE) A*—dimV

and the excess intersection theorem (see [11], example 6.3.5) implies that the lower left ho-
momorphism is the cap product with the equivariant Euler class of the universal quotient
bundle 2 — Grass(e, V). By abuse of notation, we will still write £ — Op for the restriction
of 2 to Og. Let us consider an appropriate open subset U in some representation space of G
(see [8], definition-proposition 1) needed for the computation of the equivariant Chow groups.
The diagram

fT
UXTO]EHU/T

YU,0g l \L@PU
G

U xg Op ——>U/G

is Cartesian, the horizontal morphisms are proper and the vertical ones are flat, and therefore
the induced diagram

<eT(Q)>Q C A*T(OE)Q i (A1)g

ot te

(6(2))q € A9(08)g — (4%,
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commutes (see [11], proposition 1.7). Now, we know from [8], proposition 6, that ¢* is
injective, and its image consists of the W-invariant elements, that is

' [17((@)e)] = £ (" (2)F) = vo((ElnY)-
All together shows that the image of AY(G -E) — A% ,  is pg(([E]ﬂ(S/) O

Proof. (of the theorem) We have proved in lemma 1.1 that

Vi) (G, x)/G = (V\V™(G,x)) /G = <V\ U G-E(A))/G,

AETF(x)

where the E(\)’s are linear subspaces of V. Applying theorem 3 and proposition 5 of [8], we
deduce that A*_dimg(V?O)(G, x)/G) = A (Vio)(G, X)), and that there is an exact sequence

< U ¢ )iA*G(V)—>Af( 0 (Gox) — 0.

AEF(x)

Further, by the very construction of F(x), the {G-E())}\cg(y) are the irreducible components
of the union, and therefore

f[Af( U G-E(X >] Z K [AZ(G-EW)].

AeF(x AeF(x

For A € F(x), E()) is stabilized by the parabolic subgroup P(\) C G. Proposition 4.4 implies
that J9[A (G - E(V)] g = 96(EOr)e. 0

Remark 4.5. We have been primarily interested in the Chow ring of the quotients, but the
proof shows more: for any y € X*(G) holds:

MGG )g = (AD)Y [ pa(BOIi € 5(0)g,  and

AZ (Vi (G.0)g = (4D [ a(BOV]; A€ {0, ) < 0D

We conclude this section with a remark about the generators of the Chow ring. In [10],
section 6, last paragraph, the authors express their belief that the Chow ring of invariant
quotients of affine spaces, should be generated by Chern classes of ‘naturally given vector
bundles’.

Following [26], example 3, page 26, we define the representation ring R(G) of G to be the
ring generated by isomorphism classes of representations of G modulo the ideal generated by
[F] = [F'] = [F"], where

0—F —F—F'—0

is an exact sequence of G-modules; if char K = 0, reductive groups are linearly reductive, and
in this case F' = F' @ F” as a G-module. The addition in R(G) is given by direct sum, and
the product by tensor product.

The restriction to the maximal torus defines a ring homomorphism R(G) — R(T)"
where on the right-hand-side we consider the W-invariant representations of 7. By [26],
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théoreme 1.1, page 26, this homomorphism is actually an isomorphism. Since the represen-
tation ring of 7" is isomorphic to the symmetric algebra of its group of characters, we deduce
the isomorphism

(4.3) R(G)g — (Symy X*(T)e)" = (47)f = (45)e.
Moreover, the composition R(G)g — (Af;)g is given by the Chern character
R(G) 3 (F,p) — ch(EG x, F — BG) € Af,.
By abuse of notation, EG stands here for an appropriate open subset of an affine space,

needed to define equivariant classes, and BG := EG/G.

Proposition 4.6. (i) Let £ := rank G = dimT". There are at most ¢ elements in R(G) whose
Chern classes generate the ring (A*T)g/

(ii) Consider x € X*(G) such that V¥(G,x) = V?O)(G,X). The same statement as in (i)
holds for the Chow ring of the invariant quotient V//XG.

Proof. Since (A:;F)(S/ — A.(Y)q is an epimorphism, it is enough to prove the first claim.
Applying [1], section 5.5, théoréme 4, to the Q-vector space X*(T")g, we deduce that there
are algebraically independent, homogeneous elements I1,...,I; € (A*T)(g/ , such that (A*T)(g/ =
Q[I4,...,I;]. The isomorphism (4.3) implies that there are elements F1,..., Fy € R(G) such
that

Chdeglj(F'j):Ija ijl,...,f,

so that the Chern classes of I, ..., Fy generate (Af)g d

Example 4.7. A particularly comfortable situation arises when G' = X7_,Gl(n;) is a prod-
uct of linear groups; this happens, for instance, in the case of quiver representations. Then
the Chow ring of the corresponding quotients will be generated by the Chern classes of the
natural representations of the s factors of G.

5. THE COHOMOLOGY RING OF THE QUOTIENTS

In this section we assume that we work over the field of complex numbers, and moreover
that the ring of invariants C[V]® = C. This latter condition guarantees that the invariant
quotients V//, G, x € X*(G), are projective.

Theorem 5.1. Let x € X*(G) be a character such that V(G,x) = V?O)(G,x). Then the
cohomology Ting

H (V)G Q) = (H7) [ oe(BOIri A € T00)q

In particular, the cycle map cl: A, (V//XG)Q — H*(V//,G;Q) is an isomorphism.

Proof. The idea is to use the results of section 2 and to reduce our question to a similar one
for actions of reductive groups on projective varieties, for which we know the cohomology of
the semi-stable locus.

We have proved in proposition 2.3 that

V(G x) = P(C & V)™ (G, Siaye)) = .
For the convenience of the writing, we shall denote V := P(C & V).
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We claim that the restriction HE (V) — HE () is surjective: indeed, the diagram

_ J&

He(V) — Hg(V)

o

Hg(Q)

commutes, and we know from [22], chapter 8, section 7, that o* is surjective. Secondly, we
claim that 57, is surjective too. The commutative diagram

BG =2 EG Xg[l,O]C]—O>EG ng HE‘HHEJ(V)
\ i — k l(]o)*c
BG H¢,

implies that (jo)¢; is surjective. As usual, EG — BG stays for a universal G-bundle. The
surjectivity of j7, follows now from the commutative triangle

_ I

(5.1) HE(V) —= Hg(V)
% i:
Hg
corresponding to the inclusions {0} C V C V.
The two claims together imply that
(5.2) Ker(H(V) — HE(Q)) = joKer (HE(V) — HE(Q)).
Now we are going to use the result [3], corollaire 1.1, which expresses the right-hand-side in

terms of the W-invariant part of the T-equivariant cohomology of the T-unstable locus. For
this, we consider the diagram

Hz (V) <2 HE(V)
Hi (V) =———= H(V)

Applying ¢* to both sides of (5.2), we obtain that
gp*Ker(Hé(V) — H&(Q)) = (¢* ofé)Ker(HE‘;(V) — H&(Q))
= (47 0 ¢")Ker (Hg (V) — H;(Q))

loc. cit. * (U *  (JSS W
=" g5 |Ker( HR(V) — Hy (V (T,E(d%c)))

— [shen (157) — 13 (P2 B )]

The last equality holds because the projection onto the W-invariant part is a linear map (a
Reynolds type homomorphism), which commutes with the pull-back. Let us point out that in
order to apply Brion’s result, we must be able to linearize the G-action in O(1); according to
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remark 2.4, this can be achieved after replacing G' with a suitable finite cover (see 2.4). This
modification does not affect the cohomology ring, since we work with rational coefficients.
The semi-stable locus V¥(T', 4 ,1y) corresponds to the representation

] ] x(g) ¢ 0 )
T — ClCa V), _ .
’ e, ( 0 x(9) Vi)

If n1,...,n, are the characters of the T-action on V = Af. (together with their multiplicities),
then T acts on A(lc x A{ by the characters

1/ 1/ 1/d

Mo = Xﬁ d)ﬁl = Xﬁ dThw'wﬁT = Xﬁ Ny

The irreducible components of the T-unstable locus in V are of the form P(F), where F <
C @& C" runs over the set of unstable coordinate planes. For such a plane F', we denote

z(F) c {0,1,...,r} its defining equations, that is
F={s;=0|jex(F)}cCac.

Then [3], théoreme 2.1, says that

- - _ FcCoCris
* * SS — .
Ker <HT(V) — Hr (V (T’E(d’xl))>> o < H (h + ;) ’ unstable plane >’

where h := ¢ (O5(1)).
0 if0ez(F)

Clai r(h+10;) =
Claim g (h + 1) n; if 0 ¢ z(F).

Proof. (of claim) We notice first that i+ 7; = ¢] (€(1)5,), where we have denoted (1),
the T-linearized invertible sheaf 0y (1) endowed with the T-action through the character 7;.
More precisely, the T-action on the geometric line bundle is

T x 0g(1) — 0g(1), tx[(a,v),z] =t x (a,v),7;(t)z].

A consequence of the commutative diagram (5.1), this time for T-equivariant cohomologies,
is that for computing the restriction y5(h + 7;) € H%(V), we must determine the character
with which T" operates on j50(1)7,. An immediate computation shows that it is

Al = 1 ifj=0;
O ifj#0.
This finishes the proof of the claim. O

Back to the proof of the theorem. Since VS5(T,y) = V N V™ (T, Z(d»&’))a it follows that
the intersections VN P(F'), with F' unstable plane in C & V, coincide with the linear spaces
E(A) — V, A € F(x). For any such F' we distinguish two possibilities: either 0 € z(F') or
0 & z(F'). The claim above implies that

0 if 0 € 2(F);

Jé‘r( 11 (h+ﬁj)>= I1 » ifi+o

J€2(F) jex(F)
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Now, on one hand we know that VN P(F) coincides with some E(X), A € F(x), and all the
E(A)’s occur in this way, and on the other hand that the defining equations of VN P(F) are
{z; =0,j € 2(F)}. These two facts imply that

H nj = [E(N)]r, for appropriate A € F(x),
jez(F)

which finishes the proof of the theorem. O

6. CONSTRUCTION OF FAMILIES OF QUOTIENTS

Let us recall that to any scheme S and locally free sheaf % — S, one can associate
the Grassmannian Grass(.%#,d) — S of d-dimensional quotients of &. With this motivation
in mind, we wish to address the problem of constructing families of varieties, which are
invariant quotients of affine spaces, over arbitrary bases. Our construction relies on Seshadri’s
construction of quotients for actions of reductive group schemes.

We fix a complex, connected, reductive group G¢ and a complex representation p : G¢ —
Gl(Vg) of it with the property that C[VC]GC = C. Then V¢ decomposes uniquely, as a
Gc-module, into its isotypical components

Ve = D (ME)™,
weX

where the M&/vw’s are simple Ge-modules. The dual is taken here for simplifying the forth-
comming notations. We denote by p, : Gc — GI(Mc,,) the corresponding representations.
Further, for each w, we choose an admissible lattice M,, C Mg, (see [5], page 225). Chevalley
associates to this data, in [5], section 4, a reductive group scheme G — Spec Z which contains
a maximal torus, and whose geometric fibres are connected, reductive groups having the same
root system as Gic. Moreover, the representations p,, extend to

po: G — GI(MY) := Spec((Symi Endz(M,,)) [det_1]>.

We fix a character x : G — G, = SpecZ[t,t~!]. Then for any field K, we get an induced
character xx : Gxg — G,k = Spec Kt t~1.

Lemma 6.1. If G — Gl(v;C) is a representation such that Clty,...,t,]9C = C, then for any
reduced ring B holds Blti,...,t,]%8 = B.

Proof. Assume the contrary, that there is f € BJty, ... ,tU]GB, homogeneous with deg f > 0.
Since B is reduced, there is q € Spec B such that the coefficients of f are not contained
in q. We let K to be the algebraic closure of quotient field Q(B/q), and we observe that
the polynomial Fx obtained by extending the coefficients of f is non-zero, G k-invariant,
deg frr > 0. Using [25], theorem 1, we deduce that there is a homogeneous F € Z[ty,. .., t,]
with deg F' > 0; this contradicts our hypothesis. O

We consider further a ring R, which is a finite algebra over a universally Japanese ring; the
examples we have in mind are R = Z (for mixed characteristic methods) and Z[[t]] (for the
study of deformations).



QUOTIENTS OF AFFINE SPACES FOR ACTIONS OF REDUCTIVE GROUPS 21

Let S — Spec R be a separated and reduced scheme of finite type. For w € €2, we consider
a locally free sheaf ¥, — S with ranky, #,, = 1, and define

V=@M @ % — S

We denote V := Spec (Symfﬁs 7/\/) - S the corresponding geometric vector bundle.

Theorem 6.2. (i) There is a natural action G Xgpecz, V. — V of the group scheme G —

SpecZ, which covers the trivial action on S.

(ii) There is a G-invariant open subscheme V(G, x) C 'V satisfying the following properties:
(ila) There is a categorical quotient (Y, q) for the G-action on V(G, x). Moreover, there

1s a natural isomorphism

Y = m(@(mﬁv)f;) — S,

n>0
and Y 1is projective over S;

(ii,) For any algebraically closed field K, and any morphism Spec K — S, Spec K Xg
V*(QG, x) consists of the x i -semi-stable points of Spec K xg V;

Proof. The proof will be divided in three steps: first we show that there is a natural G-action
on V, next that the quotient exists locally, and finally we glue the local quotients together.

For proving that there is a global G-action on V, is enough to prove that GI(M,,) acts,
for each w € ). We observe that the ring homomorphism

Symg, (Mw 7 ”f/wv) —  Symy,, (6’5 Q7 EndZ(Mw)) ®og Symy, (Mw ®7 ”//wv)
m®v > pum) ©,

with g, : Symy M, — Symj Endz(M,,) ® Symy, M, the co-multiplication, defines the G1(M,,)
action on Spec(Symg, M, ®z ¥)). Since

V= xS,wEQ SJDC;C(SYHIT@JS M, ®z ﬂj/(uv)a

G1(M)) acts on V too.

The theory developed in [25] works for closed subvarieties of affine spaces (see Remark 7(b)
in loc. cit.). In our situation V can not be embedded as a G-invariant closed subset of an
affine space over Spec R, unless each ¥, — S is globally generated. What we do instead, is
to construct the quotients locally over .S, and glue them together.

Let (S; = Spec B;), be a finite covering of S with open, affine subsets, which are moreover
trivializing for all the ¥{,’s. For every index ¢, we find there is an integer n; > 1 such that
S; — A% It follows that

Vv, = Xs,weg M(Symfﬁs M, ®7 %V)|Si
¢ Bro) — it
s XA;L{’UJEQ S@(SymﬁA% M, ®y, ﬁA;’; ) — AT]L% v,

with v := )" rank M, - v,, and moreover this embedding is G-equivariant.
For R; := I‘(Ag xs Vi, ﬁAéXSVi) =~ B[t t1,...,t,], [25], theorem 2, implies that

m =20
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is a finitely generated B;-algebra. We define the y-unstable locus VI®(G, x) < V; to be the
closed subscheme defined by the ideal

<Bi[t1,. .. ,tl/])?m ;m = 1> C Bi[tl,. .. ,tl,]

and let V3*(G, x) to be its complement. The gluing argument of [22], theorem 1.10, together
with [25], theorem 3 and remark 8, imply that the categorical quotient Y; of V§*(G, x) by G
exists, and it is isomorphic to M(@m>0 Bilt1, ..., t,,]g’m). Since B;[ty,...,t,]% = B;, Y; is
projective over Spec(B;).

The flat base change property [25], lemma 2, implies that for two open subsets S;,S; C S
holds V3*(G, x)|s:ns; = V5 (G, x)|sins;- It follows that there is a well-defined open subset
V*(G, x) C V of x-semi-stable points. Finally, using the universality property of categorical
quotients, we glue together the Vi*(G, x) — Y;’s into a scheme Y, and this comes with a
natural morphism V¥(G,x) — Y.

It remains to prove the behaviour of the semi-stable locus under base change; the ques-
tion being local on S, we may assume that S = Spec B. The inclusion K xp V¥(G, x) C
V%(Gk,xK) is trivial, so that we prove the converse. Consider a K-valued point xg €
V%(Gk, xK), and a homogeneous f € K[tl,...,ty]gﬁ, m > 1, such that f(z9) # 0. Then
Fr:=td8/f ¢ K[t,ty,...,t,]9%, and applying [25], theorem 1, we find a homogeneous F €
Blt,t1,...,t,]%5 such that deg ' > 0 and F(1,20) # 0. By lemma 6.1, B[ty,...,t,]%8 = B,
so that F' € @,,5, " Blt1,. .. ,t,,]grf, and therefore xo € K xp V¥(G, x). O

One of the most common situation where the construction applies is that of the Grass-

mann bundle of d-dimensional quotients of a locally free sheaf % — S. In this case ¥ :=
Homgz(F,7%) = FY 07 7%, G := Gl(d), and x := det.

As a first application, we describe how varies the cone decomposition obtained in section
3 with the characteristic of the ground field.

Corollary 6.3. Assume S = SpecZ, V = Spec (Symi M), and x, € : G — Gy, are characters
such that ec € C(xc). Then there is a prime py > 0 depending on e, such that e € C(xk)
for any algebraically closed field K of characteristic zero or char K > po. In particular, if
C(ec) = C(xc) then the same holds over fields of large characteristic.

Proof. The first remark is that Vi(Go, xo) C V(Gg,eq): indeed, otherwise there would
exist q € Spec (Sym('@ MQ) such that

. G
q€ V5(Goxg) and gD ((Symg M) m > 1).

Using theorem 6.2 (ii,), we obtain that qc € VE(Gc, xc) and

ac > (B M) s m > 1 = (St M) s m > 1),

which contradicts our hypothesis.

Applying theorem 6.2 (iip) again, we deduce the validity of the corollary in characteristic
zero. To settle the problem in positive characteristic, let us notice that the irreducible com-
ponents of V¥(G,¢)eq — V are divided in two disjoint groups: those whose generic points
project onto (0) € SpecZ, and those which do not (i.e. the residue field has characteristic
zero or strictly positive). Let U C SpecZ be the complement of the finite set of primes
where we have such ‘bad reduction’. Since V(Gg,eq) — V¢ (Go, xg), we deduce that
V(G e)|lu — VB(G, x)|v. O
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We specialize now to the case where S is a reduced and irreducible K-scheme of finite type,
where K is an algebraically closed field. Our construction yields in this case a locally trivial
fibration Y — S, whose fibres are isomorphic to V// G, and we interested in computing its
Chow ring. Reasoning locally over S, we see that the X|T—unstable locus of V for the induced
T-action is the union

VT = |J B0, E() = Spec(6(N)Y) = V,
AEF(x)

where &(\) C ¥ are locally free subsheaves. The X-unstable locus for the G-action is then

V(G x) = U G-E(\
AEF(x

We still denote by p¢ : A.(S)g ®g (AL)g — A*(S)Q ®Q (Af)(g/ the homomorphism obtained
from p¢, as defined in section 4, by extending the scalars.

Theorem 6.4. Consider x € X*(G) such that V(G x) = V?O)(G, X). Then holds:
(i) the quotient Y := V*(G, x)/G is geometric;
(ii) the Chow ring

AY)o = () 50 (DY [oale (#/50): A € T0)g

(iii) Assume moreover that K = C. Then

H(YiQ) = H'(S) 9 (DY /oale (#/600): A € 500)g

Proof. The quotient V¥(G, x) — Y is geometric because it is so locally over S. Now we
prove the second statement: since G acts with finite stabilizers, we have the exact sequence

( U ¢ ) — AY(V)g — AT (VF(G,2) g = Araima(Y)g — 0.
AEF(X) Q

Repeating the proof of proposition 4.4 in our relative setting, and using the excess intersection
formula [11], example 6.3.5, we find that the image of the homomorphism AS(E())) 0~
A%(V)q is the ideal pg (el (V//éa(/\))>(@

The proof of the third statement is divided in three steps:

~ We recall that Y — S is a locally trivial fibre bundle, with fibre Y :=V//, G. According
to proposition 4.6, the Chow ring of Y, hence its cohomology ring too, is generated by
characteristic classes of (virtual) representations of G. In the relative setting, one may still
consider the locally free sheaves associated to representations of G, and the corresponding
characteristic classes yield a cohomology extension of the fibre. We conclude that the Leray-
Hirsch theorem applies to Y — S, and that the long exact sequence for the cohomology of
the pair (V, V(V, X)) splits into short exact sequences

This proves the second claim.

0 — H&(V,V®(G,x); Q) _s, HG(V @) =% HE(VE(G, x); Q) — 0.

— Fibrewise holds: the ring homomorphism H{(V;Q) — HE(VS(G, x); Q) = H*(Y) is
surjective, the short sequence

0 — HE(V,V™(G,x); Q) = H&(V;Q) = HE(VS(G, x); Q) — 0,
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is exact, and moreover ©*H, (V, V¥(G, x); Q) = pa([E(\)]r; A € 3"()()>Q.
— The restriction to the fibres of the fibre bundle pair (V,VSS(G, X)) 5 S of the ideal
p(;<eT(”f//<o@(/\))>Q C HL(V;Q), A € F(x), equals pe([E(N)]r). Moreover, we remark that

the restriction of 7* (% /& (X)) to V*(G, x) has a nowhere vanishing, T-equivariant section:
it is the composition of the canonical section V. — 7% with the projection ¥ — ¥ /& ().

It follows that y5e’ (¥/&(X)) = 0, and therefore y%[pg(e” (7//£’(A))>Q] = 0. Applying
the Leray-Hirsch theorem to the pair (V, V(V, X)) — S, we deduce:

5 [HE(V, VE(GX): Q)] = pa (el (V/E(N) A € F(X))g.

Since j§ is a ring homomorphisms, our claim follows. g

7. THE PICARD GROUP, THE AMPLE CONE AND THE COHOMOLOGY OF LINE BUNDLES

In this section we compute first the Picard group and the ample cone of the quotient
varieties that we obtain. Secondly we prove the vanishing of the higher cohomology groups
for nef line bundles.

Definition 7.1. Let x € X*(G) be a character, and consider the categorical quotient ¢ :
V(G, x) — Yy = V¥(G, x)/G. For a further character ¢ € X*(G), we define
G . — G
Ly e = (q*ﬁvss(a’x))s , that is I'(U, %) = F(q ly, ﬁvss(G»O)E , YU C Y, open.

Clearly %, . is torsion-free and coherent. If V¥*(G, x) = V?O)(G, X); Z¥, e has rank one, and
if moreover the G-action on V*(G, x) is free, then Zy, . is actually invertible.
We recall from section 3 that for y € X*(G), C(x) € A%(V) denotes the cone containing

X in its relative interior.

For a character y € X*(G) such that V¥(G, x) = V?O)(G, x) # 0, we define

F(x) = {NeF(x)|codimy G-E(N) =1}
= {A e F(x) | codimyE(N) 4+ StabgE(X) = dim G + 1}.
Denoting Ly the Levi component of StabgE()), we observe that for A € F(x), deg[E(\)]r —
deg Ag/Ap, =1 (see section 4 for the notations). Since in this case pg ([E(N)]r) is a principal
ideal, formula (4.2) implies that pe([E(A\)]7)o = (pc[E(N)]1)q-. For shorthand, we will denote
e(N) = pclEMN)]r € (A7)" = 2*(1)"V = x*(G).
Proposition 7.2. Let x € X*(G) be a character such that V*(G, x) = V?O)(G,x). Then:
(i) Pic(Yy)g = X*(G)o/ () A € F()),q.
In particular, if codimyV"(G, x) = 2, then Pic(Yy)g = X*(G)g.
(ii) The ample cone of Y, is
Pic(Yy)g"™ = int. C'(x)g,

where C(x)g := Image [X*(G)gNC(x) — X*(G)g/{e(N\); A€ F(x))
Proof. (i) Indeed,
Pic(h)g = A'(Vg = (4D /(4D noa(ENr: A€ T00),

= X*(G)@/<5()\) A€ 3"’()()>Q.

ol-
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If and codimyV"(G, x) > 2, there is a short exact sequence

*

0 — Pic(Yy) = X*(GQ) — T — 0,

with 7 a torsion module. Indeed, the pull-back by ¢ of an invertible sheaf on Y, gives rise
to a G-linearized invertible sheaf on V*(G, x), and the codimension condition ensures that it
uniquely extends to V.
(ii) A character ¢ € X*(G)g Nint.C(x) defines the same invariant quotient as y, that is Y,
and for n > 1 sufficiently large the sheaf Z.» — Y is invertible and ample.

For A € F(x), let f\ € K[V] be the equation of G-E(X\) — V; G acts on Qf) by a character,
which is just the class [G - E(\)]g € A, that is £(A). We conclude that fy € K[V]EG(/\). We

deduce further that for &’ = 37,5,y kac(A), with ky >0,

[T 52 = (@) — (0:Gum(a0) " = Lo

AEF(X)

is an isomorphism. This proves the inclusion of the right hand- into the left hand side.

For the converse inclusion, consider an ample line bundle . — Y. The first part implies
that . = £ for some ¢ € X*(G). Choose n > 1 such that the non-vanishing loci of
the sections in Z®" cover Y with affine open sets; for any x € V(G, x), there is f €
K[V(G, x)]% such that f(x) # 0. We choose finitely many f’s such that the non-vanishing
loci cover V¥(G, x). The components of codimension one of V \ V¥(G, x) are the G - E(\)’s,
with A € F(x). Therefore we find a monomial ¢ := 1_[)\69,()()]0/1\‘:A with the property that the

$f’s, with f as above, extend to regular functions on V; they all belong to K[V]¢

ky
6’”"1—[/\ 6/\>‘
their non-vanishing locus contain V*(G, x). This means that V¥(G, x) C V¥(G,e™ - ], E';A),

and therefore €™ - [], 6’;’\ e C(x).
All together, proves that

and

int. C(x)g C Pic(Y3)3™ € C(x)g C Pic(Yy)g.

The conclusion follows since the ample cone is open in the Picard group. ]

Example 7.3. Consider a quiver Q = (Qo, @1, h,t), and let V := P, Hom(Uh(a), Us(a))
be a representation space for @) with dimension vector (aq)qeq, (compare with example 3.11).
For S C Qg we let Gg = qus Gl(U,), and consider the (partial) quiver representation
ps: Gg — GL(V).

Let x € X*(Gg) be a character. If x does not lay in a wall for the Gg-action, and the
codimension of V(Gs, x) — V is at least two, then the Picard group of V//, G is isomorphic
to Q7. Let Cuin() be the smallest cone whose boundaries are defined by the equations (3.3),
and which contains x in its interior. Then the ample cone of V//, G contains int. Crmin(X)
(but it may happen to be larger).

We are going to prove that the higher cohomology groups of nef line bundles vanish. We
must say from the very beginning that our result is a more or less straightforward consequence
of the Hochster-Roberts theorem.
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For two characters x,e € X*(G), with e € C(x), the inclusion V¥(G, x) C V*¥(G, €) induces
a morphism on the quotient level

(7.1) (G, x) —= V¥(G, )
qX\L \Lq:‘
¥
Yy Y.

which is projective and open. In particular, ¢ is surjective.

Lemma 7.4. (i) For f € K[V|G., with m > 1, the pre-image under 1 of the affine, open
subset D(f,Yz)/G C Yz is isomorphic to Proj( >O(f_1K[V])§n).

/

(ii) Assume char K =0. Then R'4,0y, =0, Vi>0.

Proof. (i) Is a direct consequence of the definition. ‘
(ii) Is enough to prove that (R4 Oy, )(D(f,Y:)) = H'(¢~'D(f,Y:),0y,) = 0, for any
f € K[V]G., m > 1. We have just seen that 1y~ D(f,Y.) = Proj R, with

R = @0l = D KV]) and also @ (f K[V])7n = K[Ak x D(f)]°.

n>0 n=>0
Since G is linearly reductive, and Ak x D(f) is a smooth, affine variety, we may apply [19],
theorem 3.4: the positively graded part of the local cohomology groups [ ] vanish,
for all 7 > 0, where Ry := @,>1R,. The Grothendieck-Serre Correspondence [4] theorem

20.4.4, says that

[Hgl(}z)] =~ P H (Proj R, Opror(j)), Vi>1,
20 >0

and the vanishing of the degree zero part implies H* (¢~ 'D(f,Y-), Oy, ) = 0. O

Lemma 7.5. Let x € X*(G) such that codimyV™(G,x) = 2, and let ¢ € X*(G) N C(x).
Then holds:

(1) 1/’*$Yx,s = XYE,Ef'
(ii) If L. is invertible, the natural homomorphism V* Ly, . = V. Ly, o — Ly, o is an
isomorphism.

Proof. One simply applies the definition. O

We fix G — SpecZ a reductive group scheme, which contains a maximal torus, and whose
geometric fibres are connected, reductive groups, all having the same root system; we consider
a representation G — G1(MV), as constructed at the beginning of the previous section, and

assume that (Symi M)G = 7Z. We define V := Spec(Symi M), and, for a field K, we let
Vi =V Xgpecz Spec K = Spec(Sym}( M ®y, K) Further, we fix a character y : G — G,
such that codimy.V#(Ge, x.) > 2, and we denote Yy g := VK//XK G = Proj K[V ]“5Xs .

Finally, we consider a character ¢ : G — Gy, such that e¢ € C(xc). Corollary 6.3

implies that there is an open subset U C SpecZ such that V*(G, x)|lv C V¥(G,¢)|v, and
consequently we obtain a commutative diagram similar to (7.1), defined over U.

Lemma 7.6. For any field K, there is a natural isomorphism

(Sym%(Z & M))G”X @7 K = (Sym¥ (K @ MK))GKO(K'
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In particular, there is ¢ > 0 such that Ly, yo. — Yy i is invertible for all fields K.

Proof. The second statement is indeed a consequence of the first: choose ¢ > 0 such that
(Symz(Z e M ))G’XC is generated in degree one, and apply base change.

The proof of the first part is inspired from [25], lemma 2. We observe that loc. cit. implies
that is enough to prove our statement for F,, := Z/(p), with p > 0 prime.

The choice of a Z-basis in M induces the isomorphism Sym3(Z & M) = Z[t, t1, ..., t,], and
we denote X*, I : Z[t, t1,...,t,] — Z[G] ®z Zl[t, t1,...,t,] respectively the co-multiplication,
and the homomorphism f — 1 ® f; we define H := ¥* — I. Similarly, for a prime p, we write
Hy, for the homomorphism induced by the co-multiplication of Gp,.

For N :=Im(H) C Z[G][t, t1,...,t,], we get the short exact sequence

0 — Z[t, t1,.. . 6]% S Zlt by, . 4] — N — 0,
and therefore
F HQF
(7.2) (Zlt, t1, .. 1]9) @2 Fp s Bylt b, o ty] ——2s N @z Fy — 0

is exact. We claim that the first arrow in injective: indeed, if f ® 1 € Ker(a ® Fp), then the
(integral) coefficients of the polynomial f are all divisible by p. We deduce that f = pf’, and
freZt,ty,....t,]%. But then f@1=(pf)®1=0.

Since Z[G][t, t1,...,t,] ®z F, = Fy[GF,][t, t1,. .., t,], the homomorphisms

Hp, and H @ Fy : Fy[t,t1,...,t,] — Fp[Gr,|[t, t1, ..., 1]
coincide, so that N, := Im(Hp,) = N ®z Fp. The exactness at the middle term of (7.2)
implies that
(Z[t,t1, .. 1,]C) @z Fp — Fplt, tr, ..., 1),

which proves our claim. O

Proposition 7.7. There is a prime number pg € N such that for any algebraically closed field
K of characteristic zero or char K > pg holds:
(i) There is ¢ > 0 such that (YXK’ng,X%) 15 arithmetically Cohen-Macaulay;

(ii) Hi(YX,K,%zy&s?() =0 VneZ, Yi>0,i#dimY;g;
HAmYe x (YX,K,w}KYE,g;{) =0 Vn=0.

We recall that a pair (Y, .o7) consisting of a projective scheme and an ample invertible sheaf

is called arithmetically Cohen-Macaulay if @ H° (Y, o ”) is a Cohen-Macaulay ring.
n>0

We remark that the difficulty in the second statement is to show the simultaneous vanishing
of the cohomology groups of the Z»’s, for variable n. For fixed n, our claim is a direct
application of the upper semi-continuity theorem [14], theorem 12.8.
Proof. We choose and fix ¢ > 0 such that Z[V]S’m = (Z[V]Sc)n Let us assume that K has
characteristic zero. The Hochster-Roberts theorem [19], theorem 0.1, asserts that the ring of
invariants

REK = (REK), @ (RO%) , i= K @ (D KIVAIY = KAk x Vi]x
n>0

is Cohen-Macaulay. Replacing x by x¢, we obtain the first statement.
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The second statement is proved in two steps. If ec € int. C(xc) then C(ec) = C(xc), and
corollary 6.3 implies that C'(ex) = C(xk). Hence the quotients Y; i and Y, x coincide, and
we may assume € = . The Grothendieck-Serre correspondence gives the graded isomorphisms

. ~ 711 G .
@Hl(yx,KaﬁYX,K(n)) :H(RGK)+(R K)a VZ>0;
neZ

and [19], theorem 4.6, says that
i

H gy,

dim Y, 1
(ROx) =0, for 0 <i < dimVYyr, and |H o "

+ >0

Our claim follows because Oy, , (n) = jfx?(.

If ec € 9C(xc) then the same holds over K. We deduce R%K*(w}}i@;{) = i@;{ ®
R%K*ﬁYX,K = (. Therefore H* (YX7K, w}}i@?{) ~ [l (Y&K, fg%), and our claim follows from
the previous step.

Now we wish to extend the results over fields of large characteristic. Since the morphism
pr : Y, — SpecZ is proper and flat, and RG0 is Cohen-Macaulay, [13], theorem 12.2.4 (i),
implies that there is a non-empty open subset U(yx) C SpecZ such that the homogeneous
rings of the fibres over U(y) are still Cohen-Macaulay; by flat base change [25], lemma 2,
RE% is Cohen-Macaulay for all fields K with (char K') € U(x).

The proof is divided again in two steps: if e¢ € int. C(xc), we may assume as before that
€ = x. The Cohen-Macaulay property implies

(7.3) H'(Yyx, %) =0, Y0<i<dimYyg, VneZ

It remains to prove the vanishing of the highest cohomology group simultaneously for all
n > 1. Since pr : Y, — SpecZ is proper and flat, there is a positive integer m > 0 such that
ﬁyX’FP is m-regular for all primes p. In particular

(74) HE (Y, Lgne) =0, ¥n> 0.

We consider now the diagonal representation G x7 G — GL(M @ M), and the character
xxX"¢: G xz G — Gy,. The corresponding invariant ring is

RE*S .= 2.6 P ZVIG @z Z[V]Some.

n>1
We observe that Proj RS*¢ = Y, xz Y,, and that (RC"'XC"'[n])~ = L W Lynme. The
Hochster-Roberts theorem implies that RE@*¢@ is Cohen-Macaulay, so that REK*Cx ig still
Cohen-Macaulay for char K large enough. Since dimY, x < 2dimY, x (when the quotient
is a point there is nothing to prove), we deduce on one hand that
HIMYrk (Y, g x Yy g, Lon B Lynme) =0, ¥n >0
On the other hand, equalities (7.3) and (7.4) imply that
Hdlm YX’K(YX7K X YX7K7 "?Xn & gxnmc) = Hdlm YX"K(YX7K7 gx”) ®K HO (YX7K7 gxnmc) :

It follows that H™ Yx.x (YX7K’ fxn) =0, for n > 0. This finishes the case ec € int. C'(xc).

In general, we are going to prove that R%K*ﬁyw[( = 0, for all # > 0, as soon as the
characteristic of K is large enough. The conclusion follows then from the projection formula
and the case treated above.
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We choose a finite set S C @nZI (Symi M )SL of homogeneous elements (for this grading),
which define an open, affine covering of V**(G, x). For f € S, consider the diagram

Y& D(fe, Yee) —=vg D(fo. Yeo) — vy D(f, Y-)

l ! l

SpecC SpecQ U

We have proved in lemma 7.4 that H* (@ZJ(EID(f(C, Y.c), ﬁy)“(c) =0, for all ¢ > 0. By faithfully
flat base change and upper semi-continuity, there is an open subset U(f) C U C SpecZ such
that H (V" D(fr, Yo i), Oy, k) =0, for all i > 0, as soon as (char K) € U(f). We let U to
be the finite intersection of the U(f)’s obtained this way. Applying [14], proposition 9.3 and
proposition 8.5, we deduce the vanishing of R%K*ﬁYX,K’D(fK,YEYK), foralli >0and f € S, as
soon as (char K) € U. Since {D(fK’Y&K)}feS

that the higher direct images R%K*ﬁyx, K, © > 0, vanish. O

is an open, affine covering of Y, i, we deduce

The next step is to prove the vanishing of the higher cohomology for nef line bundles.
Consider ec € 9C(xc) N X*(Gc), and assume Zy, .. — Y, c is invertible. Then the same
holds over some non-empty, open subset U’(¢e) C SpecZ. We define the representation

/3 : G =G XSPCCZ Gm - GI(MEBZ@Z)a ﬁ(g)t) = dlag(p(g)vts_l(g)’t)a

and notice that since (Symi M)G =7, (Symi(M <) ZQ))G = 7Z too. After replacing x with
a suitably large multiple, (Symi M )G’X becomes generated in degree one. We define

X : G . Gm7 X(gat) = X(g)t,
and observe that

(Symy (M @ 72)) 9% = ((Symg, M) [wy, wa]) ¢~ = @ ((Sym$, M)[wy, wz]),?n
(7.5) "
=@ @ (SymyM)S cwiwb.
n>20 a+b=n

By corollary 6.3, there is an open subset U”(¢) C SpecZ such that ex € C(xk) for any
algebraically closed field K with (char K) € U”(¢). We define U(e) := U'(e) N U"(g). Then
U(e) = Spec B, where B is obtained from Z by inverting finitely many primes.

Lemma 7.8. Let ¢ : G — Gy, be a character such that ec € C(xc) NX*(Ge), and moreover
Ly, ec — Yy is invertible. Then there is a non-empty, open subset U(e) C SpecZ over
which the following isomorphism holds

]P)(ﬁyx D -iﬂYX,a) ‘U(s) = M(Sym;jyx (ﬁyx &5, "ng@)) = Proj (Z[V X7 A%]va) ’U(E)'
Proof. Is a straightforward computation. O

The main cohomology vanishing result is the following:

Theorem 7.9. Let G — GI(M) be a representation such that (Sym$ M)S = Z, and consider
two characters x,e of G with the properties:

- codimy, V" (G, xc) = 2;

— Xy, ec — Yy,c is invertible and nef.
Then there is a prime pg such that for all algebraically closed fields of characteristic char K >
po holds: Hi(YX,K,.ﬁf@” ) =0,Vn>0, Vi>0.

YXvsK
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Proof. Let U(e) C SpecZ be as above, and let £ := %, .. Then ZL|yi) — Y|y is
relatively nef, and therefore Opgg2)(1)|ue) — P(O0® L) lu(e) is still relatively nef.

Proposition 7.7, together with lemmata 7.5 and 7.8, imply that there is a constant ¢ > 0
having the property that, after possibly shrinking U(e) further,

H(P(O®L),,001)) =0Yn >0,

on all geometric fibres over U(e). Denoting 7 : P(ﬁ oL ) — Y, the natural projection, we
have R'(7),0(1)7 =0, Vi > 0Vn >0, and therefore

K

nc
0=HP(6 L), 001)") = H (Vyx, (7x),01)) = P H (Yy.x, L2).
a=0
Taking n > 0 arbitrarily large, we obtain the cohomology vanishing result. O

Remark 7.10. (i) It is actually possible ‘to squeeze out’ some more information, namely
that the prime pg appearing in the previous theorem can be chosen independent of €. In other
words, one is able to find a prime p(Yp), depending only on the quotient Yg := Y, g, for
which one has vanishing of the higher cohomology groups, for all invertible, nef sheaves, in
characteristic larger than p(Ygp).

This can be seen as follows: consider a finite set of characters {€;} e such that {Z, }jes
generate the nef cone C(xq) of Y, g over Zxo; then the same holds over a non-empty, open
subset of SpecZ. Similarly as in lemma 7.8, one proves that

P(0o @Y) 2 [VxzAlxz...xzA}])/G xz Gl
jeJ

|J| times

for a suitable action and linearization. Applying now proposition 7.7 to large multiples of
Op(oe @ 2;)(1), just as in 7.9, one obtains the desired result.
jeJ

(ii) Combining the observation above with proposition 7.7, we deduce that for fields K whose
characteristic is either zero or larger than p(Yg), Y, k is arithmetically Cohen-Macaulay with
respect to any ample line bundle on it (see [17], proposition 14.1, for the passage from a line
bundle to a positive multiple of it).

Remark 7.11. M. Brion brought to my attention the papers [2, 27], which both address the
issue that ‘quantization commutes with reduction’: [27] adopts the algebraic viewpoint, while
[2] uses analytic methods. However, to our best knowledge, the cited papers treat neither the
case of nef bundles nor that of mixed characteristic.

8. A STABILITY PROPERTY

It is well known that the tangent bundle of the projective space is stable, or more generally
that the tautological bundles over a Grassmann variety are stable. The goal of this section is
to generalize these results to our setting in characteristic zero.

We assume throughout this section that the ring of invariants K[V]% = K. We decompose

V=@V, with X C X*(T),
weX

into its G-isotypical components, with the corresponding multiplicities. The main result of
this section is:
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Theorem 8.1. Assume x € X*(G) has the property that G acts freely on Q = V¥(G, x),
and let Y be the quotient. For w € X we denote by F,, := Q(V,,) the associated vector bundle
over Y. Assume that v, > dimV,, holds for all w € X. Then the vector bundles F, — Y,
w € X, are slope semi-stable with respect to the polarization defined by the character x.

First we prove an auxiliary result of (possibly) independent interest. We denote {Gj}je 7
the simple factors of G, and for each j we denote v; : G — G be the corresponding quotient
morphism. Using the 7;’s we extend the structural group of {2 — Y, and obtain the principal
Gj-bundles Q(G;) — Y. We first investigate their stability.

Proposition 8.2. Assume x € X*(G) has the property that G acts freely on Q := V(G, x),
and let Y be the quotient. Assume that v, > dim V,, holds for all w € X. Then the principal
Gj-bundles QU(G;) = Y, j € J, obtained by extending the structural group are semi-stable.

Proof. We fix j € J, and a maximal parabolic subgroup P; C Gj; we let P := 'yj_le: it is
a maximal parabolic subgroup of G. Observe that in this case the associated homogeneous
bundles (Q(G;))(G; /P) and Q(G/P) are isomorphic.

We denote H = H H H Glg (vy,): it acts naturally on V, and the G- and H-actions on

V commute. It follows that H still acts on Q(G/P) by
H x Q(G/P) — Q(G/P), h x|y, gP]:=[hy,gP).
We must prove that for any reduction of the structural group
s:Y° — (QG))(G,/P;) =Q(G/P), with Y° CY open and codimy (Y \ Y°) > 2

we have degy (s* TQ(G’/P)/Y) 0. The idea is to move s using the H-action on (G/P). Let
7 € Y be a generic point, and consider y € Q) over . We define the following subgroups

Hy:={he H|3g,cGst. hy= p(g,: )y} = HHQ’Q, and H, := Stabg(y)
0

of H. Since G acts freely on ), the asignment h +— g; defines a group homomorphism
py : Hy — G whose kernel is H,,.
Claim Hy/H, — G/Z(G)° is surjective. Write y = (), with respect to the direct sum
decomposition of V; for each w € X, Yy = (Y1, - - - Ywm,, ). Since y € Q is chosen generically,
and m,, > dimV,, =: d,,, we may assume that for each w € X the vectors yu1,- .., Ywm, span
V. Equivalently, we may view y,, as a surjective homomorphism K" — V,.

For g € G holds p(9)y = (pw(9)¥w),- Using that m,, > d,,, we deduce that for each w € X
there is h,, € Glg(m,,) such that hyy, = po(9~ )yw. For h:= (h,), we have hy = p(g~!)y,
that is g € Image (Hy J/Hy — G). This proves our claim.

w

Back to the proof of our proposition. We observe that the infinitesimal action of H,
preserves the restriction to the fibre ¢71(9) = {[y,gP] | ¢ € G} = G/P of the relative
tangent bundle Toq,/p)/y. By this isomorphism the relative tangent bundle corresponds to
Tgp — G/P

The previous claim implies that the infinitesimal action Lie(Hy) — Tq(q/p)/v,s(y) is surjec-
tive. Therefore we can produce a section o € H(Y, s*detTq(q/p)/y) which does not vanish
at the point g. This proves that degy- (S*TQ(G/P)/Y) = 0. g

Proof. (Theorem 8.1) We may assume that G = Z(G)° x ( x Gj). Since each Q(G;) is
jeJ
semi-stable, @ — Y itself is semi-stable. The homomorphism p,, : G — Gl(V,,) maps Z(G)°
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into the center of GI(V,,). Using [23], theorem 3.18, we deduce that the associated vector
bundle ¥, = Q(V,,) — Y is semi-stable. O

Example 8.3. We wish apply these ideas to the construction of algebro-geometric approxi-
mations of classifying spaces cf. [8]. The basic example, which we are going to generalize, is
that of the classifying space for Gl(n). This is the infinite Grassmannian of d-dimensional quo-
tients, obtained as the inductive limit n}gnoo Grass(m, d). Its nice feature is that the universal

quotient bundles 2,,, — Grass(m,d) are stable for all m.

Claim Let V be a non-zero G-module such that C[V]? = C. Then holds:

(i) There is a 1-PS A € X, (T') such that its weight on V are all strictly positive.
(ii) G is not semi-simple.

Proof. (i) Let ® be the weights of the T-module V. Then the set of weights of the T" on C[V]
is the ‘cone’ " Nn. Since C[V]T = C, this cone is strictly convex, so that there is A € X, (T')
ned
with (n, A) > 0 for all n € .
(ii) Assume G is semi-simple. The previous step implies that C[V™]T = C, and therefore
C[V™]% = C for all m > 1. Since G is semi-simple, it follows from [21] that G has an open
orbit in V™. For m large we get a contradiction. g

Let G be a connected, reductive group which is not semi-simple; then G = (Z x G')/F,
where Z := Z(G)° is positive dimensional and F' is a finite group. Consider moreover a
faithful representation p : G — GI(V). Twisting p with a suitable ‘large’ character of Z,
we may assume that C[V]T = C, and y := det(p) is not in a wall for the G-action on the
V™’s, simultaneously for all m (see section 3). Then C[V™]% = C for all m > 1, and for m
sufficiently large the multiplicity condition in proposition 8.2 is fulfilled.

The inclusion V™ — V™ 2 s (2,0), restricts to Q== (V)¥(G,x) — Qi1 =
(V™+1)®(@, x), which induces the morphisms Y, — Y;,,;1 at the quotient level. Since the
quotients €2, — Y,, are geometric, Y, — Y41 is a closed embedding.

Assume moreover that G acts freely on the §2,,,’s, for m large enough. What we obtain is a
directed system €2,,, — Y}, of semi-stable principal G-bundles over projective bases. Since the
codimension of the unstable locus (V™)"(G, x) < V™ grows at least linearly with m, these
principal bundles form algebro-geometric substitutes for EG — BG.

In the case G = GI(d) and V is its standard representation, this construction yields the
Grassmannian Grass(m, d) together with the universal quotient bundle.
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