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ABSTRACT. We give a general construction of affine noetherian algebras with the
property that every finite dimensional representation is completely reducible. Star-
ting from enveloping algebras of semi simple Lie algebras in characteristic zero we
obtain explicit examples and describe some of their properties.

In the following an algebra A will always mean an associative algebra over a field
k with a unit element. Mostly, we will assume that A is affine and (left and right)
noetherian. An A-module M is a left A-module if not otherwise stated, and we will
not distinguish between the module M and the corresponding linear representation
of A on the vector space M.

§1. THE coNDITION FCR

It is well known that the enveloping algebra $(g) of a semisimple Lie algebra g
in characteristic zero has the following two important properties:

e Every finite dimensional representation of $(g) is completely reducible.
e $l(g) has enough finite dimensional representations, i.e., the intersection of
the kernels of all finite dimensional representations is zero.

The first is due to H. WEYL, the second to HARISH-CHANDRA (see [Dix] 2.5.7,
p. 84). Algebras satisfying the second condition will be called residually finite-
dimensional.

In the following we consider algebras A which satisfy these two properties. For
this purpose we introduce the following condition FCR (= “Finite dimensional
representations are Completely Reducible”):

(FCR) A is residually finite-dimensional and every finite dimensional representa-
tion of A is completely reducible.

Beside the enveloping algebras and their factor algebras (and of course the finite
dimensional semisimple algebras) the only other examples of FCR-algbras known
to us are the quantum enveloping algebras 4,(g) for ¢ not a root of unity. Our first
result shows that one can construct many more such algebras by taking invariants
of FCR~algebras under finite groups.
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Proposition 1. Let B be a noetherian algebra satisfying condition FCR and let H
be a finite group of automorphisms of B where |H| and char k are prime. Then the
invariant algebra BY also satisfies FCR.

PROOF. It is clear that BY is again residually finite-dimensional. Moreover, B
is a direct summand of B as a left or right B”-module. More precisely, every
isotypic component B) of B (A € H := the set of isomorphism classes of irreducible
representations of H) is a two-sided Bf_-module and B = @, B,. This implies that
for every BY-module W we have W = (B ® gz W) in a canonical way. Since
B is noetherian it follows from a result of FARKAS and SNIDER (see [Mon] Chap.
5, Corollary 5.9) that B and hence every B, is finitely generated as (left or right)
BH_module.

Now let W be finite dimensional. Then the kernel I of the corresponding repre-
sentation has finite codimension in B¥ and so the left ideal BI C B also has finite
codimension and is H-stable. As a consequence, the maximal two-sided ideal J of B
contained in BT satisfies the same properties. By assumption, B/J is a semisimple
algebra and since I = (BI)* > J¥ we see that BY /I is a factor algebra of (B/J)H#
which is semisimple by a theorem of LEVITZKI (cf. [Mon] Chap. 1, Theorem 1.15;
this also follows from our Lemma 2 below). U

Remark 1. (a) It is already clear from the finite dimensional case that the result
does not hold if we only assume that A C B is subalgebra such that B is finitely
generated as an A-module. (Take the upper triangular matrices in the matrix ring.)
However, it suffices to assume in addition that A is a direct summand of B as a
(left or right) A-module.

(b) It would be of interest to find affine noetherian k-algebras A in characteristic
p > 0 satisfying FCR. At present, we know of no such examples which are not finite
dimensional.

(c) There are examples due to MONTGOMERY and SMALL which show that the
invariant algebra A of an affine algebra A need not to be affine ([MoS] Example 2,
page 38). But it is an open question whether affine and the property FCR implies
that A has again the property FCR. However, our proof above does not work
in this case as shown by the following Example 1 the exposition of which is due
D. S. Passman. We thank Passman for many useful conversations.

Example 1. There exists a prime, residually finite-dimensional affine k-algebra A
having an idempotent e such that some finite dimensional representation of eAe is
not the restriction of a finite dimensional representation of A.

PROOF. Let F' = k(z,y) be the free k-algebra in two variables and let

k+Fy F
A:( Fyy F)gMQ(F)

where F'y is the left ideal of F' generated by y. Since F' is residually finite-
dimensional, it follows that A is also residually finite-dimensional. Furthermore,
since F is a domain, A is easily seen to be prime, and we know that A is finitely
generated with generators 1, e1a, €92, xess, yeos and yeoq.
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Notice that, for any integer ¢ > 0, we have

'y 0 (0 1 0 O 0 0
o o) \o o)\o =)y o)
Thus, if §: A — M,, (k) is any homomorphism, then

0(x'ye11) = 0(e12)0((wea2)")0(year).

In particular, since 6(xeqs) satisfies its characteristic polynomial, it follows that the
sequence of matrices

H(xoyelyl), G(xlyel,l), 9($2y€1,1),

is linearly recursive.

Finally, if e = eq1, then eAe = k + F'y is easily seen to be the free algebra on the
generators x'y for i = 0,1,2,.... Thus we can define a homomorphism 6’: eAe — k
by @' (xye1;) = 1 if i is a power of 2, and zero otherwise. In this case, it is obvious
that the sequence

0" (2%yey.1), 6"(:1:13/6171), 0'(z%ye11), ...

is not linearly recursive and therefore #’ cannot correspond to a composition factor
of any such 6 as above. 0

Let us recall another result in this context which which goes back to A. WEIL
(cf. FARKAS [Far] and LUBOTZKY-MAGID [LuM].)

Proposition 2. If a finitely generated algebra A satisfies condition FCR. then there
are only finitely many non-equivalent representation in each dimension.

OUTLINE OF PROOF (cf. [LuM]). Consider the variety mod’; of n-dimensional
representations of A (cf. [Kra2] Kap. II, §2.7 or [Kral]). The group GL,, acts
on mod’; and the orbits are in one-to-one correspondence with the equivalence
classes of n-dimensional representations. The condition FCR implies that all orbits
are open. In fact, for every M € mod’; the normal space Thr(mod’y)/Ta(Onr)
is naturally embedded into Ext} (M, M) where Ths(mod’) and Th;(Oy;) are the
ZARISKI-tangent spaces at M of mod’; and of the orbit Oy of M. U

Proposition 3. Let k be a perfect field and k' any field extension of k.

(1) If A, B are two FCR-algebras then A ®j B is FCR, too.
(2) The K -algebra k' @i A is FCR if and only if A is.

PROOF. Assertion (1) is obvious, and also one direction of assertion (2) is easy: If
k' @ A is FCR then so is A.

For the other direction asume that A is FCR. We first consider the case where
k'/k is a finite extension. Then, by (1), A’ := k¥’ ®; A is FCR as a k-algebra, hence
also as a k’-algebra.
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Now let &k’ be the algebraic closure k of k and put A := k ®, A. In this case the
claim follows since every finite dimensional representation V of A is defined over
a finite field extension k’/k, i.e., there is a finite dimensional representation V' of
k' @ A and an isomorphism k ®j V! ~ V.

It remains to show that if both fields & and k" are algebraically closed then every
finite dimensional representation of A’ := k' ®; A is defined over k. This follows
from the previous Proposition 2: The variety mod’;, is defined over k and since
it consists of finitely many orbits (= connected components) every such orbit is

defined over k. O

For a different proof see Remark 4 in §3.

§2. INVARIANTS OF ENVELOPING ALGEBRAS

Interesting examples of FCR-algebras arise in the following way. Let g be a
semisimple Lie algebra (over an algebraically closed field k of characteristic zero)
and let H a finite group of automorphisms of g. For example, we can take a finite
subgroup of any semisimple group G with Lie algebra g. Then H acts on the
enveloping algebra $4(g) by means of algebra automorphisms.

Proposition 4. The invariant algebra A := $4(g)™ has the following properties:

(1) A is affine, prime and (left and right) noetherian.

(2) A satisfies the FCR, property.

(3) The center 3(A) of A is equal to 3(g)" where 3(g) denotes the center of
U(g). In particular, 3(A) = 3(g) in case H is a subgroup of a semisimple
group G with Lie algebra g.

(4) A carries an ascending filtration such that the associated graded gr A =
(grh(g) = &(g)f is commutative where S(g) denotes the symmetric
algebra of g.

(5) A is a mazimal order and is Gorenstein see ([BeO] and [Bjo]).

(6) There is an action of A on A induced by the adjoint action of t(g) on (g)
such that A becomes a direct sum of finite dimensional A-modules.

PROOF. It is well known that 4l(g) carries an ascending filtration given by (g),, :=
k+g+g-g+ ...+ g" whose associated graded algebra gril(g) is the symmetric
algebra &(g) of g. By assumption, the group H respects the filtration, hence we get
(4). The remaining claims follow immediately from this and Proposition 1 except
assertion (3) which is a special case of the next lemma. O

Lemma 1. Let H be a finite group of automorhisms of $(g). Then 3(U(g)?) =
3(@)".

(This lemma is also proved in [AIP, Proposition 1.4].)

PrOOF. This is a consequence of a theorem of MONTGOMERY (see [Mon], Corollary
6.17) stating that 3(B¥) = 3(B)¥ in case H consists of X-outer automorphisms.
Recall that an automorphism is X-outer if it does not induce an inner automor-
phism on the total ring of quotients. So it remains to show that every X-inner
automorphism o of ${(g) is trivial. By definition we have ro(z) = zr for all x € 4U(g)
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and a certain element 7 of the total ring of quotients of {(g). Using the fact that
the associated graded algebra gril(g) has no zero divisors and is commutative we
find that o respects the filtration and induced the trivial automorphism on gril(g).
Thus o(g) is a Lie subalgebra of k@ g, hence o(g) = g and so oy is the identity. O

Example 2. Let B = $i(slp) and let H = Z/2 where the non-trivial element acts

by conjugation with ((1) _01 Then A := B¥ has GK-dimension 3 and has the

same center as {(sly), namely 3(A) = 3(g) = k[c] where ¢ is the Casimir element

¢ = h(h —2) 4+ 4ef, using the usual notation h := (é _01), e = (8(1)), f= (?g).

We denote by h, € and f the corresponding elements in gr B = &(sly) = k[h, €, f].
Then (gr B) is generated by h, &2, f? and &f and so A is generated by h, e?, f? and
ef. It can be shown from this that the algebra A has 4 non-equivalent irreducible
representations in each dimension (see below for a general assertion). In particular,
it is not a homomorphic image of an enveloping algebra of a semisimple Lie algebra.

Remark 2. (a) The picture is quite different in case the group H is not finite.
Let H ~ k* be the maximal torus of SL, acting by conjugation on sls. Then
A = U(sly)H is commutative of dimension 2, generated by h and ef.

(Again, gr A = &(sly) = k[h,ef] and [h,ef] = 0 in U(sly).)

(b) In a recent preprint ALEV and POLO show that for any non-trivial finite
group H of automorphisms of £4(g) the invariant algebra {(g)* is never isomorphic
to an enveloping algebra ([AIP] Theorem 1) and also not to a factor algebra of an
envelopping algebra if one assumes in addition that H acts trivially on the center

of U(g).

In order to calculate more examples we need the following results. Let B be
a k-algebra, H a finite group of automorphisms of B whose order is prime to the
characteristic of k, and A = B the invariant algebra. If V is a finite dimensional
simple A-module we denote by I = Iy = Anny (V) its annihilator ideal and by
Hy :={h € H | hly = Iy} the normalizer of Iy in H. For simplicity we assume
that k is algebraically closed.

Proposition 5. There is a finite central extension 1/1[\\7 of Hy which acts linearly
on V', compatible with the action of B, such that V' has a decomposition of the form

where the V; (resp. the W;) are pairwise non-isomorphic simple B -(resp. HNV-)
modules. In particular, the number s of blocks satisfies the inequality

s < # irreducible representations of Hy .

(The compatibility of the two action means that h(bv) = h(b)v for h € Hy, h the
image of h in Hy C Aut(B),be B,andv e V.)

For the proof we need the following easy lemma.
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Lemma 2. Let U = @ ,U; be a finite dimensional vector space, H C GL(U) a
finite subgroup respecting the direct sum decomposition (i.e. hU; = U,y with a
permutation o) and H; := {h € H | hU; = U;}, i = 1,...m. Then the projection
pi: U — U; induces a surjective map UH — U,LHi.

PROOF OF PROPOSITION 5. Consider J := (),cy hl. Then H acts by automor-
phisms on the semisimple algebra B/.J which contains as a factor B/Iyy = End(V).
Clearly, Hy is the normalizer of this factor and so the lemma above implies that
the canonical map

pv: BY — (B/))" — (B/Iy)"" = End(V)"¥

is surjective. It follows from Wedderburns theorem that the action of Hy on End (V)
is given by a homomorphism Hy — PGL(V) which can be lifted to a homomor-
phism ﬁ; — GL(V) where f{\‘: is a central extension of Hy . The surjectivity of py
means exactly that the image of B in End(V) is the centralizer of the image of
ﬁ;. From this we immediatly get the claimed decomposition of V. Since the kernel
of ﬁ; — Hy acts by scalars on V' the number of non-isomorphic irreducible repre-

sentations of Hy occuring in V' is at most the number of irreducible representations
of H V- ]

In order to apply the proposition above we say that a B-module V admits a
compatible action of H if the annihilator I := Annpg V is stable under H and the
action of H on B/I = End(V') is given by a linear representation of H on V. Now
the following corollary is clear.

Corollary 1. Let V be a finite dimensional simple B-module which admits a com-
patible action of H. Then the dimensions of the simple BY -submodules of V are
the multiplicities of the irreducible subrepresentations of H in V.

Corollary 2. (chark =0) Let G be a simply connected semisimple group with Lie
algebra g, let H be a finite subgroup of G and put A := U(g). For every finite
dimensional simple $(g)-module V' we have a decomposition

as an A X H-module with pairwise non-ismorphic simple modules U; and M;. Mo-
reover, every finite dimensional simple A-module M occurs in exactly one finite-
dimensional simple $(g)-module V.

(The last assertion follows from Lemma 1 because non-isomorphic i(g)-modules
have different central characters.)

With this corollary it is easy to verify the following examples.

Example 3. Let B = 4(sly) and let H = Z/n where a generator of H acts by
conjugation with (g (1)), ¢ = e’n". Then A, := B¥ has GK-dimension 3 and has
the same center as i(slz), namely 3(A) = 3(g) = k[c]. With the same notation
as in Example 2 we find that gr A, = (gr B)¥ is generated by h,é", f* and ef.
Thus A is generated by h,e™, f* and ef. It follows that the algebra A, has n?
non-equivalent irreducible representations in each dimension.
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Remark 3. In combination with Proposition 2 we obtain the following result: Let
H be a finite subgroup of a semisimple group G (chark = 0). For any number
m there are only finitely many irreducible representations V- of G which contain a
simple H-module of multiplicity < m. In fact, we can show more:

There is a bound N for the number of irreducible representations of G containing
a simple H-module with a given multiplicity.

As a consequence, we see that all examples of FCR-algebras constructed as
above (by using finite subgroups of semisimple groups) satisfy the following pro-
perty: There is a bound N for the number of simple modules in any dimension. In
particular, the function

Ta(n) := # simple A-modules of dimension <n
has at most linear growth.

§3. THE CONDITION FPI AND THE LOEWY-RANK

There are many another ways to express the condition FCR for an algebra A.
One of them is related to polynomial identities. Denote by I, C A the ideal of po-
lynomial identities of degree n, i.e. the ideal generated by the polynomial identities
of n x n-matrices, and consider the following condition:

(FPI) All ideals I,, are of finite codimension.
(FPI stands for “Finite dimensional PI-factors.)

Proposition 6. An affine algebra A satisfies condition FPI if and only if there are
only finitely many simple modules in each dimension.

PROOF. Since every representation of dimension n contains I, in its kernel it is
clear that the first condition implies the second. For the inverse implication we
use the fact that an infinite dimensional affine PI-algebra has infinitely many non-
equivalent representations of a certain dimension n. This follows immediately from
the Nullstellensatz which tells us that there are infinitely many maximal ideals
which all have finite codimension (cf. [Row] Theorem 6.3.3). O

With this result we get the following characterization of FCR-algebras.

Corollary 3. An algebra A satisfies condition FCR if and only if all factor algebras
A/I, are finite dimensional and semisimple and (), I, = (0).

PROOF. One direction follows immediately from the above proposition and Propo-
sition 2. For the other direction we first remark that each I,, is the intersection
of the maximal ideals containing it, because A/I, is finite dimensional and se-
misimple. Hence A is residually finite-dimensional. Moreover, an n-dimensional

representation of A contains I,, in its kernel and is therefore completely reducible.
O

Remark 4. From this result we get a different proof of Proposition 3(2): Let A
be FCR and let V be a finite dimensional k' ®, A—modulq. Then I,, is in the kernel
of the map A’ := k' ®, A — End(V), hence the image A of A in End(V) is finite
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dimensional and semisimple. It follows that the image of A’ is a factor algebra of
k' @i A and therefore finite dimensional and semisimple, too.

The next result shows that the condition FPI carries over to invariant algebras
under finite groups.

Proposition 7. Let H be a finite group H of automorphisms of an affine noether-
ian algebra B where we assume that the order of H is prime to the characteristic
of the base field. Then the invariant algebra BT satisfies condition FPI if and only
if B does.

PROOF. Clearly, for all n € N the ideal I,, of A := B* is contained in the corres-
ponding ideal J,, of B. Therefore, B/.J, is a finitely generated A/I,-module and
so B/J, is finite dimensional in case A/I,, is. This proves one implication.

For the other implication assume that B is generated, as an A-module, by d
elements. Let M be a simple A-module and put P := B ®4 M. Then dim P <
d - dim M and M occurs as an A-submodule of a JORDAN-HOLDER-factor of P as
a B-module. This shows that every simple A-module is a JORDAN-HOLDER-factor
of a simple B-module M of dimension dim M < d-dim M, viewed as an A-module.
Thus, by Proposition 6, A satisfies FPI if B does. O

Another way to express condition FCR is based on the LOEWY-rank of a finite
dimensional module: It is equal to 1 if and only if the module is semisimple. (Recall
that the LOEwy-rank is the length of the series obtained by taking successively
socles.) This condition was studied by BELL and GOODEARL in [BeG].

Proposition 8. Let A = BY C B be as above. If every finite dimensional B-

module has LOEWY-rank < m then the same holds for every finite dimensional
A-module.

Let M be a B-module with a compatible H-structure (see §2). Such a module
admits an isotypic decomposition M = &, _5M) where each isotypic component
M) is a (left) A-module. Typical examples for modules with H-structure are the
induced modules B® 4 N where N is an A-module and the H-structure is given by
the H-action on B. Moreover, we obtain the isotypic decomposition of B ® 4 N in
the following way:

B®AN: (@ABA) ®AN: @)\(B)\@N).

Lemma 3. Let N be an A-module and assume that B ® a4 N is a semisimple B-
module. Then N is semisimple, too.

PROOF. Let N’ C N be an A-submodule. Clearly, the submodule N := BN’ C
M := B®a N is H-stable. We claim that it has a complement P which is an
H-stable B-module. It then follows that PN N = P is a complement of N’ in N
as an A-module.

In order to proof the claim we use the canonical linear map Homp(M,N) —
Endp(N) which is surjective because M is semisimple. It is easy to see that the
map is H-equivariant where we use the usual action of H on Hom and End. It

follows that Homp(M, N)? — Endg(N) is surjective, too. O
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PROOF OF PROPOSITION 8. Let N be an finite dimensional A-module and denote
by soc N the socle of the B-module N := B ®4 N. This is a semisimple H-
stable submodule. It follows from the lemma above that (soc N) is a semisimple
submodule of N = N¥. Hence, (soc N YH C soc N and, by induction, we see that
the LoEwWY-rank of N is less or equal to the LOEWY-rank of N. U
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