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ABSTRACT. In this paper we solve an old problem of Classical Invariant Theory of
binary forms. We give a modern approach and rigorous proof for the degree estimates
of a generating system of invariants and covariants of binary form due to CAMILLE
JORDAN. Moreover, we show that this approach can be efficiently used to calculate
the generators in low degrees.
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INTRODUCTION

Our base field is the field C of complex numbers. We denote by SLy the group of
complex 2 x 2-matrices with determinant 1. All our representations of SLo will be
complex, finite dimensional and rational. It is well known that these representations
are completely reducible and that for every n € N there is exactly one irreducible
representation V,, of dimension n + 1, namely the binary forms of degree n:

Vi, = Clz, y|, = {homogeneous forms in x and y of degree n}.

Here C[z,y] is considered as the algebra of polynomial functions on C? with the
usual linear action of SLy by substitution: (g- f)(v) := f(g~1v) for g € SLa, v € C2.

More precisely, we find for g = (CC‘ 2) € SLy

g-xr=dxr—by g-y=—cx+ ay.

0.1 Definition. Let W be a representation of SLs. A covariant of W of order m
and degree d is an equivariant homogeneous polynomial map ¢: W — V,,, of degree
d, i.e., we have p(g-v) = g-p(v) for all g € SLy and o(tv) = t¢p(v) for all t € C.

Clearly, the covariants of order 0 are the (homogeneous) invariant functions
on W. They form the (homogeneous components of the) ring of invariants which
will be denoted by Z(W) = @ ;50 Z(W)4. By our definition of the representations
V,, we have a natural multiplication V,, x V,, — Vi4m which implies that two
covariants of order n and m respectively, can be multiplied to give a covariant of
order n + m. Thus the covariants also form a graded ring which will be denoted by

C(W> = @mzo C(W)m

The aim of this paper is to give a rigorous proof of the following important result
which is due to CAMILLE JORDAN [Jor76, Jor79].

0.2 Main Theorem. Let W be a representation of SLy. Assume that all irreducible
components of W have dimensions < N + 1. Then the ring C(W) of covariants is
generated by the covariants of order < 2N? and of degree < 2N°F.

0.3 Remark. In his famous paper [Hil93] HILBERT indicates how to obtain a ge-
neral bound for the degree of a set of generators of the ring of invariants for any
representation W of SL,,. Using some additional results about the structure of the
invariant ring one can obtain explicit bounds in terms of data of the group and
the representation (see [DeK96] for a survey). Applied to binary forms this gives a
bound which depends exponentially on the dimension of W.

In a recent paper HARM DERKSEN has been able to improve these bounds in a fun-
damental way, see [Der97]. He gives a very original construction of a homogeneous
system of parameters which allows to obtain polynomial bounds for the degree of
a generating system.
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§1. COVARIANTS AND U-INVARIANTS

There are several other ways to look at covariants which are all equivalent and
can be found in the literature. The following two are of particular interest for us.

Let U := {( ! 11‘)} C SLs be the maximal unipotent subgroup of upper triangular

matrices and 7' := {(°,1) | s € C*} C SLy the maximal torus of diagonal
matrices. Denote by pr, the projection of V. onto the first coordinate:

pr.:Ve = C, f= Zaixe_iyi = ag.
i=0

This linear function pr, is U-invariant and of weight (or order) e which means that
for any t = (° 1) € T we have pr (7" - f) = s¢ pr.(f).

It is clear now that every covariant ¢: W — V, of degree d and order e determines,
by composing, a U-invariant function f, := pr, op on W which is homogeneous of
degree d and of weight e. In this way we obtain a natural isomorphism of the
algebra C(W) of covariants of W with the algebra of U-invariant functions on W,
preserving degree and order. Denote by O(W) the algebra of polynomial functions
on W, i.e. the symmetric algebra SW* on the dual representation. Then we have
in a canonical way

Z(W)=0W)%2 cc(w) =0W)Y c OW).

This interpretation of covariants has the advantage that it easily carries over to
an arbitrary algebra A endowed with a rational and locally finite action of SLy by
means of algebra automorphisms.

Another way is to understand a covariant of W of degree d and order e as an
SLs-stable subspace V' C O(W), isomorphic to V. or, more precisely, as an SLo-
equivariant linear map V.* — O(W); := {homogeneous functions of degree d}.
With this interpretation it is not so clear how to define the product of two cova-
riants. On the other hand, we can talk about ideals in O(W) generated by certain
covariants which is an important concept behind JORDAN’s method as we will see
in the next section.

We summarize our considerations above in the following proposition whose easy
proof is left to the reader.

1.1 Proposition. Fvery covariant ¢o:W — V. (of degree d and order e) gives
rise to an U-invariant function f, := pr,op (of degree d and weight e) and to
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an equivariant linear map ©*: V) — O(W)q4. These maps ¢ — f, and ¢ — ¢*
determine isomorphisms between the corresponding spaces:

C(W) = 0(W)Y = @D Homsr, (Ve, O(W)).

§2. GENERAL SETUP AND OUTLINE OF PROOF

We are working with graded C-algebras R = @,-,R; carrying a rational and
locally finite action of the group SLy by means of algebra automorphisms respecting
the grading. (We always assume that dim R; < cc.) Such an algebra will be shortly
called an SLo-algebra. As mentioned before, there are two important subalgebras,
the ring of invariants RS2 and the ring of covariants (or U-invariants) RY, both
again graded.

Let I C R be a homogeneous SLs-equivariant ideal and denote by gr; R the
associated graded ring @, I*/I°T!. We assume that (), I* = (0); this holds in
case I N Ry = (0). Since I is homogeneous each summand 7°/I*T1 has a natural
graduation which turns gr; R into a graded ring!. An element b € gr; R will be
called strongly homogeneous if it is homogeneous with respect to both gradings, i.e.
if it is a homogeneous element of a single I°/I°T1. Its degree degb is the degree in
the natural grading of I%/I5%!.

For an element a € R, a # 0, there is a unique s > 0 such that a € I\ I*T1. We
put gra :=a+ I*t1 € I°/I°T C gr; R. Similarly, we set grS := {gra | a € S} for
any subset S C R where we put gr0 := 0. Given two elements a,b € R we either
have gra-grb =0 or gra-grb = gr(ab) by the very definition of the multiplication
in gr;R.

2.1 Lifting Lemma. (a) Let S C R be a set of homogeneous elements and
assume that grS generates the algebra gr; R. Then S generates R.
(b) Let G C R be a set of homogeneous elements and assume that grG linearly
spans the algebra gr; R. Then G linearly spans R.
(c) Let T C (gr;R)Y C gr; R be strongly homogeneous system of generators
of the covariants. Then there is a homogeneous set T C RY such that
gr’j: =17, and every such T generates RY .

We will call such a subset 7 a lift of T.

2.2 Remark. In order to define a lift we can choose SLs-stable homogeneous
complements L, of 15! in I® for all s. This defines a linear isomorphism

ngyR=EPr/rt =SPL.=nr

s>0 s>0

IThis is not the usual grading of gr; R where I°/I**1 is the homogeneous part of degree s.
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which is homogeneous of degree zero and SLs-equivariant. Clearly, for every homo-
geneous subset 7 C (gr; R)Y the image n(7) is a lift of 7.

Proof of the Lifting Lemma. (a) Let r € R be a homogeneous element # 0 of degree
d, r € I* \ I**!. Then we have grr = p(grsy,grss,...,grs;) for a polynomial p

and suitable sq,... ,s; € S. Clearly, we can assume that every monomial appearing
in p has degree d. Then p(sy,sa,...,Sk) is homogeneous of degree d, too, and
r—p(s1,82,...,5:) € I1. Now the claim follows because Ry N I/ = (0) for large
7.

(b) The proof is similar to (a) and is left to the reader.
(c) Since the ideals I* are all SLo-stable the linear map (I°)V — (I%/I5T1)U is
surjective. This implies the first claim and the second follows as in (a). 4

Let us fix a natural number N and consider a representation W of SLy of the
form

W= @’iEIVdi

where all numbers d; are < N. Our goal is to find bounds for the degrees and orders
of generators of O(W)Y which depend only on N.
The idea of JORDAN is based on studying the following ideal J in O(W).

2.3 Definition. Let J C O(W) be the ideal generated by all covariants of (posi-
tive) degree < 3 and of order < Ny := |32 N | where |a] denotes the largest integer
<a.

In order to find bounds for the degrees and orders of generators of O(W)Y it
is enough, by the Lifting Lemma, to find such bounds for generators for the U-
invariants (gr; O(W))V of the associated graded ring

gr, O(W) := @I /o

s>0

Let E C J be a minimal homogeneous and SLs-stable subspace generating the

ideal J, i.e., E — J/mJ where m C O(W) is the homogeneous maximal ideal.
Then gr; O(W) is generated as a O(W)/J-algebra by E. Denoting by W; the dual
representation E* we thus obtain a surjective equivariant homomorphism

O:OW)/J @ OW1) =OW)/J ®@S(E) — OW)/J®J/J*@®---=gr, O(W).

(Note that the left hand side is the symmetric algebra Spw), s (E) = O(W)/J [E].)
Moreover, Wy = @; V., where all e; < N; and so the bounds for degrees and orders
of generating covariants of O(W;)V are known by induction. The first idea is to
determine generating covariants for (O(W)/J)Y and then to extract the necessary
information about generating covariants of the tensor product (O(W)/J@0O(W))Y
which can be carried over to gr; O(W) and then to O(W) using the Lifting Lemma.
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2.4 Remark. By definition, the ideal J is generated in degree 1, 2 and 3 and so
the space E, as a subspace of O(W), has a decomposition £ = EM ¢ E?) ¢ E®)
where E®) := E N O(W); is the homogeneous part of E of degree i. Thus the
homomorphism ®:O(W)/J @ O(W1) — gr; O(W) is not homogeneous, but we
have

deg®(F) <3-degF forany F e O(W)/J @ O(W).

This has to be taken into account when comparing degree bounds for generators of
the covariants of O(W)/J @ O(W1) and of gr; O(W).

In order to perform our induction we will have to iterate this procedure. We
first define the numbers Ny := N, Ny,... ,N; by N;y1 = L%Nij until we reach
N, = 1. Then we define inductively the graded SLs-algebras A; := O(W;) and
ideals J; C A; as follows. Start with

Wo:=W, Ag:=0(W) and Jy:=J.
Suppose that A;_1 = O(W,;_1) and J;_; are defined. Then put
Wi = (Ji_l/mi_lJi_l)* and AZ = O(Wl)

where m;_; is the homogeneous maximal ideal in A;_1, and define the ideal J; C A;
to be generated by the covariants of (positive) degree < 3 and of order < N, ;. For
1 =1 we just put J, = 0.

The link between the consecutive algebras A; is provided by an equivariant
surjective homomorphisms

D, : AZ/Jz X Ai—l—l — gry. A; = @SZQJiS/J;+1

which is defined, as above, by choosing an SLs-stable homogeneous complement
E;+1 of m;J; in J;, i.e. a minimal homogeneous and SLy-stable subspace generating
the ideal J;.

Finally, we define the algebra

B:=Ay/Jo@ A1/ 1 @ - @Ar_1/Jr_1 @ A

Notice that B = Ap/Jo ® By where B; is the algebra we would obtain by the
construction above if we would start our procedure with the representation W;
instead of W.

The relation between B and the original algebra A = O(W) is as follows. For
arbitrary ¢ = 0,1, ... ,7 consider the tensor product

D, =A/Jo @A/ 1@ - @Ai_1/Jim1 @A
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and the ideal
K; = AQ/J0®A1/J1 ®"'®Ai_1/<]z‘_1 ® J; C D;.

Clearly, we have Dy = Ay = O(W) and D, = B. Moreover, the associated graded
algebra gry. D; := De>0 K7 /KT can be identified with

Ao/ Jo@ A1/ T @ ... Aim1/Ji1 ® (@SZOJf/JiS—H)

which, in turn, is a factor of D,;1: There is a surjective SLa-equivariant homomor-
phism

(I)ii Di_|_1 — ngi Dz
defined as before by choosing a homogeneous SLy-stable complement of m;J; in J;.
Applying the Lifting Lemma and descending induction on i we see that we have
proved the following result.

2.5 Proposition. Let S = {C1,C5, ...} be a set of homogeneous covariants gene-
rating BY. By consecutively taking images under ®;: D1 — gry. D;, decomposing
them into strongly homogeneous parts and then lifting those to covariants of D; we
obtain a set S = {C1,Ca,...} of homogeneous covariants of Dy = O(W) which
generate O(W)Y.

The basic result in JORDAN’s proof is the following description of the covariants
of the algebra B=Ay/Jo @ A1/ J1 @ - @ Ar_1/Jr—1 @ A-.

2.6 RST-Theorem. Fvery covariant of the algebra B is a linear combination of
products RS'T where the factors R,S and T have the following form:

e R is a covariant of order < 2N? whose sum of order and degree is < 9N?;

e S is a product of factors of degree 1 (and order < N) or of degree 2 and
order at least 2 and at most 2N — 2;

e T is a product of invariants of degree < TN — 5.

The proof of the RST-Theorem will be given in §9. It is obtained by induction
using the tensor decomposition B = O(W)/J ® By (see above) together with a
description of the covariants of O(W')/J which is given in the PQ-Theorem in §8.
The proofs of both Theorems are based on the symbolic method which is the subject
of the following sections.

Using the RST-Theorem above we can now formulate and prove the main result
of JORDAN’s paper.

2.7 Main Theorem. Let N > 4 and let W = @V, where all d; < N. Then every
covariant of W is a linear combination of products RS'T' where the factors R, S and
T are as follows:

e R is a covariant of order o < 2N? and degree d < (IN? — 0)37;
e S is a product of covariants of order < 2N — 2 and of degree < 2-37;
e T is a product of invariants of degree < (TN — 5)37.
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2.8 Remark. It is not difficult to see that this results implies the bounds given
in the Main Theorem 0.2 of the Introduction. In fact, N, =1 and N; < (2)'N and
so 7 < 79 := min{i | (3)’N < 2}. This means that (3)™ > & and (3)™~! < &.
Hence

log & logs &
TSTOZ\‘logi+1J< 3z—f—l:ologgN—d
3

— logg 3
where ¢ := (logg %)_1 ~ 3.81884 and d := c-log3 2 — 1 ~ 1.40942. Thus we see that
the degree d of any generators listed in the Main Theorem is bounded by

d<9N2 37 =327¢ N2tc < 1.92. N>82 < oN©,

Proof of the Main Theorem. Let us first prove the following “induction step”:

Assume that for some i every covariant of D;11 is a linear combination of pro-
ducts RST where the factors R, S and T are as follows:

e R is a covariant of order o < 2N? and degree d < (9N? — 0)3;
e S is a product of covariants of order < 2N — 2 and of degree < 2 -37;
e T is a product of invariants of degree < (TN — 5)3.

Then the same holds for D; with o replaced by o + 1.

Start with a product RST in D;;1 as above and decompose the images ®;(R),
®,(S), ®;(T) in gr D; into strongly homogeneous components. Then each such com-
ponent R, S or T satisfies the corresponding condition above with o replaced by
o+1 (see Remark 2.4: the degree of R, ... is calculated with respect to the grading

of D;), and the same holds for the lifts R = n;(R), S = n;(S), T = n;(T). Moreo-
ver, gr(RST) = RST, i.e., RST is a lift of RST. Since the products RST linearly
span the algebra grD; by assumption it follows from the Lifting Lemma that the
products RST linearly span D,. This proves the induction step.

Our Main Theorem now follows by descending induction on i. We start with
1 = 17 where D, = B and the claim is true by the RST-Theorem 2.6, and end with

i = 0 where Dy = O(W) and the claim is our Main Theorem. O

2.9 Remark. By a more detailed analysis of the first steps in the induction pro-
cedure one can show that in the Main Theorem 2.7 the exponent 7 can be replaced
by p which is defined to be the first integer such that N,_; < 4. It is easy to see
that p is either 7 — 1 or 7 — 2 depending on N,_; = 3 or 4.

This slightly improves the degree bound d for the generators R, S and T in the
Main Theorem: d < 0.407 - N°>82 < N©,



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 9

63. FUNDAMENTAL THEOREMS FOR SLy AND SYMBOLIC EXPRESSIONS

The classical symbolic method which we will describe in the next section is the
basic and fundamental tool to manipulate invariants and covariants of binary forms.
We will use it to produce normal forms for covariants of low degree which will finally
enable us to calculate degree bounds for the generating system. For forms of low
degrees the symbolic method can also be used to determine an explicit minimal
system of generators for the ring of covariants.

Denote by L := V; the space of linear forms and let W = L7 = D.cs L be the
direct sum of copies of L parametrized by the index set J. For an element (Is)ses
we write Iy = sox + s1y. The invariants and covariants of LY are well-known. For
a proof of the following result we refer to the literature (see [GY03] and [We46] for
a rigorous approach).

3.1 First Fundamental Theorem for SLy. The invariants of LY are minimally
generated by the determinants

ap bo

()ieg =t = et (20 1

), a,be J.

The covariants, as an algebra over the invariants, are minimally generated by the
linear projections

(li)ieg = le, ce€J.
Like in the classical literature we denote the determinant shortly by (ab) and

the linear projection by c,:

(ab): (li)ieg ¥ llale] ezt (li)ieg = L
With this notation we obtain the following corollary:
3.2 Corollary. The covariants of LY are linearly spanned by the maps

Pro=[J@)* [[ess  Aapoc €N

a#b c

The order of Py, is equal to ) o. and the multidegree (pa)acs 5 given by p, =
Zb()\ab + >\ba) + Oq-

3.3 Definitions. An expression of the form P = P, , as above, i.e., a (commu-
tative) monomial in the elements (ab) and c,, will be called a symbolic expression
(in the alphabet [J). The order ord P and the weight wt P = (wt, P)aecy of the
symbolic expression P are defined by

ord P := Zoc and wt, P := Z()\ab + o) + 04-
c b
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In particular, wt, P is equal to the number of times the symbol a occurs in the
symbolic expression P. The category of the symbolic expression P is the maximal
exponent of a determinant factor of P:

cat P := max \q p.

a,b

The symbolic expression P is called decomposable if it can be written as a product
P = P, P, in a non-trivial way where P; and P, are disjoint, i.e., no symbol occurs
in both. Finally, we denote by supp P the support of P, i.e., the set of symbols
a € J occurring in P.

With this notation the First Fundamental Theorem says that we have a canonical
surjective homomorphism

Cl(ab), cs | a,b,c € J] — C(LY).

The next step is to describe the kernel of this map.
The covariants (ab) and a, satisfy the following fundamental relations:

(ab) + (ba) = 0, (i)
(ab) ¢z + (bc) ay + (ca) b, =0, (ii)
(ab) (cd) 4 (be) (ad) + (ca) (bd) = 0. (iii)

The first relation is clear from the definition. Both expressions on the lefthand side
of (2) and (3) are alternating in the symbols a, b, ¢ (and d) and therefore vanish
because dim L = 2.

It is known that these relations form a generating system for all relations. This
is the content of the following result.

3.4 Second Fundamental Theorem for SL,. There is a canonical isomorphism
of (multi-) graded algebras

Symb ; := C[(ab), ¢, | a,b,c € J]/a = C(LY)
where the ideal a is generated by the elements

(ab) + (ba) a,be J
(ab) ¢z + (bc) ax + (ca) b, a,b,ce J
(ab) (ed) + (be) (ad) + (ca) (bd) a,bec,de J

(Again we refer to [GY03] and [W46] for the proof.)

The algebra Symb ; defined above is called the symbolic algebra over the alphabet
J. It carries a canonical linear action of the symmetric group S (by permuting
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the symbols), and the map is equivariant (with respect to the obvious action on
C(L7).)

The Second Fundamental Theorem allows an interesting interpretation of the
space spanned by the symbolic expressions P of a fixed order e and a fixed weight
(di,da, ... ,d,) where n = |J| is the number of symbols. Putting F' = C™ we have
LY = F® L and C(LY) = O(F @ L)Y. From CAUCHY’s formula (see [GW9S,
Cor. 4.5.19]) we get the decomposition

OF®La= @ S.(F)aS5, (L)
v=(2",1")
2utv=d

where S, denotes the SCHUR functor associated to the partition v. (We shortly
write (2%,1") for the partition (2,2,...,2,1,1,...,1).) Since S(gu 1v)(L*) = V,,, we

-~ -~

u times v times
see that the covariants of degree d and order e can be identified with the space

S, (F*) for v = (2/,19), f = %(d — e). Using the natural action of the diagonal
torus of GL(F') = GL,, we finally get the following result.

3.5 Corollary. There is a natural identification between the space spanned by the
symbolic expressions P of order e and weight 6 = (dy,ds, ... ,d,) and the cor-
responding weight space in the SCHUR functor S,(C") where v = (27,1¢) and
f= %(Zz di —e).

As a consequence, all identities involving symbolic expressions can be understood
as identities in certain weight spaces of SCHUR functors and can be checked for
example by using their expressions in some standard basis (see [Bu98|).

Let us mention here that this is a special case of the Howe duality. However, the
above identification was already known to the classics (cf. [GY03, chap. IIJ).

§4. SYMBOLIC METHOD

We will show that symbolic expressions can be used in a very efficient way to
describe and manipulate invariants and covariants of binary forms.

Fix a decomposition W = @,c1Vy, into irreducible components. Every covariant
of W is a sum of multihomogeneous covariants. Moreover, a multihomogeneous
covariant ¢ of multidegree (m;) can be polarized to produce a multilinear covariant
@ of the representation W = @;c IVCZ“' where each V, is repeated m; many times.
Let us denote this space by ©qc sV}, . Clearly, ¢ can be reconstructed from ¢ by
“diagonally” embedding W into W:

Oy Uiy ) =@( e UV V)
—_———

m; times
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4.1 Remark. Polarizing a covariant does not change its order nor its degree. The-
refore, it would be sufficient to consider only multilinear covariants, i.e., covariants
which are of degree 1 or 0 in each variable, and to show that they can be expressed
as polynomials in those covariants satisfying the bound conditions for degree and
order formulated in the Main Theorem 2.7. However, it will be more convenient to
consider the ring of all covariants of W and to use its multiplicative structure.

As before let L := V; be the space of linear forms on C2. For every d we have
the power map L — Vj given by [ — [¢. They determine an equivariant morphism

mLd W= Dsecg Vo, (ls)seq — (18°)ses-

Since the representation V), can be identified with the symmetric power SPs L we see
that the multilinear functions on W correspond to the multihomogeneous functions
on L7. Thus every multilinear covariant ¢ of W is completely determined by its
pull-back ® := 7*(%) = ¢ o m which is a covariant of LY of the same order and of
weight (pg)aes. Thus, every multihomogeneous covariant ¢ of multidegree (m;) is
completely determined by .

Conversely, every covariant of L7 of multidegree (p, )qc7 and order e determines
a multilinear covariant of W of the same order and therefore a multihomogeneous
covariant of W of multidegree (m;) and order e.

In the previous section we gave a description of the covariants of LY. It fol-
lows from the First Fundamental Theorem 3.1 that ® is a linear combination of

covariants of the form
Pro = [J(a0) [ e
a#b c
where Agp, 0. € N are subject to the conditions

WtaP:Z(/\ab—i—)\ba)—l—aazpa forae J and ordP:ZUc:e.
b c

The multidegree (m;);c; of the corresponding covariant ¢ is recovered from the fact
that in the index set J there are exactly m; symbols a corresponding to ¢ € I. Thus
we see that the total degree of ¢ is given by the number of symbols which occur in
the symbolic expression P. We call this the degree of the symbolic expression P:

deg P := number of different symbols occuring in P = # supp P

Thus, we finally obtain the following result which summarizes what is classically
called “symbolic method”:
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4.2 Proposition. Consider a symbolic expression

P=P,= H(ab))‘“b H coe

a#b
of weight (pg)acy, order e and degree m. Associate to every symbol a occurring in
P an element © € I such that d; = p, and denote by m; the number of elements
associated i. Then P determines a multihomogeneous covariant op of W = 3. Vg,
of multidegree m; and order e. Conversely, every covariant of W is a linear combi-
nation of such ¢p associated to symbolic expressions P.

It will always be clear in the context which index ¢ € I has to be associated to
a symbol a € supp P.

If o = pp we say that P is the symbolic expression of the covariant o, although
the expression P is in general not uniquely determined by ¢ because of the funda-
mental relations. It might even happened that ¢p is zero.

4.3 Remark. If the covariarit ¢ has symbolic expression P =[], #(ab))‘ab [I.c2e
then its value on (fy)aes € W = BaegV), is calculated in the following way:

Write fo = laylay -+ la,, as a product of linear forms and replace in
the symbolic expression P the p, symbols a by the different symbols
ai,as, ... ,ap, i all pg! possible ways. Then replace the brackets (a;b;)
by the determinants [lo, Iy;], the symbols a;, by the linear forms lo,, sum
over all these forms and divide by [[, pa! (which is the number of sum-
mands):

1 Aab Gay,
@((fa)aej) = Hapa! Z H[lai lbj] “ 1:[lak

.5,k \a7#b

In order to calculate ¢ on (f;);c; € W we proceed in the same way, but identify
fo=fo=fc=---:= f; for all symbols a, b, c,... which are associated to the same
index 7 € I, and use a fixed decomposition f; = l;ls - -1,,, for all of them.

(It is clear that this is the correct description of the map : It is well defined because
it is symmetric in the [,,, it is equivariant by construction, and it coincides with ¢
on the forms (f, = (2*),c7, by definition.)

It is best to look now at some examples.

4.4 Examples.
(1) The linear projection W = 3.V, — Vg, has symbolic expression aZs. (The
symbol a is associated to k € I.)

(2) The Jacobian

of of
(f, h) — Jac(f, h) i=det<% g%)
ox Oy
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is a bilinear covariant of V,, © V, of order p + ¢ — 2. It has symbolic expression
(ab)aP~1b9~1, up to the factor pg. This is easily seen by using Remark 4.3 above:

Jac(lyly - - lyymima - - - my) =Z[li,mj]l1~ﬁ~~lpm1~~-mj--~mq
i7j
= ! l l l
- (p-Dlg—1)! D _Mixsmg iy -+ iy -,
=Pprq- w(ab)ag_lb%_l (l7 m)

(3) Let ¢ = apz? + 212y + azy? € Va be a quadratic form. The discriminant
A(q) := apag — o is an invariant; it has symbolic expression 2(ab)?.
In fact, write ¢ = l,l. Then, by Remark 4.3,

([lala]lly o] + [Ta L) [lo la] + [To La][la o) + [l Ib][la La])

o |

Pab)2(q) =
_ 1 2 1 2
=3 [lalp])” = 2(a0b1 a1bo)
— 5(4&01)0&1[)1 — (a0b1 + a1b0)2) = 2(&0&2 — O[%)

A more direct argument is the following: The covariant ¢ with symbolic expression
(ab)? does not vanish on the forms ¢ = 1l with linearly independent [, 5, but it
vanishes on the forms g = I2. Thus ¢ is a multiple of the discriminant.

Similarly, one shows that the symbolic expression (ab)?(bc)(cd)?(da) determines
a non-zero invariant ¢ of V3 of degree 4 which vanishes on all forms f € V3 having
a linear factor of multiplicity > 2. Thus ¢ is a multiple of the discriminant.

On the other hand the symbolic expression P = (ab)(ac)(ad)(bc)(bd)(cd) re-
presents the zero function on Vi3: Permuting the symbols a and b gives —P, but
represents the same invariant on V3.

(4) The symbolic expressions (ab)* and (ab)?(bc)?(ca)? determine two non-zero
invariants ¢ and v of V, of degree 2 and 3, respectively. For f € Vy, f = agz* +
4o 23y + 60a2%y? + dazzy® + auy? they are, up to a factor, explicitly given by

o(f) = apay — 4ayas + 3a3

and
Gy Q1 Q2

Y(f)y=det | a1 a2 as
Qg9 (O3 0Oy
and are classically called “Apolare” and “Hankelsche Determinante”.
(5) The Hessian

8% f 82 f
x? o0x0
f— Hess(f) := det( SQf ngy )

oxdy  Oy?
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is a covariant of V,, of degree 2 and order 2n — 4 which has symbolic expression
(ab)?a7~2b" 2, up to a factor. (Again this follows easily from Remark 4.3.)

(6) Let V=V, @V, p > q. Then the symbolic expressions
(ab)* aP~Fba7F k=0,1,... g
determine bilinear covariants
go(k): V — Vpyrg—2k-

These are obviously all possible symbolic expressions giving bilinear covariants of
V@ V4, and they are all non-zero. Thus we obtain an explicit form of the well-known
formula of CLEBSCH-GORDAN

Vp®Vq2‘/p+q@‘/p+q—2®"'®‘/p—q

describing the SLa-equivariant decomposition of the tensor product V, ® V.
(7) Let V=V, ®&V,, &---®V,, be arepresentation of SLy and define

Ny = {(a P alP? -+ lP™) | a; € C, 0 € L}.

It is easy to see that every invariant symbolic expression P =[], #b(ab)kab vanishes
on Ny (use Remark 4.3). Moreover, one shows that the converse is true, too: Ny C
V is the zero set of the homogeneous invariants of positive degree. This subset Ny
is usually called the nullcone of V.

4.5 Remark. The symbolic method, as explained above, applies to invariants
and covariants of representations W of SL,. However, every SLs-algebra R can be
presented in the form R = O(W)/J where W C R is a suitable SLy-representation
generating R, and thus the symbolic method can be used here as well. Of course,
it depends on the choice of W. Moreover, we see that every generating system for
the covariants of W gives a generating system for the covariants of R.

§5. TRANSVECTIONS

The CLEBSCH-GORDAN decomposition which we described explicitly in the pre-
vious section (§4 Example 6) gives some ways to combine covariants. Consider the
following equivariant bilinear map (we assume p > q):

[k Vo x Vg = Vo @V = Vg ® Vg @+ @ Vg — Vg2

which is defined for 0 < k < ¢ = min{p, ¢}. If ¢ and ¢ are covariants of V' of order
p and q respectively, then the map

(%) [k
B

[0, Y]p: V Vp X Vg —— Vpiq—2k
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is a covariant of order p + ¢ — 2k. This covariant is classically called the kth trans-
vection of ¢ and ¢ (German: “Uberschz’ebung”). Clearly, the Oth transvection is just
multiplication: [p, 9]0 = @y V — V4.

Given two covariants with symbolic expression P and ) we want to give an
explicit description of their transvections in terms of the symbolic expressions. For
this we can assume that P and @) are disjoint, i.e. they have no symbol in common.
For example, if p:V — V, and ¢:V — V, are linear projections, i.e., ¢ has
symbolic expression a? and 1 symbolic expression b, then the transvection [, 1]
is a bilinear covariant of order p-+¢—2k and has symbolic expression (ab)* a?~*p4=*:

[%37 Sob%]k = (P(ab)k aP Fpak-
(This is just our definition, see §4 Example 6.) We shortly write for this

[af, 2] = (ab)" a2~ "0 77",
Thus we see that this transvection is obtained from the product a?b? by replacing
k products of the form a,b, by the determinant factor (ab). This is a special case
of the following construction.

5.1 Definition. A k-fold contraction (shortly: k-contraction) of two (disjoint) sym-
bolic expressions P and @ is a symbolic expression T" obtained from the product
PQ by choosing k pairs (a,,b,) where a, occurs in P and b, occurs in ¢ and
replacing their product a,b, by the determinant factor (ab).

A k-contraction of a single symbolic expression P is a symbolic expression P’
obtained from P by choosing k products a,b, in P where a # b and replacing them
by the corresponding determinant factor (ab).

Clearly, the O-contraction of P and @ is just the product PQ.

5.2 Example. If P = a,b,c, and Q) = e, f, are disjoint then the 1-contractions
are

(ae)bycyfu, (af)bpcrer, (b€)aycyfr, (bf)azcres, (c€)azrby fr, (cf)azbye,.

It is easy to show that the first transvection [¢p, |1 of the corresponding cova-
riants ¢p and @@ has the symbolic expression

S(@Oscafy + (af ucses + (be)ascas
+ (bf)agcrer + (ce)agby fo + (cf)azbres).

In general, we have the following result which is an immediate consequence of
our Remark 4.3 in §4 and Definition 5.1 of the transvection .
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5.3 Lemma A. Let P and Q be two disjoint symbolic expressions. The transvection
[op, ©olk is a linear combination of covariants pr where T runs through the k-fold
contractions of P and ), and each such o1 occurs with a positive rational coefficient

qr where > qr = 1:

lep, palk = ZQTSDTa qr € Qo and ZQT =L
T T

From now on we will often confuse P and ¢p and use P instead of ¢p in order
to simplify the notation. Thus the above formula reads

[P, Q]k = ZqTT

T

The next claim is an easy consequence of the fundamental relation (i)-(iii) in 3.3.

5.4 Lemma B. Let T and T' be two k-fold contractions of two disjoint symbolic
expressions P and Q. Then the difference T —T" can be written as an integral linear
combination of lower contractions. More precisely,

T—T':ZTj
J

and each T} is either a (k—1)-fold contraction of P; and Q; where P; is P and Q;
a 1-contraction of Q or Q; is Q and P; a I-contraction of P, or Tj is a (k—2)-fold
contraction of P; and Q); where both are 1-contractions of P and @), respectively.

Proof. By definition T and T” are both obtained from the product PQ by choosing
k pairs (a,, b, ) where a, occurs in P and b, occurs in ) and replacing their product
a;b,; by the determinant factor (ab). It is easy to see that we can find k-contractions
To=T,T,,Ts,...,T, =T such that each pair (T;,T;41) is of one of the following
forms:

(1) T; = S(ab)al, and T;41 = S(a’b)a, where P = Pyazal, Q@ = Qob, and
S is a (k — 1)-contraction of PyQp. It follows from relation (ii) in 3.3 that T; —
T;+1 = S(aa’)b,. This last symbolic expression is clearly a (k — 1)-contraction of
P’ = Py(aa’) with Q = Qob,.

(2) T; = S(ab)(a’t’) and T;11 = S(ab’)(a’b) where P = Pyayal, Q = Qoby b,
and S is a (k — 2)-contraction of PyQo. In this case we use relation (iii) in 3.3 to
get T; — T;41 = S(aa’)(bb'). This symbolic expression is a (k — 2)-contraction of
P’ = Py(aa’) with Q" = Qo (bV'). O

5.5 Lemma C. Let T be an k-fold contraction of two (disjoint) symbolic expres-
stons A and B. Then

T —[A, Bl =Y Ty = pe[As, Bel,
] 0

J
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where T is obtainded from A and B as in Lemma B above, k; < k, py € Q>0, and
Ay and By are contractions of A and B, respectively.

Proof. The claim is obvious for k = 0, so we can use induction. By Lemma A we
have [A, Bl =Y . ¢; S; where ¢; € Q>0 and ), ¢; = 1. Thus

T —[A, B, = Zqi(T - S)).

Now Lemma B implies that 7" — §; is a sum of (kK — 1) or (k — 2)-contractions T}
of A; and B; which are contractions of A and B, respectively. This gives the first
equation. For the second, we find by induction T = [Aj, Bk +> 4, <1 Pe[Ae, Beli,,
(k' =k —1 or k — 2) which has the required form. O

The next lemma is an immediate consequence of the previous result. We just
state it for completeness.

5.6 Lemma D. Let T and T’ be two k-fold contractions of two (disjoint) symbolic
expressions A and B. Then

T — T/ = er[Aj7Bj]kj
J

where k; < k, r; € Q, and A; and Bj are contractions of A and B, respectively.

As an application we give a “constructive” proof of the following result which
plays a central role in GORDAN’s proof of the finiteness of invariants and covariants
of binary forms. We will also use in an essential way in the last section (§10) where
we give the examples.

The proof of the proposition is based on GORDAN’s famous Lemma. (Recall that
a symbolic expression C' is decomposable if it can be written as a product of two
disjoint symbolic expressions, see 3.3.)

5.7 Proposition. Let R and S be two SLa-algebras whose covariants are finitely
generated. Then the covariants of the tensor product R ® S are finitely generated,
too. If Py, P, ..., P. are generators of the covariants of R and Q1,Q2, ..., Qs
generators of the covariants of S, then a finite generating system can be chosen
from the set of transvections [P,Ql¢ (¢ > 0) where P is a monomial in the P;’s and
Q@ a monomial in the Q;’s.

More precisely, assume that the generators P;,Q; are given as symbolic expres-
sions. Define a set G of symbolic expressions in the following way: For every pair
P, Q of monomials and every ¢ < ord P, ord Q) choose an {-contraction of P and
Q, but only in case there does not exist a decomposable £-contraction of P and Q.
Then this set G is finite and is a generating system for the covariants of R ® S.

Proof. 1t is clear from Definition 5.1 of the transvection that the covariants of R®S
are linearly spanned by the transvections [y, 1], where ¢ is a covariant of R and
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a covariants of S, hence also from the transvections [P, Q]; where P runs through
the monomials in the P;’s and @ through the monomials in the @);’s. Thus the first
claim follows from the more precise statement in the second part.

Now assume that the P;, (); are given in symbolic form (cf. Remark 4.5; we also
assume that R and S are graded). For every triple P, @, ¢ where { < ord P, ord () we
choose an ¢-contraction Cy(P, Q). Then the set {C,;(P,Q)} linearly spans (R®S)YV.
In fact, let T C (R®S)Y be the subspace spanned by all [P, Q], and Cx C (R®S)Y
the subspace spanned by all Cy(P, Q) where ¢ < k and P and @) are monomials in
the P; and @Q);, respectively. Then 7}, contains all transvections [A, B]; where j < k,
A is a covariant of R and B a covariant of S. Moreover, (R @ S)V = |J 7%, and
Co = 7 is the subalgebra generated by {Py,... , P.,Q1,... ,Qs}, because [P, Qo =
PQ = Cy(P, Q). We will show that C; D 7y for all £. By induction, we can assume
that Cpy_1 D Tp_1. Given [P, Q]g € 7, we have Cg(P, Q) — [P, Q]g €Ty_1 CCy_q1 by
Lemma C and so [P, Q)¢ € C; which proves the claim.

Now let G C {Cy(P,Q)} be the subset defined by removing all Cy(P, Q) with the
property that there exists a decomposable /-contraction of P and (. By induction
on the degree one easily sees that G generates the algebra of covariants.

In order to finish the proof we have to show that G is finite, i.e., that for almost
all triples P, @, ¢ there is an /-contraction of P and () which is decomposable. Let
P=P, P, - P, and Q = Qj,Qj, - - Qj, and assume that we can write ¢ = ¢' 4"
and find decompositions {1,2,... ,a} = R UR" {1,2,...,b} = S"US” in such a
way that

Z ord P; , Z ord@;, > ¢ and Z ord P; , Z ordQ;, > ¢".
VvER' pes’ veER pnes’”
Then we can choose an ¢'-contraction C' of P':=[[,cp P, and Q" =[] s Qj,
and an ("-contraction C” of P" := [],cp, P, and Q" := [] ,c¢» @j, and thus
obtain a decomposable ¢-contraction C' = C'C” of P and Q.
Now put d; := ord P; and e; := ord @);. The preceding considerations show that
if P=P™..-P" and Q = Q7" --- Q7+ then there exists an ¢-contraction of P

and @ if and only if we have

Zmzdz :K—i-k‘l and anej :f—f—k‘g (*)
i J

where ki1, ko > 0, and there exists a decomposable /-contraction of P and @) if and
only if we can find positive decompositions m; = m;+mj/, n; = n’;+n, £ = ' +0",
k1 =k} + kY, ke = kb + Kk such that
S omidi =04k, Y nhe; =0 +k,
i J

S omidi=0"+k{, > nlle;=0"+Fk].
i J
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By GORDAN’s famous Lemma the equations () have only finitely many “indecom-
posable” positive solutions in m;,n;, ¢, k1, ke. Hence there are only finitely many
triples (P, @, ¢) such that there exists an indecomposable ¢-contraction of P and Q.
This finally finishes the proof of the proposition. O

5.8 Remark. We can also say something without assuming finite generation. In
fact, the proof of the previous proposition gives the following: Assume that the
covariants of R are generated by those of degree < di and order < er and similarly
for §. Then there are numbers d and e which can be calculated from dgr, e, ds, es
such that the covariants of R ® & are generated by those of degree < d and order
<e.

§6. COVARIANTS OF DEGREE 3

We start with an easy lemma. Consider the graded algebra
R :=Clz,y,z]/(x +y + 2) = ®p>0Rn

where R,, denotes the nth homogeneous component of R.

6.1 Lemma. Let n + 1 = ny + no + ng where 0 < ny,n9,n3 < n. Then the
monomials

{zly" ™" i <m}U{y 2" | j <npy U{"2" % | k < ng}

form a basis of R,,.

Proof. Clearly, the dimension of R,, is n + 1 = ny + ne + n3 which is equal to the
number of monomials listed in the lemma. Replacing z by —(z + y) and then y by
1 it suffices to show that the polynomials

Py nams 1= {xl li<ni}U{(z+ 1)"_j |j <n2}U{(x+ 1)k:5”_]’C | k< ng}

are either linearly independent in C[x] or span the subspace of all polynomials of
degree < n. It is easy to see that the derivatives of these functions span the same
space as the set of polynomials

Pri—1n0,ns = {xl | i< nl—l}U{(:c—f—l)”_l_j | j < ng}U{(x—i—1)"3513”_1_]‘C | k < ns}.

(We can assume that n; > 0.) Since the constant 1 belongs to Py, n,.n, the claim
follows by induction on n. O

The lemma will be applied to manipulate symbolic expressions in the following
way. Consider the expressions

Pa,,@,’y = (ab)’y(bc)a(ca)ﬁ aga—ﬁ—vbgb—a—ycgc_a_ﬁ'
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If pa,pp,pc > n:=a+ [+ v then we can write
Pogy = ((ab)ez)” - ((ca)by)” - ((be)ag)™ - ale—mbhr—"ebe"

The fundamental relation (i7) in 3.3 shows that there is a well-defined homomor-
phism from R,, to the linear span of the P, g~ by sending zVy*2P to P, 3. There-
fore, the lemma above implies that every such P is a linear combination of symbolic
expressions P’ with only two determinant factors. Hence, we get the following result.

6.2 Proposition. Assume that p,, py, pc > n = a+F+7y and let n+1 = ny+no+ng

where the n; are non-negative integers. Then every symbolic expression
(ab)? (be)(ca) ate bRy e chemob

of degree 3 is a rational linear combination of the following three types of symbolic
exPTessions:
(i) (ab)"~*(be)’ abe "R =" cke™" where i < my;
(i) (be)" 7 (ca)? abe=IbPe="FIcbe™™ where j < ma;
(iii) (ca)™ *(ab)* aBa=mbPr=FcPentk yhere k < ns.

(If ns = 0 then the corresponding term is not needed.)

In particular, choosing n1,ng, n3 < §+1-—this is always possiblel—we see that all
symbolic expressions occurring in (i), (ii) and (iii) have category > 2. (Recall that
the category of a symbolic expression () is the maximal exponent of a determinant
factor occurring in @, see Definition 3.3.)

6.3 Corollary. If p,,pp,pe > n := a + B+ v then the symbolic expression P =
(ab)Y (be)*(ca)? aba=B=7bpo—a=YcPe=2=B s g rational linear combination of symbo-
lic expressions of category > %n with only two determinantal factors. Moreover, we
can assume that all terms in this linear combination have category > cat P.

Proof. Tt remains to prove the last statement. It is clear if cat P < %n Otherwise
let us assume that cat P = a > %n The fundamental relation says that P, g~ +
Potigy—1+ Popyiy—1 = 0. Thus P, g is equal to =P, g4~,0 modulo terms of
category > «. Now the claim follows by induction since the statement is clear for
cat P = n. O

Before giving the main result of this section let us introduce the following two
ideals I C J of the coordinate ring O(W') where W = &,Vy,, d; < N. As before, we
denote by N7 the integral part of %N . The first ideal I is generated by all covariants
of degree < 2 and order < Nj and the second ideal J by all covariants of degree
< 3 and order < N;. Two covariants or symbolic expressions are called equivalent
modulo I or J if their difference belongs to I or J, respectively.
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6.4 Definition. Let P be a symbolic expression and let a,b be two symbols ap-
pearing in P. Then the determinant factor (ab)” of P is called the ab-factor of
P (or simply a 2-factor of P) and the integer p, + pp — 27 is called the order of
the ab-factor. Similarly, we define the abc-factor (a 3-factor) of P to be the part
(ab)Y(bc)®(ca)” of P and its order to be the integer p, + py + pe — 2(a + 5+ 7).

6.5 Lemma. If a symbolic expression P contains a term a, with p, < N1 or an
ab-factor (ab)* of order p, + pp — 2 < Ny then P belongs to I. If it contains an
abe-factor (ab)”(be)*(ca)? of order pa +pp +pe — 2(a+ B+~) < Ny then P belongs
to J.

Proof. Let us give the proof of the second claim; the others follow in a similar
way. By definition, the ideal I contains all transvections [K}',, B], where K[, :=
(ab)*aba=rpPr—F has order p, + pp — 210 < N7 and B is arbitrary. By assumption,
P is a contraction of such a K 57b with some B. Hence it follows from Lemma 5.5.C
that P can be expressed as a linear combination ) p;[K}", Bi],, where y1; > p and

v; <v. Thus all K (‘; 3, have order < Ny and the claim follows. O

6.6 Example. If the symbolic expression P has category > %N then P belongs
to 1. (In fact, if (ab)* is a 2-factor where p > 2N then the order of this ab-factor
is pa + o — 20 <2(N — 2N) =3N))

Similarly, if P contains an abc-factor (ab)Y(bc)®(ca)? such that o+ 3+~ > 2N
then P belongs to J.

Now we come to the main result of this section. We call it the abc-Theorem.

6.7 abc-Theorem. Let P = (ab)? (be)(ca)? aba=B=7bpo==7cPe=2=F be g symbo-
lic expression of degree 3. Assume that p, > pp > pe and put n == a+ B+ v =
+(Pa + Py + pe — ord P).
(a) Ifn < p. then P is a linear combination of symbolic expressions of the form
(ef)“(fg)”ege_’“‘f;lf_”_yggg_y where p+v =n, pu > 2v and p > cat P.
(b) If p. < n < pp then P is modulo I equivalent to a linear combination
of expressions of the form (ab)*(bc)”abe=FbPr=H=VcPe=V where 1 + v = n,
W >2v and p > cat P.
(¢) If pp <n < p, then P belongs to I.
(d) If pa < n then P belongs to J.

Proof. We first remark that the condition p > 2v in (a) and (b) is equivalent to
the condition p > %n (and to v < %n) because p + v = n.

(a) This is Corollary 6.3 above.

(b) Set p. =n—A. Then A <n —p. < (a+ [+ ) — (e + ) = ~. Thus we can

write
P = (ab)*a)b) P’
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where P’ = (’l,ﬁ,ﬁ, is defined as P, g ~, using p}, := p, — A\, P}, = pp — A\, Pl := D
where o’ := a, 8’ := 3,7 := v—A. In particular, we have n/ := o' +3'+7' =n—\ =
pe < DL, Py, Dl Hence, we can apply Corollary 6.3 to P’ and find, after multiplication
with (ab)*a)b), that P is a linear combination of symbolic expressions which contain
one of the following factors

(ab)* A (be)”  (be)*(ca)”  (ca)”(ab)”*

where p© > %n’. In the first case we are done: u + v = n’ and so p > 2v. In the
second and third case we claim that the corresponding symbolic expression belongs
to I. In fact, the be-factor in case 2 and the ca-factor in case 3 have order < Njy:

4
pb+pc—2u§pa+pc—2u§pa+pc—gn’zpaerc—gpc
1

1
:pa_gpc<N—§N1§N1+1.

(We used here that p. > N since otherwise P € I. Moreover, the last inequality
follows from 4N; < 3N < 4N; + 3 which implies N — %Nl < (%Nl —-1) — %Nl =
N1+ 1.)

(¢) This case and the next are similar to (b) except that the calculations are more

involved. Let p. = n— X and p, = n — p. As before, we find A <~ and p < 8 and so

P can be written in the form P = (ab)*(ca)? a)™*b)c? P’ where P’ = P . with

Po=Pa—A=p,  Dy=Po—A  DP.=Dpc—Pp,
o =a—A—p,  F=p-X A =7-p
Hence, we have n’ :== o' + ' ++9" =n—- X —p = p. = p, < p,,. In particular,
n=m-XAN+m-p)—n>2N+1)—N > (N +1) and so n’ > 2 since
we can assume that N > 2. Now we choose non-negative integers mi, ms, ms such
that mq + mo + m3 = n’ — 2. Then it follows from Proposition 6.2 above that P
is a linear combination of symbolic expressions which contain one of the following

factors
(ab>n’—m1+)\+p (bc)n'—m2+)\ (Ca)n'—mg—s—p.

The claim will follow if we show that we can choose m1, mo, m3 in such a way that
the corresponding 2-factors have order < Ny, i.e., that the following inequalities
are satisfied:
Pa+pp—2(n" —my +A) <Ny
Py +pe —2(n' —mg) < Ny (*)
Pe+Pa—2(n" —mz+p) <N
This will follow from the following two claims:

(1) The three inequalities (x) are satisfied if we replace each m; by zero.
(2) The sum of the left hand sides of the inequalities (x) is less or equal to
3N; — 3.
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(We need 3N — 3 in (2) because the parity of N; could be different from the parity
of all sums p, + py, P» + pe and p. + p, and then the inequalities (%) are all strict.)
(1) First we have py + p. — 2n’ = 0. Moreover,

Pat+Do—2(n" +X) =pa+pp—2(n—p) =pa—pp <N — Ny <N

and similarly p.+p, —2(n'+p) < Ni. (Again we assume py, p. > N7 since otherwise
Pel)

(2) The sum s of the left hand sides of (x) is
§ = 2(pa + po + pe) — 610" + 2(m1 +ma +ms3) — 2(A + p)
=2(pa +pp+pc) — 40" —2(A+p) — 4
= 2(pa +pp+pe) —2(n +A) —2(n +p)—4
— 9, —4 < 2N —4 <3N, — 3.
This settles the case (c).

(d) As in the previous cases put p. =n — \,pp =n — p,p, = n — 7 and define
/

nNi=n—-A—p—T=D.+p+T7T=pp+A+7=pg + A+ p. We can assume that
the order of P is > N; since otherwise P belongs to J and we are done. Hence,
N1 < pa+po+pe—2n=pa+pp+pe.—2(n'+A+p+7) =n’ and son’ > 2. With the
same arguments as above we see that the claim follows if we can find non-negative
integers my, mg, mg such that my + ms +ms3 =n’ — 2 and that

Pa+po—2(n —m1+X) <Ny
P+ Dpe—2(n" —mo +7) < Ny (xx)
Pe+pa—2(n —mz +p) <Ny
Again, we first have to show that the inequalities are satisfied if we put m; = 0:
Patpo—2(0"+X)=pa+p—(n—p)—(n—7)+p+T7
=p+17=M—-N)-n"<N-N <N
(We used again that n’ > N;.) Now let s be the sum of the left hand sides of (xx):
s =2(pg +pp+pe) — 60" +2(my +ma +m3) — 20\ + 7+ p)
= 2(po +pp +pe) —4n' =2\ +7+p) — 4
=2(pa +pp+pe) — (W +A+p) = (W +A+T)— (W +p+T)—n —4
=Pa+po+p.—n'—4
<3N —-N; —5<3N; —2.

Thus we get s < 3N; — 3 except possibly in the case where p, = p» = p. = N,
n’ = N; + 1 and s = 3N; — 2. But then we have equality in one of the equations
(%) and so Nj is even. In this case, the inequality s < 3N; is sufficient to find a
solution of (#x) with the required properties, as we remarked above. This completes
the proof of the theorem. O

We want to apply the above theorem to general symbolic expressions.
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6.8 Proposition. Let (ab)7(bc)®(ca)? be a 3-factor of a symbolic expression P of
degree > 3 and put n := o+ B+ . Then P is equivalent modulo J to a linear
combination of symbolic expressions P’ whose abc-factor has the form (ef)*(fg)”
where (e, f,g) is a permutation of (a,b,c), p > 2v, p > max(w, 3,7v) and pe,py >
w4 v >n. In particular, cat P" > pu > %n

Proof. For the given 3-factor of (ab)”(bc)®(ca)? of P we can assume that p, > p, >
pe. Thus, P is a p-contraction of P, 3., with some symbolic expression Q. If p =0
then the claims follow immediately from the abc-Theorem applied to P, g ~. So, by
induction, we can assume that the proposition holds for every p’-contractions of
any P, g, with an arbitrary symbolic expression )’ where p’ < p.
We now claim that the following assertions are equivalent:
(i) The proposition holds for one p-contraction of Py g~ with Q.
(ii) The proposition holds for all p-contractions of Py g, with Q.
(iii) The transvection [Py g,, @], is a linear combination of symbolic expressions
P’ which satisfy the conditions of the proposition.

Clearly, (ii) implies (i) and, by Lemma 5.3.A, also (iii). Moreover, by Lemma 5.5.C,
we get for an arbitrary p-contraction P of P, g, with @

P —[Papy, Qlp = Zpi [Pos,8:7:> Qilps ()

where «; > «, 8; > 3,7 > v and p; < p. Thus, again by Lemma 5.3.A, the right
hand side is a linear combination of p’-contractions P’ of certain P,/ g -+ with
some Q' where p’ < p, o/ +3 ++ > a+ [+ v =n and cat P’ > max(c/, 5,7') >
max(a, (3,7). By induction, the proposition applies to the right hand side of the
equation (x*) and so (i) and (iii) are equivalent. But P was an arbitrary contraction
and thus (ii) follows, too.

Now we can finish the proof of the proposition. We use the abc-Theorem to
write Py g~ = @0 + Y. q;P; where P; is of the form (ef)*(fg) ebe=H fo/ " "ghe™"
(ke > 2v, p > max(a, 8,7) and pe,py > p+ v = n) and ¢y belongs to J. Then
any contraction of P; with @ has the required form and so claim (iii) holds for
the transvections [P;,Q], by Lemma 5.3.A. Thus, it holds for the transvection
[Pa.3,~, @], by linearity and the fact that [po, @], belongs to J. Now the implication
(iii) = (ii) above shows that the proposition holds for P. O

The previous proposition above implies the following result.

6.9 Corollary. FEvery covariant of degree > 3 is equivalent modulo J to a linear
combination of symbolic expressions P which satisfy cat P > %Tg(P) where 3(P)
is defined to be the mazximum of the sum of the exponents o+ 3+~ of an arbitrary

3-factor (ab)?Y (be)*(ca)? of P.

(In fact, choose the abe-term (ab)”(bc)*(ca)? in P such that a + 3+~ = m3(P).
Then P is a linear combination of symbolic expressions P’ of the form given in
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Proposition 6.8, and so cat P’ > p > 2v and p + v > 73(P). But this implies that
cat P’ > 273(P).)

6.10 Remark. A similar kind of induction as in the proof above will be used again
in the following two sections.

§7. COVARIANTS OF DEGREE 4

The aim of this section is to describe some properties of 4-factors in symbolic
expressions. We start with the following normal form for covariants of degree 4
modulo the ideal J.

7.1 Proposition. Fvery covariant ¢ of degree 4 is modulo the ideal J equivalent
to a linear combination of symbolic expressions of the form

(ab)H(bc)” (ad)? abeH—opPe— 1=V PV gPa—c
where p > 2v,20.

Proof. 1t suffices to prove the theorem for a symbolic expression P of degree 4. If )
is an arbitrary symbolic expression we define 75(Q) to be the maximum of a+ G+
where (ab)?Y (bc)*(ca)? is a 3-factor of Q (see Corollary 6.9). If 73(Q) is large enough
then @ belongs to J (see Example 1 of §6). So we can assume that the proposition
holds for all symbolic expressions P’ of degree 4 with 73(P") > 73(P).

Let (ab)Y(bc)*(ca)® be a 3-factor of P such that 73(P) = a + 8+ v =: n.
Then P is a p-contraction of P, g, with dP¢. If p = 0 then the claim follows from
the abc-Theorem 6.7. Hence, we can assume that the proposition holds for all p'-
contractions of an arbitrary P,/ g - with d?¢ where p’ < p. Using Lemma A and
C of §5 we conclude as in the proof of Proposition 6.8 of the previous section (§6)
that the following claims are equivalent:

(i) The proposition holds for one p-contraction of Py g with d2*.
(ii) The proposition holds for all p-contractions of Py g, with db*.
(iii) The proposition holds for the transvection [Py g, d2?],.

Using the abe-Theorem 6.7, the equivalence (i)<>(iii) and the linearity of the trans-
vection reduces the proof to the case of an arbitrary p-contraction P of the symbolic
expression (ab)*(bc)” ale=HpPe=H=¥ P~V with dP4 where 1 > 2v and p, > n = p+v.
In particular, we have p, — u > v.

Now we choose the p-contraction P in such a way that the exponent ¢ of the ad-
factor is maximal, i.e. ¢ = min(p, — p, p). If 0 > v then 73(P) > u+o0 > pu+v=n
and the claim follows by induction. If o < v then P has the given form. O

A consequence of the theorem above is the following: Every covariant P of degree
4 is equivalent modulo J to a linear combination of symbolic expressions P; where
cat P; is greater or equal to half of the sum of the exponents of the determinant
factors of P;, for all . The next proposition shows that this holds in general.
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7.2 Proposition. Let (ab)?(bc)®(ac)?(ad)®(bd)(cd)" be a 4-factor of a symbolic
expression A of degree > 4 and put m == a+ B+ v+ 6 + €+ n, the sum of
the exponents. Then A is equivalent modulo J to a linear combination of symbolic
expressions of category > 3.

Proof. The proof is similar to the proof of Proposition 6.8 in §6. We only give the
main lines.

(1) By assumption, A is a p-contraction of a symbolic expression P of degree 4
(corresponding to the abed-factor of A) and a symbolic expression Q. For p = 0 the
claim follows from the theorem above. Hence, we can assume that the proposition
holds for any p’-contractions of an arbitrary expression P’ of degree 4 with some
expression Q' provided that p’ < p.

(2) Using again the Lemmas A and C of §5 in combination with (1) we find that
the following statements are equivalent:

(i) The proposition holds for one p-contraction of P with Q.
(ii) The proposition holds for all p-contractions of P with Q.
(iii) The proposition holds for the transvection [P, Q),.

Using Proposition 7.1 we can therefore assume that P is of the special form
(ab)(be)” (ad)” ofe == bEr MY ele M dRe ™

where p+ v+ o0 > m and u > 2v,20. Hence, 2cat A >2u > p+v+o > m. U

7.3 Corollary. FEvery covariant @ of degree > 4 is equivalent modulo J to a linear
combination of symbolic expressions A which satisfy 2cat A > 14(A) where T4(A)
denotes the mazimum of the sum of exponents of a 4-factor of A .

In fact, if the condition 2cat A > 74(A) is not satisfied for a symbolic expression
A then Proposition 7.2 above shows that A is equivalent modulo J to a linear
combination of symbolic expression A; of strictly higher category.

§8. NORMAL FORM OF COVARIANTS MODULO J

The following result plays a crucial role in the proof of our Main Theorem 2.7. It
gives a normal form for covariants modulo the ideal J. We call it the PQ-Theorem.

8.1 PQ-Theorem. FEvery covariant ¢ s equivalent modulo J to a linear combi-
nation of symbolic expressions of the form P(Q where Q) is a product of symbolic
expressions of degree < 2 and P has the form

P = (ab)*(bc)” (cd)!* (de)?t - - - abe~H pPe=HTY chemv =l L
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where 5 L
p< 3N O<v<sgu

pr < p—v 0<w1 <3

Wi < pi—1 —Vi—1 0<y < %Mz'

8.2 Remark. It follows from the definition of the ideal J that the factors of @ of
degree 2 have order > N; and < 2N — 2. Moreover, for N < 3 the factors P can be
omitted: Every covariant modulo J is a linear combination of products of symbolic
expressions of degree < 2.

Proof of the PQ-Theorem. (0) The theorem is clear for N = 1. It follows from the
First Fundamental Theorem 3.1 that the covariants of A/J are generated by the
covariants in degree 1, hence are linear combinations of symbolic expressions of
type Q. Thus we can use induction and assume that N > 2.

(1) Let A be a symbolic expression of degree d and category A. The claim is
obvious for symbolic expressions of degree < 2 and also for those of large category.
In fact, cat A > %N implies that A € I C J (see §6 Example 1). Thus we can
assume that the claim holds for all symbolic expressions of degree < d and for
those of degree d and of category > A (and that A < %N).

(2) Let (ab)® be a 2-factor of A with maximal exponent A\ = cat A. Then A is
a p-contraction of K = (ab)*aPa=*bP»~* with a symbolic expression B of degree
d — 2. By induction, we have B = )" ¢; P;Q); where P; and Q; satisfy the conditions
of the theorem. If p = 0 then A = KB = Y ¢;P;(K,Q;) and the claim follows.
So we can assume that the theorem holds for any p’-contractions of K C’L\b with any
B’ of degree < d where p' < p.

(3) As in the proofs of Proposition 6.8 in §6 and Propositions 7.1 and 7.2 in §7 it
follows, using Lemma A and C of §5 and induction, that the following statements
are equivalent:

(i) The theorem holds for one p-contraction of K2, with B.
(ii) The theorem holds for all p-contractions of K2, with B.
(iii) The theorem holds for the transvection [K2,, B],.
In fact, (ii) implies (i) and, by Lemma 5.3.A, also (iii). Conversely, if 7" is an
arbitrary p-contraction of K%, with B then, by Lemma 5.5.C,

T —[Ky, Bl, =Y pilKp;, Bil,,

where A\; > X and p; < p. Thus, either \; > A and then [K’\i Bil,, is a sum of

ab?’
symbolic expression of category > A, or A; = A and then [K2, B;],, is a sum of

lower contractions of K2, with B;. In both cases, induction applies and so the right
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hand side of the equation above satisfies the conditions of the theorem. This shows
the equivalence of (iii) and (i). Since T" was arbitrary, we also get that (iii) implies
(ii).

It follows now that it is suffices to prove the claim for one p-contraction of K2,
with a product PQ where P and () satisfy the conditions of the theorem.

(4) Write P = (cd)"*(de)”* --- where py < 2N, vy < 1pq,.... (In case P =1
we have Q = (cd)* --- where 1 < 2N and the same arguments can be used.)
Moreover, we can assume that p, > p,. We now choose the p-contraction A of K ;\b
with PQ in such a way that the exponent v of the be-factor becomes maximal. This
means that v = min(p, — A\, pc — p1, p)-

(4a) If v = p. — p1 then we get v+ py = p. > %N > %N > A. This inequality
shows that for m := the sum of the exponents of the abcd-term of A we get

m>A+v+pu > 2\

By Proposition 7.2 this shows that A is equivalent modulo J to a linear combination
of symbolic expressions of category > A, and we are done.
(4b) If v = pp — A then we look at the abe-term and find

3
)\<ZN<pa+pb_2)\§2(pb_)\):2V,

since otherwise A belongs to J. Hence, 3\ < 2(\ + v) < 2n where n := the sum
of the exponents of the abc-term of A. It follows from Proposition 6.8 that A is
equivalent modulo J to a linear combination of symbolic expressions of category
> )\, and we are again done.

(4c) Finally, if v = p then A = (ab)*(be) (cd)* (de)* ---. If A < 2v or A < v+puy
it follows again from Proposition 6.8 or from Proposition 7.2 that A is equivalent
modulo J to a linear combination of symbolic expressions of category > A.

This completes the proof of the PQ-Theorem. O

In the proof of the RST-Theorem 2.6 we will need an estimate for the degree
and the order of the covariants of type P.

8.3 Corollary. For the covariants of type P we have

5 55
degPSZN and ordP—}—degP§6—4N2.

Proof. Consider a covariant of type P

P = (ab)*(bc)” (cd)"* (de)?t - - - abe=H pPe=HTY chemv =l L
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where 5 L
p< 3N O<v<sgp

pr < p—v 0<w1 <35
i < pi—1 — Vi1 0<y < %Mz‘

Such a covariant P only exists for NV > 3, and we can even assume N > 3, because
for N = 3 we have P = (ab) and the claim is obvious. Since the sequence f =
[y [1, 42, - - - pig 1S decreasing, the number of symbols in P (which equals deg P)
is < 2u < %N. In order to estimate the order of P we can assume that pp = 1
(otherwise we add v, = 1 and pk41 = 1 which increases the order and the degree).
Moreover, we can assume that all v; = 1 and all p; = N. Then we find

k
ord P = (2k +2)N — 20> i + k).
1=0

For fixed degree deg P = 2k + 2 the maximal order is obtained by putting ux =
L pg—1=2,pu—2=3,... ,u1 =k, uo = k + 1. This gives

k+1
ord P = (2k+2)N —2() " j+k) = (2k + 2)N — (k* + 5k + 2).
j=1

Denote this polynomial by f(k). The maximal value of f(k) is obtained for k =
QNT_E’. Since p=k+1= QNT_?’ > %N we finally get

OrdP+degP§f(gN_1)+§N:Z_ZN2_2N+2<Z_ZNZ-

89. PROOF OF THE RST-THEOREM
Let us shortly recall the RST-Theorem from §2.

9.1 RST-Theorem. FEvery covariant in the algebra BY is a linear combination of
products RST where the factors R, S and T have the following form:

e R is a covariant of order < 2N? whose sum of order and degree is < IN?;

e S is a product of factors of degree 1 (and order < N) or of degree 2 and
order at least 2 and at most 2N — 2;

e T is a product of invariants of degree < TN — 5.



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 31

The algebra B is defined to be
B = AO/JO XK Al/Jl Q... A, = (O(W)/J) ® By

where B; is defined as B starting with Wy := (J/mJ)* instead of W. The result
will be obtained from this decomposition by induction using the description of the
covariants of O(W)/J given in the PQ-Theorem 8.1.

Proof. We prove the theorem by induction on N. The case N = 1 is clear by the
First Fundamental Theorem 3.1: In this case we have 7 = 0 and B = A, and the
generating covariants are either of degree 1, hence of type S, or invariants of degree
2, hence of type T.

For a given N > 2 we use induction on the degree of the covariant, the degree 1
case again being clear since every covariant of degree 1 is of type S.

By induction on N we can assume that each covariant in By can be written as
a linear combination of products R,S1711 where

(1) Ry is a covariant of order < 2NZ, whose sum of order and degree is < 9NZ;

(2) Sp is a product of factors of degree 1 (and order < N; and > 1) and of
degree 2 and order at least 2 and at most 2N; — 2;

(3) Ty is a product of invariants of degree < 7Ny — 5.

By the PQ-Theorem 8.1 we can assume that every covariant in A/J can be written
as a linear combination of products PQ) where

(1) @ is a product of covariants of degree 1 or 2;
(2) P is a covariant whose symbolic expression is of the type

P = (ab)"(be)” (ed)! (de)™ - - - qBe=H pPo—H=V cDemV =l
where

u<§N O<V§%,u
py < pp—v 0<11 <3

pi < fi—1 — Vi1 0<v; <3

Recall that every factor of @ of degree 2 has order > N; and < 2N — 2 (Remark
8.2). Moreover, by Corollary 1 of §8, we have for o := ord P and d := deg P

5 55
d< ZN and o+d< 6—4N2.

Every covariant in BY is a linear combination of the transvections

[PQ, R1S1Th]x
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(see Proposition 5.7). We have to show that every such transvection is a linear
combination of products RST satisfying the conditions of the theorem. We can
assume that 77 = 1. Indeed, T} is an invariant and so our transvection is a product
T) - [PQ, R1S1]x. By induction, [PQ, R1S1]x is a linear combination of products
RST and we can include T; as an additional factor in 7.

Now we proceed by induction on A. If A = 0 we are dealing with the product
PQ-R1S1 = (PR1)(QS7). It is clear that QS is a product of type S. We will show
that PRy is a covariant of type R. Denoting by di,0; the degree and the order of
R, we get

55
ord PRi =04 01 < @N2 +2N?2 < 2N?,
55

ord PRy +deg PRy = (0 +d) + (01 +d;) < 6—4N2 +9N? < 9NZ.

Thus we can assume that the theorem is true for all covariants of smaller degree
than § and for all M-transvections of degree § with \’ < A\. By Lemma 5.5.C it is
enough to prove the theorem for one A-contraction U of P(@) with RS which can
be chosen arbitrarily.

We will denote the degrees and orders of the covariants involved as indicated in
the following table:

covariant order degree
P 0 d
Q w )
Rl 01 dl
S 1 w1 1) 1

From the considerations above we can deduce that these degrees and orders satisfy
the following inequalities:

5 55 55
°N ——N? —N?
d< o< o+d< o
2 9 2 2 81 2
01 < 2Nj <§N 01+ dy <9N7 <_16N

We also have w > ¢ and wy; > 9. The first inequality follows because each factor of
@ of degree 2 has order > N; > 1, and the second is clear by assumption:

Finally, we denote o’ and d’ order and degree of the A-contraction U of PQ with
R4S . Obviously, we have

o =o0+w+o01 +w — 2\
o+d =0+w+o;+w —22+d+5+dy + 1
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We subdivide our consideration into four cases. The first three are rather special,
the last one is the main case.

I: Assume Q = S7 = 1. Then U is of type R. In fact, we have
55 9

f = — A< Z=N?2 4+ ZNZ <2N?
0] o+ o1 <64 —|—8 <
/ / 55 2 81 2 2

II: Assume S; =1 and @ # 1. Let L be a factor of @ of order w;, < 2N — 2,
Q=LQ " If A <0+ w — wy, then we can choose the contraction U without
using the symbols of L, i.e. U = LU’ where U’ is a A-contraction of PQ’ with
R;. By induction, U’ can be written as a linear combination of products
RST and we can add L as an additional factor to S.

So we can therefore assume that A > o +w — wy,. Then we claim that U
is of type R. In fact,

o <ot+w+o—20+w-—wr)=01+wr— (wW—wp)—o0

9
< gN2 + (2N —2) < 2N?,

o+d <ot+w+o —20+w—wr)+d+6+d;
<(o1+dy)+d+2wp —0—(w—9)
1
BNy iy 2(2N —2) < 9N2.
16 4
(Here we used w > §.)

III: Assume S; # 1 and Q = 1. Let M be a factor of S; of degree 1 or 2 and of
order wy; < max(Ny,2N; —2) < 2Np, S1 = MS]. If A <oy +w; —wpy we
can choose the contraction U without using the symbols of M, i.e. U = MU’
where U’ is a contraction of P with R;S7. Then we finish the proof as in

Case II.
Thus we can assume that A > 01 +w; — wps. Now we show that U is of
the type R:
o <o+o1+w —2(01 + w1 —wn)
55 o 55 9
<otwy — (w1 —wy) < 6_4N +wp < 6_4N +2N1 < 2N*,

o'+d <o+wi+o1—2(01+w —wy)+d+d+dy
<(0+d)+d1+2wM—(01—51)
55 81

N2 4+ —=N?24+2 9N?Z.
< o1 + 16 + 2w <



34

IV:

IVa:

HANSPETER KRAFT AND JERZY WEYMAN

It remains the case where S1,Q # 1. Let us write Q = LL;...L,, and
S1 = MM, ... M, as products of factors of degree 1 and 2. We may assume
that L and M have maximal order among all factors of @ (resp. S7). Let
p = ord(L), p1 := ord(M). If A < max(o+ w — p,01 + w1 — p1) then, as
in case II and III, we choose the contraction U in such way that it has the
factor M or L and finish the argument by induction. Thus we can assume
that A > max(o+w — p,01 + w1 — p1) > max(w — p,w; — p1)-
Assume that m > p; and n > p. We want to show that the contraction U
can be chosen in such a way that it contains an invariant of type 7'. For this
consider the products

LL\Ly---L,, LiLy---L,, Lo---L,, ..., L,.
Their respective orders py,... ,p,, form a decreasing sequence where the
difference of consecutive terms is < p. Similarly, consider the products

MMMy ---M, M My---M, My---M, ..., M,

Their respective orders vy, ... ,v, also form a decreasing sequence where
the difference of consecutive terms is < p; and vy > p + 1 = the number of
factors.

Assume vy < pp. (The case g < 1y can be handled similarly.) Then all

numbers v;, j = 1,... , p, are smaller than pg. Let u,, be the last member
of the sequence of the p;’s which is > v; and consider the p differences
pw; — v, j = 1,2,...,p. They form p non-negative numbers, all of which

are < p. Indeed, for each j we have

:ul/j - Vj < lul/j _/’LVj+1 g p-

Therefore, either one of the differences is 0 or two of them are equal. If
po; —vi =0 for some j > 0, then the products Ly,Ly+1---Ly and
M;Mjyq--- M, have the same order. If u,, —v; = p,, — vi for some
J > k > 0, then the products L,, ...L,, and My ... M; have the same
order. Call this order m. We have m < wi — p; because in both products of
the M;’s the factor M is missing. Hence m < A.

This implies that we can choose the A-contraction U of PQ with RS
in such way that the two subproducts of the same order 7w are completely
contracted to an invariant factor I of U. It’s degree is the sum of degrees
of the two subproducts. Since the first subproduct contains at most p; + 1
factors, the second at most p, and every factor has degree 1 or 2 we obtain
degl < 2(p+p1+1). Now p < 2N — 2 and p; < max(Ny,2N; — 2) by
definition. If N > 2 and so N; > 1 this gives

degl <2(2N —2+2N; —2+1) < 7N —6.
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IVb:

IVe:

If N=2and so N; =1 and p; =1 we find
degl <2(24+1+41)=8=7N —6.
Therefore, I is a factor of type T'. Induction on degree concludes the proof.

Assume that m < p; —1. We want to show that the contraction U is of type
R, i.e., that o’ < 2N? and that o’ +d’ < 9N? .

Since Q = LL; ... L,,, we have w < pp; and ¢ < 2p;. Moreover, we have
seen above that A > max(o 4+ w — p,01 + w1 — p1). Hence

o =o0+w+o+w — 2\ < p+p1.
For N =2 we have p <2, p1 <1 and so o/ <3 < 2N?. For N > 2 we have
p<2N —2, py <2N; —2 < 3N — 2. This gives o’ < 2N —4 < 2N?, hence
o < p+p <2N?

On the other hand we find

o+d =o0+w+o; +w —2A+d+5+dy +6;
<otw+o+w —2(01+w;—p1)+d+d+di+ 6
<(o+d)+ (w+2p1+9)+dy — (w1 — 1)
55 81
——N? 4 — N?
<G + (p+ )p1+16
For N > 2, we have p < 2N — 2 and p; < 2N; — 2. Therefore

(p+4)p1 < (2N +2)(2N; —2) <4NN; < 3N?

and this also holds for N = 2. Therefore
55 81
'+ d < (= —)N? < 9N?2.
o+d <(64+3+16) <9

This shows that U is of type R.

Assume finally that n < p — 1. Again this will imply that U is of type R.
Since S1 = MM, --- M, we have w; < pp; and 6; < 2p;. As in the

previous case we find

o < p+p <2N?
and

o' +d < (o1 +dy)+ (w1 +2p+61) +d— (w—9)

81 5
< EN2 + p(p1 +4) + TN < IN?Z.

The finishes the proof of the RST-Theorem. [J
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§10. THE ACTION OF GL,, AND THE TYPE OF A COVARIANT

In the following section we will use JORDAN’s method to determine a minimal
generating system for the covariants of (several copies of) binary quadratics and
binary cubics. For that purpose let us first make some general remarks.

10.1 The action of GL,,. Let W := M ®Vy where M is an arbitrary vector space
of dimension m. Choosing a basis {u1,us,...,un,} we can identify W with V7.
Clearly, the group GL(M ) x SLs acts on W and therefore also on the coordinate ring
O(W). From CAUCHY’s formula (see [GW9S8, Cor. 4.5.19]) we get the decomposition

OW)= P Su(M)®S5u(Vy) (1)

ht p<N+1

where ;o runs through the partitions of height < dimVy = N + 1 and S,, denotes
the corresponding SCHUR functor (cf. [ABWS82]; we assume that dim M is large,
i.e. > N + 1.) Moreover, we have S,(M*) ® S,(Vy) € O(W),, where |u| :=
(1 + po + 3 + - - - is the length of the partition. We can further decompose the SLo
representation S, (Vy) using the formulas of JACOBI-TRUDI and SYLVESTER (see
[Sch68, §7 Satz 2.22]) or the computer program LiE [Lie92].

It follows that a minimal system of generators for the covariants of W can be
chosen to be a direct sum of subspaces of the form S, (M*)® V. C O(W)4. Thus, a
generating covariant for W of order e and degree d always comes coupled with an
irreducible representation S, of GL(M) where |u| = d.

For our purpose, it is more convenient to pass to the dual partition p’ of  and
to use the notation S*  instead of S,.. Thus S* is the k-th symmetric power and

SLLl = AF g the k-th exterior power.

10.2 The type of a covariant. There is another important point here, relating
the considerations above to the symbolic method and to what is classically called
the type of a covariant. Consider a symbolic expression

P=P\,= H(ab))‘“vb H coe

a#b

in the symbols a,b,c,... from the set J where every symbol has weight N, i.e.,
it appears N times in P. In order to define a covariant ¢p corresponding to P
(shortly, a covariant of type P) we have to associate to every symbol a occurring
in P a copy of Vi in W = V. (Then the sum e of the exponents o, in P is equal
to the order of the covariant and the number d of different symbols in P is equal
to the degree of the covariant, see §4).

More generally, we can choose for every symbol a an (non-zero) element u, € M
to obtain a covariant of W = M ® Vy of degree d and order e in the obvious
way. Doing this in all possible ways the corresponding covariants linearly span a
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subspace C'p of O(M®Vy)q of the form Cp = Tp®V, where Tp is a (not necessarily
irreducible) representation of GL(M ). We will express this by saying that Tp ® V,
are the covariants of type P or that the covariants of type P form the subspace
Tp @ V..

The classical results describe a “minimal” generating set for the covariants in
terms of these types, i.e. by giving the symbolic expressions. We will complete this
by describing the irreducible types, i.e., the spaces T" ® V, where T” C Tp are the
irreducible subspaces which are needed to form a minimal generating system.

There is a nice method due to BURCKHARDT [Bu98| which describes the sub-
space Tp associated to a symbolic expression P. For this we consider the obvious
linear action of the summetric group S,, (n = |J|) on the symbolic algebra Symb ,
(3.4). In the following statement we use the SCHUR-duality between irreducible re-
presentations of the symmetric group and the general linear group: The irreducible
representations L* of S,, are parametrized by partitions p of length |u| = n and
thus give rise to irreducible representations S*(M) (and S*(M*)) of GL(M).

10.3 Proposition. Let P be a symbolic expression in the letters a € J and denote
by S, P C Symb; the Sy-stable subspace spanned by P. If S,P = @, L" is the
decomposition into irreducible components then Tp = @, S* (M™*).

§11. THE COVARIANTS OF BINARY QUADRATICS

In this section and the following we use JORDAN’s method to determine a minimal
generating system for the covariants of (several copies of) binary quadratics and
binary cubics. These results are classical and can be found in the book [GY03] of
GRACE and YOUNG. However, in the case of cubics we will give a more precise
statement using representation theory of the general linear group.

11.1 Binary quadratics (N = 2). Take W := M ® V5 where M is a vector space
of dimension m > 3. According to JORDAN’s method we have to look at the ideal
J C O(W) generated by all covariants of degree < 3 and order < Ny = |2N| =1
and describe the covariants of O(W)/J. Since all covariants of W are of even order
(the center £F acts trivially!) the ideal J is generated by invariants.

Now we use the following decompositions of the coordinate ring O(W) in low
degrees. They follow from CAUCHY’s formula and the decompositions of the SCHUR
functors S*Va. (We have been using the program LiE [Lie92] to obtain these de-
compositions.)

O(W)l =M*"® Vs,

OW)y =S*M* @ (Vi Vo) @ N°M* @ Vs,
OW)3=SM*® (Vs o Va) @ SPM* @ (Via V) D N°M* eV, (1)
OW)y=S*M*"®@ (Ve Vi Vo) @ S*'M* @ (Ve Vid V) @

SQ,QM* ® (V4@‘/O) @ SQ,l,lM* ®‘/2
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It follows that the ideal J is generated by the invariants of type (ab)? in degree
2 and (ab)(bc)(ca) in degree 3, corresponding to the subspaces S2M* ® V, and
/\3M * ® Vi which form the isotypic components of Vj in degree 2 and 3.

11.2 Lemma.

(a) The ideal J contains all invariants. It is generated by the invariants of
type (ab)? and (ab)(be)(ca) corresponding to the subspaces S*M* @ Vo and
N’ M* @ Vg in degree 2 and 3.

(b) The covariants of O(M ® Va)/J are generated by the covariants of type a2
and (ab)azb, corresponding to the subspaces M* @ Va and /\2M* ® Vo in
degree 1 and 2. Moreover, (N> M* @ V5)% = (0) in O(M @ Va)/J.

(c) All covariants of degree 8 and order < 2 and of degree 4 and order < 4
belong to J, and we have

(OM @ Vo)) J)3=S*M* @ Vs @ S*'M* @V,

2
(OM @ V) J)s = S*M* @ Vs @ S*'M* @ V. @)

In Proposition 11.5 we will complete the picture by giving a description of the
algebra O(M ® V3)/J as a GL(M) x SLa-module. In order to determine a minimal
system of generators in the following proposition we will only need item (a) and
the first part of (b).

Proof. We have already shown the second part of (a). Looking at the PQ-Theorem
8.1 we see that the covariants of O(W)/.J are generated by covariants of degree < 2,
because the only covariants of the form P are of type (ab)a,b, (see Remark 8.2).
Thus we get the first part of assertion (b). In particular, O(W)/J doesn’t contain
any invariants and so the first part of (a) follows, too.

For the second part of (b) we remark that (A*M* ® V)2 consists of covariants
of degree 4 and order < 4. We will see below that these covariants all belong to J
(see the second formula in item (c)).

For (c¢) we look again at the decompositions (1). From the abc-Theorem 6.7
we see that every covariant of degree 3 and order < 2 belongs to J. In degree 4,
Proposition 7.1 implies that modulo J every covariant is a linear combination of
covariants of types a2b2c2d?, (ab)aybycid2 and (ab)?d2e2. The last one belongs
to J and the second corresponds to the subspace S!'M* ® Vg, because this is the
isotypic component of Vi in degree 4. This gives the first part of (c¢), and the second
follows, because J, being generated by invariants of degree > 2, can only contain
covariants of order < 2d in degree d + 2. O

11.3 Proposition. A minimal generating system for the covariants of binary qua-
dratics Vi (= M ® Va) is given by the covariants of type a2 and (ab)azb,, and the
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invariants of type (ab)? and (ab)(bc)(ca). They correspond to the following subspaces

a’ M*®@VyC O(M ® Va),

T

(ab)agby :  N*M* @ Vo C O(M @ Va),
(ab)?:  SEM*®Vy C O(M ® Va)y
(ab)(be)(ca):  N’M* @ Vy c O(M @ Va)s

Proof. The following general fact is well-known and easy to prove: If I C A is an
ideal generated by invariants, then we obtain a generating set for the covariants of
A by taking a generating set of the ideal I consisting of invariants together with
the liftings of a generating set of the covariants of A/I to A.

Now it follows from Lemma 11.2 (a) and (b) that the given set generates the
covariants and that the corresponding subspaces have the given form. It is obvious
that the set is minimal. O

11.4 Remarks. (a) If we denote by F a covariant of type a2, then the other
generators listed in the proposition are given by the following transvections:

F, [F, F|, [F, Fa, [[F, F]1, Fla.

This is clear because the corresponding isotypic components in degree 1, 2 and 3
are irreducible (see the decompositions (1) in 11.1).

(b) The above results already show the strength of the general methods developed
in §6-8, in particular of the PQ-Theorem, even in this “very small” case. Of course,
there is also a direct argument for the first claim of the proposition, based on certain
simple relations between symbolic expressions. In fact, the only indecomposable
covariant of W of category 2 is (ab)?. All others have category < 1 and are therefore
of the form (ab)(bc)(ed)---(fg)(ga) or (ab)(bc)(cd)---(fg)arg,. Now we have the
following relations:

2(ab)(bc)(cd)(da) = (ab)*(cd)? + (be)?(ad)? — (ac)?(bd)?,
2(ab)(bc)(cd)(de) = (be)(cd)(db)(ae) — (cd)?(ab)(be)— (3)
(be)?(ad)(de) + (bd)*(ac)(ce).

They show that all symbolic expressions are reducible if they contain at least 4
symbols, i.e., are of degree > 4. Thus the only possible candidates for the generating
system are those given in the proposition.

An interesting observation is the geometric interpretation of the ideal J. Recall
that the nullcone N of W = V5™ is defined by the vanishing of all homogeneous
invariants of positive degree. One knows that N is the set of all m-tuples of quadra-
tics which are all squares of the same linear form, up to a scalar (see 4.4 Example
(7)). This can also be seen by using the HILBERT Criterion (cf. [Kr85, I11.2]).
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11.5 Proposition. The radical \/J is generated by all invariants of positive degree
together with the covariants of type (ab)a,b,. The ideal V' J is prime and its zero
set is the nullcone N C W. Moreover, we have the following decompositions:

O(M & Vo) /N T~ S M* ®@Va; and
j=0
OM V) /]~ (M @Va; & STV M* @ Vo, _5).
j=0

Proof. Denote by I the ideal generated by J and /\2M *® Va. It follows from
Lemma 11.2 (b) that I2 C J, because (A’M* @ V5)2 C J, and that the covariants
of O(W)/I are generated by M* ® Va. Therefore, O(W)/I ~ SIM* @ Vaj
and (O(W)/I)Y ~ S(M*). Moreover, both algebras are integral domains. This is
obvious for the second. For the first we simply remark that every GL(M) ® SLo-
stable ideal # (0) in O(W)/I is of finite codimension since it has to contain one of
the irreducible subspaces S M* @ Vs,. It follows that [ = V/J, that v/J is prime and
that O(W)/VJ ~ @ >0 SIM* ®Va;. It remains to prove the second decomposition
formula. -

By Lemma 11.2 (b) the covariants of O(W)/J are generated by M* @ V, and
N> M* @ Vo, and (N*M* @ V)2 = (0) in O(W)/J. Therefore, the only representa-
tions of SLy which can appear in degree j are V,; and Va;_», and we have

(OM @ Vo)) J); = STM* @ Vo + ST 2M* @ Vaj_a - N°M* @ V2.

By PIERT’s formula we have S72M*@ \*M* ~ SI—L1N[* @ §5=2LL N * (see [FHI1,
(6.9)] or [GW98, Cor. 9.2.4]). On the other hand, CAucHY’s formula 10.1(1) gives

O(M @ Va); = P S*M* © 5V
lul=7

Since V5;_o appears in SI=L1V, but not in S7-2L1V, (C 57_3‘/2), we finally get
that S7=2M* @ Va; 4 - N°M* @ Vo = S9~V1M* © Va; s, hence the claim. [

§12. THE COVARIANTS OF BINARY CUBICS

The next case we treat is the case of several cubics (N = 3). This can also be
found in the book of GRACE and YOUNG ([GYO03]). In [Sch87] SCHWARZ gave a
rigorous proof of the description of the ring of invariants and their relations. Here
we show that JORDAN’s approach is essentially the algorithm given by GRACE and
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YOUNG. Their proof will therefore be shown to be correct. As mentioned above, we
are able to improve their result by using representation theory.

We take W := M ® V3 where M is a vector space of dimension m > 4. For later
references let us write down the decompositions of the O(WW) in low degrees:

OW) =M*® Vs,
OW)y =S*M* @ (Vs ® Vo) DN’ M* @ (Vi & Vo),
OW)3=S*M*® (Vo Vs @ V3) @
SPM* e (VroVsaVzo V) @
N> M* @ Vs,
OW)y =S8*M* @ (Viea Vs Ve @ Vi@ Vo) @
S3IM* @ (Vig @ Vs @ 2Vs @ Va & 2V) D
STEIM* @ (Vs @2V, e V) @
S2L1 0+ & Ve @ Vi@ Va) B
A M* @ V.

The formulae show that in degree 4 the representations S>'M* @ Vi, S3 ' M* @ V;
and S?2M* ® V, appear with multiplicity 2.

Following JORDAN’s method we consider the ideal J C O(W) generated by
all covariants of degree 2 and 3 and of order < N; = [3N] = 2. In degree 2,
these are the covariants of type (ab)® and (ab)?a,b, corresponding to the subspaces
/\2M *® Vo and S2M* @ V;. In degree 3, the only covariant of order < 2 is of
type (ab)?(ac)(bc)c, corresponding to the subspaces S*»'M* @ V;. However, by
Example 6.6, every covariant of category > 2 belongs to the ideal I generated by
the covariants of type (ab)® and (ab)?a,b,, and so J is generated by these two types.
This proves the first assertion of the following lemma.

12.1 Lemma.

(1) The ideal J is generated by the covariants of type H = (ab)?a.b, and the
invariants of type I = (ab)® corresponding to the subspaces S2M* @ Vo and
/\2M* ® Vo in degree 2. It contains all invariants.

(2) The covariants of O(W)/J are generated by those of type F' = a3 and
A = (ab)a2b? corresponding to the subspaces M* @ Vi and N*M* @ Vy in
degree 1 and 2.

Proof. (1) We have already proved the first assertion. The second follows from (2)
since O(W)/J doesn’t contain any invariants.

(2) This is a consequence of the PQ-Theorem 8.1 which shows that every symbolic
expression of type P has the form P = (ab)a2b? which is of degree 2 (see Remark
8.2). O
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By Lemma 12.1(1) the subspace E = S2M* @ Vo ® \*M* @ Vjy C J is a minimal
homogeneous and SLy-stable subspace generating the ideal J. Put

Wy =E" =8MaV, ® N°M V.

We denote by H and I the linear covariant and invariant corresponding to the
subspace S2M* ®@ Vo € O(W1); and A°M* ® Vo € O(W1)1. Then it follows from
Proposition 11.3 and Remark 11.4(a) that the covariants of W; are generated by
the invariants I, I’ := [H, H|y and I"” = [[H, H]1, H]2, and the covariants H and
K :=[H, H]; corresponding to the following subspaces:

I: NM*@V,cOWy)
I SQ(SQM*) ® Vo C O(Wh)s
I N’ (S2M*) @ Vo € O(Wh)3
H: S*M*®V,c OW))
K:  N(S2M*)@Vy C O(W1),

Our next step is to determine the “irreducible” covariants of the tensor pro-
duct (O(W)/J) ® O(W7). We know from our general approach in §2 that their
images under the canonical homomorphism ®: (O(W)/J)@O(W;) — @, J*/J' Tt =
gr; O(W) will generate the covariants of gr; O(W) and lift to a generating set for
the covariants of O(W).

12.2 Lemma. The covariants of (O(W)/J) ® O(W7) are generated by the cova-
riants of O(W)/J, the covariants of O(W1) and the following transvections

[F,H)1, [F,H|s, [F,H1Hsls, [F1F>, HiHoHslg,

[F,K|1, [F,K]2, [F,HK]s, [F1F», HHH3K]g, (2)
[A,H]1, [A,H]a, [A,HiHs)s, [A,HiHs)s,

A K], [AK]e, [AHK]|3, [A,HK]4,

where the symbols F and A denote the covariants of O(W)/J of type a3 and
(ab)a2b2, respectively, Wy = S2M @ Vo ® N>M @ Vg, and the symbols H denote the

linear covariants of O(W1) of order 2 (of type f2) and K = [H, H]; the quadratic
covariants of O(Wy) of order 2 (of type (fg) frgs)-

(We will see below that the covariants [F, K], [A, H]; and [A, K]; are reducible
and can therefore be deleted from the list above.)
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Proof. We first recall that the covariants of the tensor product O(W)/J @ O(Wy)
are generated by the invariants of O(W)/J, the invariants of O(W7) and all trans-
vections of the form

[Fy- FoAy - Ag,Hy---H)Jp and [Fy---F Ay Ag, Hy - H K],

where the symbols have the same meaning as in the Lemma. This follows from
Proposition 5.7 and the fact that the covariants of O(W;) are linearly spanned by
the products TH1Hy--- H, and TH{Hy--- H,K where T is an invariant.

According to Proposition 5.7 we have to show that for all these transvections
except those listed in the Lemma there is a decomposable f-contraction of the
two monomials L = FiFy---Fy,A1Ay---Ag and R := HiHy---Hy, or R :=
H\H,---H\K.

If the left hand side L contains a factor A then L = A. Otherwise, there is a
decomposable contraction because all factors of the right hand side have order 2
(and A has order 4). In this case the right hand side R has at most two factors.
This gives the last two lines of the list (1) in the Lemma.

Thus we can assume that L = F1Fy---F,. Since H and K have order 2 it is
clear that there is always a decomposabel contraction of L with R := HiHy---H,
and R := H{H,---H,K in case L has three or more F-factors. Thus L = F or
L = 1 F5, and it is easy to see that we are left with those given in the first two
lines of the list (1) in the Lemma. O

12.3 Lifting covariants to O(WW). We obtain a first set of generators for the
covariants of the binary cubics V3" = W by lifting the covariants listed in Lemma
12.2 to O(W). This lift is obvious for the generators F, A of O(W)/J and for
the covariants H and I of O(W7) since they are already given in symbolic form in
Lemma 12.1 (we use the same symbol for the lift but with a tilde):
F=a2, A= (ab)a2b?, H = (ab)’azb, and I = (ab)>.

They correspond to the subspaces M*® Vs, /\2M* ®@Vy, S2M*®V, and /\3M* V.
The other generators are given as transvections. Therefore, we get a lift by forming
the corresponding transvections in O(W), e.g.

[ﬁ7ﬁ]17 [ﬁ7ﬁ]27 [F7ﬁ]17 [F7ﬁk]3a [A7ﬁ1ﬁ2]37 etc.

On the other hand we know that we can always replace these transvections by
arbitrary chosen contractions. In particular, we will use K := (ab)?(bc)(cd)?a,d,

instead of [H, H]; and I’ := (ab)?(bc)(cd)?(da) instead of [H, H]s.

Remarks. (a) It follows from 5.5 Lemma C that the difference K — [H, H]; is a
sum of covariants of type IH. This implies that K € J? because [H, H]; € J>.
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Similarly, we see that I’ = (ab)?(bc)(cd)?(da) belongs to J2. In fact, I’ — [H, H], is
a sum of invariants of type I1, again by 5.5 Lemma, C.

(b) It follows from Proposition 11.3 and Remark 11.4(a) that the subspace cor-
responding to the covariant [H, H]; lies in the image of \*(S2M*) @ Vy in O(W)4.
This space is irreducible because A*(S2M*) = S§31M*. Thus, in the notation of
10.2, we have T[ﬁ,ﬁ]l ®@ Vs = S31®V5. Similarly, we see that T[gﬁ]g C S2(S2M*) =
SAM* © S22M* and Ty . gy, © NP (SPM*) = SHLIM* @ 330+, )

(c) Using Proposition 10.3 one can show that the covariants of type K form the
subspace T @ Vo = (S%1 @ S*LY) @ V, € O(W), and that the remaining part
of the isotypic component of V5 in degree 4 is obtained from the product TH =
(ab)3(cd)?cyd, whose corresponding subspace is T75 ® Vo = (S3! @ S211) @ V4.

From now on we are mostly dealing with covariants of O(W) and we will remove
the tilde from the notation above if there is no danger of confusion. From our
considerations so far we obtain the following list of generators for the covariants of
binary cubics:

F=a2 A=(ab)a2b?, H = (ab)’asb,, K = (ab)*(bc)(cd)*apdy,

I=(ab)®, I =[H,H)y, 1"=][H, H], H
[F,H),, [F,H]y, [F,H\H5|3, [F\F,, HHyHslg, (3)
[F,K],, [F,Kly, [F,HK]s, [F\Fs, H H>K]g,

A, H]y, [A Hly, [A,HHys, [A,HiHjy,

A, K], [A K2, [AHK]3, [A HK]y.

12.4 Reduction by universal relations. We apply the results of the following
section 13 to reduce further the list of generators. We check for every transvection
listed above in 12.3(3) if there is suitable contraction such that Proposition 13.1 or
13.2 applies. In this case, the contraction is reducible and thus can be deleted from
the list.

It is easy to see that Proposition 13.1 applies to the following transvections:

[AHy 2 (ab)(be)(ed)?a
(A, K]y )(cd)2( 20 fu
)

1 -

[F1F>, HHHoHslg :
[F1Fy, HHHy K] :

( )
[A, HiHsls : ab)?(be)(cd)(de)(df)(ef) apce
[AHK]3 = (ab)*(be)(cd)?(de)(ef)(fg)(fh)(gh)azes
[F, K] )(de)?aze,
[F,HK]3:  (ab)*(be)(ed)?(de)(ef)(eg)(f9)as
)
)

(ab)(b
(ab)
(ab)
1 (ab)(bc)*(cd
(ab)®
(ab)
(ab)
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In the same way we can use Proposition 13.2 to show that [A, K], is reducible:
[A K]z (ab)(be)(cd)*(de)(ef)*(fa)asbs

12.5 Reduction by the lifting procedure. Let [A, B], be one of the transvec-
tions of Lemma 12.2 where A is a covariant of O(W)/.J and B a covariant of O(W7).
Recall that “lifting” to O(W) means to take first the image under the canonical
homomorphism ®: O(W)/J @ O(W;) — @, J*/J+! = gr; O(W) and then to lift
it to O(W). Such a lift for [A, B], is obtained by lifting A, B to A, B and then
forming the transvection [A, B]y in O(W).

Now assume that B € O(W1); and so ®([A, B]y) € J’“/Jk"H If there is an /(-
contraction 7' of A and B such that T € J*+! then C := [A, B], — T is also a lift
of [A, B]y. But according to 5.5 Lemma C this difference is expressible by lower
transvections. Thus we can remove [fl, B] ¢ from our list of generators.

We claim that this method applies to the transvections
[A,H]Q, [A,H1H2]4, and [A,HK]4

(a) We have H € O(W1)1, and so ®([A, H]2) € J/J?. Consider the 2-contraction
(ab)?(bc)(cd)(da)cydy, of A and H. It can be written in the form

2(ab)?(be)(cd)(da)cyd, = %(ab) ((ab)*(cd)® + (be)?(ad)® — (ac)®(bd)?) cpds
= (ab)*(cd)?cxdy + (da)*(ab) (be)*dpc—
(ca)Q(ab)(bd)%wdw

(see Remark 11.4(b)). It shows that (ab)?(bc)(cd)(da)cyd, € J?. In fact, the first
expression is of type ITH € J? and the two others of type K where K € J? by
Remark 12.3(a).

(b) We have ®([A, HiHs4) € J?/J3. Consider the following 4-contraction of A
and HlHQI
C = (ab)*(ac)(bd)(cd)(ce)(df ) (ef)*.

It can be considered as a 2-contraction of A = (ab)?(ac)(bd)(cd)cpdy, with H =
(ef)%e fz. The first belongs to J? by (a) and the second to .J. Thus [A, H]y € J3.
From 5.5 Lemma C we see that C' — [A, H]y is a sum of products of invariants of
type I’ = (ab)?(ac)(bd)(cd)? and I = (ef)?, and I’ € J? by Remark 12.3(a) and
Iel.

(c) We have ®([A, HK]4) € J3/J*. Consider the following 4-contraction of A
and HK:

= (ab)*(ac)(bd)(cd)(ce)(ef)*(dg)(gh)*(fh)
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It can be considered as a 2-contraction of A = (ab)?(ac)(bd)(cd)cyd, with K where
both belong to J? by (a) and Remark 12.3(a). As above, we find that D — [A, K],
is a sum of products I'I’ € J* and so D € J*.

Finally, we claim that only one of the two transvections [F, Ko and [F, H Hs|3
is needed in the generating system. First, we can replace [F, H;Hs]s by the 3-
contractions C = (ab)(ac)(ad)(bc)?(de)?e, of F with HyHs. Now C = [F, M],
where M := (ab)(bc)(bd)(cd)?a?, because there is only one 2-contraction of F with
M. Inspecting the list of generators given in 12.3(3) we see that the covariants of
degree 4 and order 2 are linearly spanned by K, HI and [A, H|,. Since [A, H]s is
reducible (12.4), it follows that M is a linear combination of K and HI. Therefore,
C = [F, M]5 is a linear combination of [F, K]2 and the reducible covariant [F, H]21
and the claim follows.

Summing up we have proved the following result. We write C4 ) to indicate that
the covariant is of degree d and order e. Moreover, we use the notation “[A4, B]; : P”
in order to indicate that the symbolic expression P is a j-contraction of A and B
and that P can be used in place of [A, B]; in the generating system. In some special
cases, there is only one j-contraction and so [4, B]; = P.

12.6 Proposition. The following types form a generating system for the covariants
of binary cubics V3" :

Fag =al, Apa = (ab)aZb2, Hepoy = (ab)’azby, I20) = (ab)®,
K1) = [H,H]1: (ab)?(bc)(cd)?andy, Ia0) = [H, H]z2: (ab)*(bc)(cd)*(da),
Loy = ([H, H)1, H]s : (ab)*(be)(cd)*(de)(ef)(fa),
Ci3) = [F, H]i : (ab)(bc)?a2c,, Ciay = [F,Hlz = (ab)(ac)(bc)?a,
One of the two types Ds 1y = [F, K|z = (ab)(bc)?(cd)(de)?(ea)ay
or D5 1y = [F, H?3: (ab)*(bc)(cd)(ce)(de)?ay.

In particular, the covariants are generated by those of order < 4 and degree < 6.

We have already mentioned earlier that the subspace T ® V. generated by the
covariants of type C' (given as a symbolic expressions or as a transvection of those)
is, in general, not an irreducible representation of GL(M) x SLo (see 10.2, 10.3 and
Remark 12.3(b)). We will now give the exact list of “irreducible” subspaces which
minimally generate the covariants. This approach is beyond the methods employed
by the classics and so the result seems to be new.

12.7 Theorem. The covariants of binary cubics V5" = M ® Vi are generated
by 10 types of covariants corresponding to the following irreducible subspaces of
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O(M ® V3):
(1) Three types of invariants in degree 2, 4 and 6:

N M* @ Vo = Tiapys @ Vo € O(W)3
S4M* ®V, C T[[_LH}2 ®Vy, C O(W)4
SS’?’M* & ‘/0 C ,‘Z—’[[HJLJ[]LH}2 (024 VO C O(W)(;

(2) Two types of covariants of order 1 in degree 3 and 5:

SZI N+ ® VWV C T[F,H]g ®@ VWV C O(W)g
SHLpr ®V C T[F,K]z ® Vi C O(W)5

(3) Two types of covariants of order 2 in degree 2 and 4:

S*M* @ Va C Th—(ab)2anb, ® Vo C O(W)3
S3IM* @ Vo = T my, © Vo C Tiaby2(be)(cd)2and, @ Vo C O(W)y

(4) Two types of covariants of order 3 in degree 1 and 3:

M* ® Vs = TF:ai ® V3 C O(W)l
S3M* ® Vs C T[F,H]l ® V3 C O(W)?,

(5) One type of covariant of order 4 in degree 2:

N M* @ Vi C Ta(apyazez ® Va C O(W)2

Proof. We first rewrite the types C' = Cy . listed in Proposition 12.6 indicating what
we know about the corresponding subspaces Tc® V., C O(W),. For the covariants of
type F', A, H and I they are known because in these cases the isotypic component of
Ve in O(W)4 is irreducible (see the decompositions (1) at the beginning of §12). For
[H,H|,, [H,H| and [[H, H]1, H]2 the description follows from Remark 12.3(b). For
the other types we use the obvious fact that T{4 p);, C Ta®Tp for any j > 0. For the
covariant [F, H|y of order 1 this gives Tip gj, C Tr ® Ty = M* @ S?M* = S*M* &
S21M*. But S?M*@V; does not occur in O(W)s and so Tip, g1, ®V1 = S*IM*@V;
is irrducible.
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F=d}: TroaV=MoV;cOW),
A=(ab)ab?: Ta®@Vi=NM"QV,COW),
H = (ab)%azby,: Ty @Va=S*M*®@Vy C O(W),
I=(ab)®: Tr@Vo=NM®VyCOW),
[H,H]y T, ® Vo= AN(S*M*) @ Vs =
=S¥ M @V, c O(W),y
[H,H)y: Ty, ® Vo C S*SPM*) @V =
= (S*M* @ S**M*) @ Vo Cc O(W),y
[H.H)y. Hly . Tymmym, ® Vo C N (SPM*) @ Vy =
= (SN @ S33 M) @ Vy c O(W)s
[F,H]y:  Tipm, @ Vs C(M*@S*M*)® Vs =
= (S*M* o S*'M*) @ Vs Cc O(W)3
[F,Hly:  Tipm,®Vi=5""M"@ViC O(W)s
[F,Kl>:  Trr,®Vi C(M*@S*'M* )@V, =
_ (54’1M* @ SB2M* @ 53,1,1M*) ® Vi C O(W)s
[F,H? 2. Tipmm, ® Vi C (M*®S*(SPM*) @V, =
_ (S5M* ® SYIMF @ S32M* @ SQ’Z’IM*) 2V
C O(W)s

In order to reduce this list further, we proceed by degree and try to determine the
subspaces which are obtained by forming products of previous covariants. For this
we can use the following remark. Let A and B be two covariants with corresponding
irreducible subspaces T4 ® V. and Tg ® V¢, and denote by T' C Ty ® T'g the CARTAN
component. Then we get for the subspace corresponding to the product AB the
following inclusions

T®Vers CTap @ Veis C(Ta®Tp) ® Veyig. ()

(a) In degree 1 there is only the covariant F' and Tp = M* is irreducible.

(b) In degree 2 we have three types, A, H and I, where Ta = /\QM*, Ty = S?>M*
and 17 = /\2M * and all these spaces are irreducible.
(

c¢) In degree 3 we have two types, [H, F|; and [H, F],. We have already seen
that Ty gy, ® V1 = 521 ®V; is irreducible. Next we observe that S M* ® V; and
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S3M*®V3 cannot be obtained from lower degree covariants according to (*). In fact,
for all covariants C' of degree 2 the order of F'-C'is > 3, and Tp Q1T = M*®/\2M* =
S2I0M* @ A®M*. On the other hand, again by (x), Tp.; D S21M*. Hence, we can
replace the type [F, H]; by the irreducible subspace S @ V3 C Tir,m), ® V3 which
has to occur in the minimal generating system in degree 3.

(d) In degree 4 we have again two types, [H, H]; and [H, H]2. We have already
seen that Tig ), = S31M* is irreducible and that Tia,m, C SAM* @ S22 M*.
By (%) it follows that A°M* @ A°M* > Tr.; D §22M* which shows that we can
replace [H, H]o by S*M* @ V.

(e) In degree 5 we have only to deal with [F, K]y where Tip g, C SHIM* @
S32M* @ S3IM*. First we observe that Tip pgj,.; O S*2M* by (x). Then we
know that we could replace [F, K]s by [F, H?]5 and that S311M* does not occur
in TiF, p2],. Thus we can replace [F, K]p by S“'M* ® V).

(f) We are left with the invariant [[H, H];, H]; in degree 6 where Tz, m, ], C
SHLIN* @ §3:3 M*. If we denote by Iy the invariant corresponding to the subspace
SAM* @ Vy (see (d)) we obtain from (x) that S*L1M* C Ty.7,. Moreover, Tys D
S33M*. But S33M* @ Vj has multiplicity 2 in O(W)g. Therefore, we have to add
S33M* ® V to obtain a minimal generating system.

This completes the proof of the Theorem. O

§13. TWO UNIVERSAL RELATIONS FOR SYMBOLIC EXPRESSIONS

Recall that a symbolic expression is said to be reducible if it can be written as a li-
near combination (with rational coefficients) of decomposable symbolic expressions.
In the following we describe two general types of reducible symbolic expressions.
This has been used in the determination of the generating set for the covariants
of cubics in the previous paragraph. All the relations below are relations in the
symbolic algebra Symb ; (3.4).

The starting point is the following classical relation which shows that the sym-
bolic expression (ab)(bc)aPe~1bPr=2cPe~1 is reducible:

2(ab)(bc)ayc, = —(ab)?c® — (be)*a2 + (ca)?b?

“Polarizing” this relation we find an equation in 6 symbols a1, as, b1, bo, c1, co, each
of order 1 which can also be considered as a relation in Vi @ Vi ® - ® Vi:

~
6 times

1

5 D (01br1) (br2001)a024Cp2, = (a1b1)(azba)c14Caq + (a1ba)(azby)erzCa,
o, 7,pESs

+ (bic1)(bac2)arzaz, + (bicz)(baci)a a2,
+ (a1c1)(az2c2)b1 b2, + (aic2)(azcr)bi oy,
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(This formula and all following ones can easily be checked by using a Computer
Algebra Program like Maple.) At the left hand side we can use sucessively relations
of the form

(albl)(b202)a2xclx + (albl)(bgcl)agzc% = 2(a1b1)(b262)a2x61x + (albl)(czcl)agxng
to end up with the following relation:

4(ab)(V'Nal,ce = 2(ab)(cc)albl, + 2(aa’) (be)b,
—2(ac) (bt )al,cl, + (aa’)(ec)bybl, — (BV')(cc)azal, — (aa") (b)),
— (ab)(a'b)epcl, — (ab')(a’b)cpcl, — (be)(V'agal, — (b)) (V' c)azal,
+ (ac)(a'c)bybl, + (ac’)(a’c)byb,  (*)
Each term on the right hand side can be written as a product of two factors where

one contains only one letter and the other the two others, e.g. (ab)(cc)al b, =
(ab)alb.-(cc') or (bb)(cc)agal, = (bb')-(cc)-azal, or (b)) (b c)azal, = (be)(V/ ) -azal,.

13.1 Proposition. Let P, ), R be three disjoint symbolic expressions of order > 2
and let T' be the symbolic expression obtained from the product PQR by choosing a
1-contraction of P and QQ and a 1-contraction of Q) and R. Then T is reducible.

Proof. We can write P = Pagal, Q = Qbyb,, and R = Rc,c,, such that T =

PQR(ab)(b'c')al,c,, ie. we contract azb, to (ab) and blc), to (b'c/).
Multiplying the relation (x) above with PQR we find

4T = 2PQR(ab)(cc')al bl + 2PQR(aa’)(be)bl.c,, — 2PQR(ac)(bb )al,c, + - - -

It is easy to see that all terms on the right hand side are decomposable into products
of 2 (or 3) factors, e.g. PQR(ab)(cc)a b, = PQ(ab)alb., - R(cc'). Hence the claim
follows. U

We can proceed in the same way, starting with the classical relation
2(ab)(bc)(cd)(da) = (ab)*(cd)? + (ad)?(bc)? — (ac)?(bd)?
First we get

% ST (ao1br1) (bradpn ) (a02c1) (cp2dyn) =

0777P5M€SQ

(a1b1)(a2b2)(c1dy)(cada) + (a1b1)(azb2)(c1d2)(cadr )+

(a1b2)(a2b1)(c1dr)(cada) + (a1b2)(azbi)(cidz)(cadr )+

(arc1)(azc2)(bidr)(bad) + (arci)(azcz)(bide)(bady)+
(a1c2)(azcr)(brdy)(bada) + (arca)(azcr)(brdz)(bady)
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Again, the left hand side can be sucessively rewritten using realtions of the form

(a1b1)(azc1)(bady)(cadz) + (a1b1)(azer)(bada)(cadr) =
2(a1b1)(a201)(b2d1>(62d2) —+ (albl)(CLQCl)(bQCQ)(del)

to obtain the relation

16(ab)(a’c)(b'd)(d'd") = —(

—4( ab)(a d’)(b'd)(cc’) + (ab’)(a’d’)(bd)(CC’))
— 8(ad)(a’c)(bb')(c'd")

+ (ab)(a'd")(cd)('d") + (ab)(a'b")(cd") (' d)+

(ab')(a'b)(cd)(c'd’) + (ab')(a'b)(cd")(c'd)+

(ac)(a'c")(bd)(b'd’) + (ac)(a'c")(bd")(b'd)+
(ac’)(a’c)(bd)(b'd’) + (ac’)(a'c)(bd")(V'd)  (+)

Again, every term in the right hand side is decomposable into a product of two “dis-
joint” factors, i.e. one containing two letters and the other containing the remaining
two letters. As a consequence we obtain the following result.

13.2 Proposition. Let P, Q, R, S be four disjoint symbolic expressions of order
at least 2. Define the symbolic expression T by forming the product PQRS choosing
a 1-contraction for each of the four pairs (P,Q), (Q,R), (R,S) and (S, P). Then

T is reducible.

Proof. We can write P = Paga',, Q = Qbb., R = Rec,c,, S = Sd,d’, such that
T = PQRS(ab)(b'¢’)(cd)(d'a’). Hence, multiplying the above relation with PQRS
we see that 167" is expressed as a sum of decomposable terms. U
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