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Abstract. In this paper we solve an old problem of Classical Invariant Theory of

binary forms. We give a modern approach and rigorous proof for the degree estimates

of a generating system of invariants and covariants of binary form due to Camille

Jordan. Moreover, we show that this approach can be efficiently used to calculate
the generators in low degrees.

Content

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2

§1. Covarinats and U -invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

§2. General setup and outline of proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

§3. Fundamental Theorems for SL2 and symbolic expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .9

§4. Symbolic method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

§5. Transvections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

§6. Covariants of degree 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

§7. Covariants of degree 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

§8. Normal form of covariants modulo J . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .27

§9. Proof of the RST -Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

§10. The action of GLm and the type of a covariant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

§11. The covariants of binary quadratics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .37

§12. The covariants of binary cubics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

§13. Universal relations for symbolic expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .49

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .51

The first author was partially supported by SNF (Schweizerischer Nationalfonds), the second

by NSF grant DMS-9700884

Typeset by AMS-TEX

1



2 HANSPETER KRAFT AND JERZY WEYMAN

Introduction

Our base field is the field C of complex numbers. We denote by SL2 the group of
complex 2× 2-matrices with determinant 1. All our representations of SL2 will be
complex, finite dimensional and rational. It is well known that these representations
are completely reducible and that for every n ∈ N there is exactly one irreducible
representation Vn of dimension n + 1, namely the binary forms of degree n:

Vn = C[x, y]n = {homogeneous forms in x and y of degree n}.

Here C[x, y] is considered as the algebra of polynomial functions on C2 with the
usual linear action of SL2 by substitution: (g ·f)(v) := f(g−1v) for g ∈ SL2, v ∈ C2.
More precisely, we find for g =

(
a b

c d

)
∈ SL2

g · x = dx− by g · y = −cx + ay.

0.1 Definition. Let W be a representation of SL2. A covariant of W of order m
and degree d is an equivariant homogeneous polynomial map ϕ:W → Vm of degree
d, i.e., we have ϕ(g ·v) = g ·ϕ(v) for all g ∈ SL2 and ϕ(tv) = tdϕ(v) for all t ∈ C.

Clearly, the covariants of order 0 are the (homogeneous) invariant functions
on W . They form the (homogeneous components of the) ring of invariants which
will be denoted by I(W ) =

⊕
d≥0 I(W )d. By our definition of the representations

Vn we have a natural multiplication Vn × Vm −→ Vn+m which implies that two
covariants of order n and m respectively, can be multiplied to give a covariant of
order n + m. Thus the covariants also form a graded ring which will be denoted by
C(W ) =

⊕
m≥0 C(W )m.

The aim of this paper is to give a rigorous proof of the following important result
which is due to Camille Jordan [Jor76, Jor79].

0.2 Main Theorem. Let W be a representation of SL2. Assume that all irreducible
components of W have dimensions ≤ N + 1. Then the ring C(W ) of covariants is
generated by the covariants of order ≤ 2N2 and of degree ≤ 2N6.

0.3 Remark. In his famous paper [Hil93] Hilbert indicates how to obtain a ge-
neral bound for the degree of a set of generators of the ring of invariants for any
representation W of SLn. Using some additional results about the structure of the
invariant ring one can obtain explicit bounds in terms of data of the group and
the representation (see [DeK96] for a survey). Applied to binary forms this gives a
bound which depends exponentially on the dimension of W .
In a recent paper Harm Derksen has been able to improve these bounds in a fun-
damental way, see [Der97]. He gives a very original construction of a homogeneous
system of parameters which allows to obtain polynomial bounds for the degree of
a generating system.
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§1. Covariants and U-invariants

There are several other ways to look at covariants which are all equivalent and
can be found in the literature. The following two are of particular interest for us.

Let U := {
(

1 u

1

)
} ⊂ SL2 be the maximal unipotent subgroup of upper triangular

matrices and T := {
( s

s−1

)
| s ∈ C∗} ⊂ SL2 the maximal torus of diagonal

matrices. Denote by pre the projection of Ve onto the first coordinate:

pre:Ve → C, f =
e∑

i=0

aix
e−iyi 7→ a0.

This linear function pre is U -invariant and of weight (or order) e which means that
for any t =

( s

s−1

)
∈ T we have pre(t−1 · f) = se pre(f).

It is clear now that every covariant ϕ:W → Ve of degree d and order e determines,
by composing, a U -invariant function fϕ := pre ◦ϕ on W which is homogeneous of
degree d and of weight e. In this way we obtain a natural isomorphism of the
algebra C(W ) of covariants of W with the algebra of U -invariant functions on W ,
preserving degree and order. Denote by O(W ) the algebra of polynomial functions
on W , i.e. the symmetric algebra SW ∗ on the dual representation. Then we have
in a canonical way

I(W ) = O(W )SL2 ⊂ C(W ) = O(W )U ⊂ O(W ).

This interpretation of covariants has the advantage that it easily carries over to
an arbitrary algebra A endowed with a rational and locally finite action of SL2 by
means of algebra automorphisms.

Another way is to understand a covariant of W of degree d and order e as an
SL2-stable subspace V ⊂ O(W )d isomorphic to Ve or, more precisely, as an SL2-
equivariant linear map Ve

∗ → O(W )d := {homogeneous functions of degree d}.
With this interpretation it is not so clear how to define the product of two cova-
riants. On the other hand, we can talk about ideals in O(W ) generated by certain
covariants which is an important concept behind Jordan’s method as we will see
in the next section.

We summarize our considerations above in the following proposition whose easy
proof is left to the reader.

1.1 Proposition. Every covariant ϕ:W → Ve (of degree d and order e) gives
rise to an U -invariant function fϕ := pre ◦ϕ (of degree d and weight e) and to
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an equivariant linear map ϕ∗:V ∗e → O(W )d. These maps ϕ 7→ fϕ and ϕ 7→ ϕ∗

determine isomorphisms between the corresponding spaces:

C(W ) = O(W )U =
⊕
e≥0

HomSL2(Ve,O(W )).

§2. General setup and outline of proof

We are working with graded C-algebras R =
⊕

i≥0Ri carrying a rational and
locally finite action of the group SL2 by means of algebra automorphisms respecting
the grading. (We always assume that dimRi <∞.) Such an algebra will be shortly
called an SL2-algebra. As mentioned before, there are two important subalgebras,
the ring of invariants RSL2 and the ring of covariants (or U -invariants) RU , both
again graded.

Let I ⊂ R be a homogeneous SL2-equivariant ideal and denote by grI R the
associated graded ring

⊕
s≥0 Is/Is+1. We assume that

⋂
s Is = (0); this holds in

case I ∩ R0 = (0). Since I is homogeneous each summand Is/Is+1 has a natural
graduation which turns grI R into a graded ring1. An element b ∈ grI R will be
called strongly homogeneous if it is homogeneous with respect to both gradings, i.e.
if it is a homogeneous element of a single Is/Is+1. Its degree deg b is the degree in
the natural grading of Is/Is+1.

For an element a ∈ R, a 6= 0, there is a unique s ≥ 0 such that a ∈ Is \ Is+1. We
put gr a := a + Is+1 ∈ Is/Is+1 ⊂ grI R. Similarly, we set grS := {gr a | a ∈ S} for
any subset S ⊂ R where we put gr 0 := 0. Given two elements a, b ∈ R we either
have gr a · gr b = 0 or gr a · gr b = gr(ab) by the very definition of the multiplication
in grI R.

2.1 Lifting Lemma. (a) Let S ⊂ R be a set of homogeneous elements and
assume that grS generates the algebra grI R. Then S generates R.

(b) Let G ⊂ R be a set of homogeneous elements and assume that grG linearly
spans the algebra grI R. Then G linearly spans R.

(c) Let T ⊂ (grI R)U ⊂ grI R be strongly homogeneous system of generators
of the covariants. Then there is a homogeneous set T̃ ⊂ RU such that
gr T̃ = T , and every such T̃ generates RU .

We will call such a subset T̃ a lift of T .

2.2 Remark. In order to define a lift we can choose SL2-stable homogeneous
complements Ls of Is+1 in Is for all s. This defines a linear isomorphism

η: grI R =
⊕
s≥0

Is/Is+1 '−→
⊕
s≥0

Ls = R

1This is not the usual grading of grI R where Is/Is+1 is the homogeneous part of degree s.
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which is homogeneous of degree zero and SL2-equivariant. Clearly, for every homo-
geneous subset T ⊂ (grI R)U the image η(T ) is a lift of T .

Proof of the Lifting Lemma. (a) Let r ∈ R be a homogeneous element 6= 0 of degree
d, r ∈ Is \ Is+1. Then we have gr r = p(gr s1, gr s2, . . . , gr sk) for a polynomial p
and suitable s1, . . . , sk ∈ S. Clearly, we can assume that every monomial appearing
in p has degree d. Then p(s1, s2, . . . , sk) is homogeneous of degree d, too, and
r − p(s1, s2, . . . , sk) ∈ Is+1. Now the claim follows because Rd ∩ Ij = (0) for large
j.

(b) The proof is similar to (a) and is left to the reader.
(c) Since the ideals Is are all SL2-stable the linear map (Is)U → (Is/Is+1)U is

surjective. This implies the first claim and the second follows as in (a). ¤

Let us fix a natural number N and consider a representation W of SL2 of the
form

W = ⊕i∈IVdi

where all numbers di are ≤ N . Our goal is to find bounds for the degrees and orders
of generators of O(W )U which depend only on N .

The idea of Jordan is based on studying the following ideal J in O(W ).

2.3 Definition. Let J ⊂ O(W ) be the ideal generated by all covariants of (posi-
tive) degree ≤ 3 and of order ≤ N1 := b 3

4Nc where bαc denotes the largest integer
≤ α.

In order to find bounds for the degrees and orders of generators of O(W )U it
is enough, by the Lifting Lemma, to find such bounds for generators for the U -
invariants (grJ O(W ))U of the associated graded ring

grJ O(W ) :=
⊕
s≥0

Js/Js+1.

Let E ⊂ J be a minimal homogeneous and SL2-stable subspace generating the
ideal J , i.e., E

'−→ J/mJ where m ⊂ O(W ) is the homogeneous maximal ideal.
Then grJ O(W ) is generated as a O(W )/J-algebra by E. Denoting by W1 the dual
representation E∗ we thus obtain a surjective equivariant homomorphism

Φ:O(W )/J ⊗O(W1) = O(W )/J ⊗ S(E) −→ O(W )/J ⊕ J/J2 ⊕ · · · = grJ O(W ).

(Note that the left hand side is the symmetric algebra SO(W )/J(E) = O(W )/J [E].)
Moreover, W1 = ⊕jVej where all ej ≤ N1 and so the bounds for degrees and orders
of generating covariants of O(W1)U are known by induction. The first idea is to
determine generating covariants for (O(W )/J)U and then to extract the necessary
information about generating covariants of the tensor product (O(W )/J⊗O(W1))U

which can be carried over to grJ O(W ) and then to O(W ) using the Lifting Lemma.
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2.4 Remark. By definition, the ideal J is generated in degree 1, 2 and 3 and so
the space E, as a subspace of O(W ), has a decomposition E = E(1) ⊕ E(2) ⊕ E(3)

where E(i) := E ∩ O(W )i is the homogeneous part of E of degree i. Thus the
homomorphism Φ:O(W )/J ⊗ O(W1) −→ grJ O(W ) is not homogeneous, but we
have

deg Φ(F ) ≤ 3 · deg F for any F ∈ O(W )/J ⊗O(W1).

This has to be taken into account when comparing degree bounds for generators of
the covariants of O(W )/J ⊗O(W1) and of grJ O(W ).

In order to perform our induction we will have to iterate this procedure. We
first define the numbers N0 := N, N1, . . . , Nτ by Ni+1 = b 3

4Nic until we reach
Nτ = 1. Then we define inductively the graded SL2-algebras Ai := O(Wi) and
ideals Ji ⊂ Ai as follows. Start with

W0 := W, A0 := O(W ) and J0 := J.

Suppose that Ai−1 = O(Wi−1) and Ji−1 are defined. Then put

Wi := (Ji−1/mi−1Ji−1)∗ and Ai := O(Wi)

where mi−1 is the homogeneous maximal ideal in Ai−1, and define the ideal Ji ⊂ Ai

to be generated by the covariants of (positive) degree ≤ 3 and of order ≤ Ni+1. For
i = τ we just put Jτ = 0.

The link between the consecutive algebras Ai is provided by an equivariant
surjective homomorphisms

Φi : Ai/Ji ⊗Ai+1 −→ grJi Ai := ⊕s≥0J
s
i /Js+1

i

which is defined, as above, by choosing an SL2-stable homogeneous complement
Ei+1 of miJi in Ji, i.e. a minimal homogeneous and SL2-stable subspace generating
the ideal Ji.

Finally, we define the algebra

B := A0/J0 ⊗A1/J1 ⊗ · · · ⊗ Aτ−1/Jτ−1 ⊗Aτ .

Notice that B = A0/J0 ⊗ B1 where B1 is the algebra we would obtain by the
construction above if we would start our procedure with the representation W1

instead of W .
The relation between B and the original algebra A = O(W ) is as follows. For

arbitrary i = 0, 1, . . . , τ consider the tensor product

Di := A0/J0 ⊗A1/J1 ⊗ · · · ⊗ Ai−1/Ji−1 ⊗Ai



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 7

and the ideal

Ki := A0/J0 ⊗A1/J1 ⊗ · · · ⊗ Ai−1/Ji−1 ⊗ Ji ⊂ Di.

Clearly, we have D0 = A0 = O(W ) and Dτ = B. Moreover, the associated graded
algebra grKi

Di := ⊕s≥0K
s
i /Ks+1

i can be identified with

A0/J0 ⊗A1/J1 ⊗ . . .⊗Ai−1/Ji−1 ⊗ (⊕s≥0J
s
i /Js+1

i )

which, in turn, is a factor of Di+1: There is a surjective SL2-equivariant homomor-
phism

Φi:Di+1 −→ grKi
Di

defined as before by choosing a homogeneous SL2-stable complement of miJi in Ji.
Applying the Lifting Lemma and descending induction on i we see that we have
proved the following result.

2.5 Proposition. Let S = {C1, C2, . . . } be a set of homogeneous covariants gene-
rating BU . By consecutively taking images under Φi:Di+1 −→ grKi

Di, decomposing
them into strongly homogeneous parts and then lifting those to covariants of Di we
obtain a set S̃ = {C̃1, C̃2, . . . } of homogeneous covariants of D0 = O(W ) which
generate O(W )U .

The basic result in Jordan’s proof is the following description of the covariants
of the algebra B = A0/J0 ⊗A1/J1 ⊗ · · · ⊗ Aτ−1/Jτ−1 ⊗Aτ .

2.6 RST-Theorem. Every covariant of the algebra B is a linear combination of
products RST where the factors R, S and T have the following form:

• R is a covariant of order < 2N2 whose sum of order and degree is < 9N2;
• S is a product of factors of degree 1 (and order ≤ N) or of degree 2 and

order at least 2 and at most 2N − 2;
• T is a product of invariants of degree ≤ 7N − 5.

The proof of the RST -Theorem will be given in §9. It is obtained by induction
using the tensor decomposition B = O(W )/J ⊗ B1 (see above) together with a
description of the covariants of O(W )/J which is given in the PQ-Theorem in §8.
The proofs of both Theorems are based on the symbolic method which is the subject
of the following sections.

Using the RST -Theorem above we can now formulate and prove the main result
of Jordan’s paper.

2.7 Main Theorem. Let N ≥ 4 and let W = ⊕Vdi where all di ≤ N . Then every
covariant of W is a linear combination of products RST where the factors R, S and
T are as follows:

• R is a covariant of order o < 2N2 and degree d < (9N2 − o)3τ ;
• S is a product of covariants of order ≤ 2N − 2 and of degree ≤ 2 · 3τ ;
• T is a product of invariants of degree < (7N − 5)3τ .
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2.8 Remark. It is not difficult to see that this results implies the bounds given
in the Main Theorem 0.2 of the Introduction. In fact, Nτ = 1 and Ni ≤ ( 3

4 )iN and
so τ ≤ τ0 := min{i | ( 3

4 )iN < 2}. This means that (4
3 )τ0 > N

2 and (4
3 )τ0−1 ≤ N

2 .
Hence

τ ≤ τ0 =

⌊
log N

2

log 4
3

+ 1

⌋
≤ log3

N
2

log3
4
3

+ 1 = c · log3 N − d

where c := (log3
4
3 )−1 ≈ 3.81884 and d := c · log3 2− 1 ≈ 1.40942. Thus we see that

the degree d of any generators listed in the Main Theorem is bounded by

d ≤ 9N2 3τ = 32−d N2+c ≤ 1.92 ·N5.82 < 2N6.

Proof of the Main Theorem. Let us first prove the following “induction step”:

Assume that for some i every covariant of Di+1 is a linear combination of pro-
ducts RST where the factors R, S and T are as follows:

• R is a covariant of order o < 2N2 and degree d < (9N2 − o)3σ;
• S is a product of covariants of order ≤ 2N − 2 and of degree ≤ 2 · 3σ;
• T is a product of invariants of degree < (7N − 5)3σ.

Then the same holds for Di with σ replaced by σ + 1.

Start with a product RST in Di+1 as above and decompose the images Φi(R),
Φi(S), Φi(T ) in grDi into strongly homogeneous components. Then each such com-
ponent R̄, S̄ or T̄ satisfies the corresponding condition above with σ replaced by
σ+1 (see Remark 2.4: the degree of R̄, . . . is calculated with respect to the grading
of Di), and the same holds for the lifts R̃ = ηi(R̄), S̃ = ηi(S̄), T̃ = ηi(T̄ ). Moreo-
ver, gr(R̃S̃T̃ ) = R̄S̄T̄ , i.e., R̃S̃T̃ is a lift of R̄S̄T̄ . Since the products R̄S̄T̄ linearly
span the algebra grDi by assumption it follows from the Lifting Lemma that the
products R̃S̃T̃ linearly span Di. This proves the induction step.

Our Main Theorem now follows by descending induction on i. We start with
i = τ where Dτ = B and the claim is true by the RST-Theorem 2.6, and end with
i = 0 where D0 = O(W ) and the claim is our Main Theorem. ¤

2.9 Remark. By a more detailed analysis of the first steps in the induction pro-
cedure one can show that in the Main Theorem 2.7 the exponent τ can be replaced
by ρ which is defined to be the first integer such that Nρ−1 ≤ 4. It is easy to see
that ρ is either τ − 1 or τ − 2 depending on Nρ−1 = 3 or 4.

This slightly improves the degree bound d for the generators R, S and T in the
Main Theorem: d < 0.407 ·N5.82 < N6.
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§3. Fundamental Theorems for SL2 and Symbolic Expressions

The classical symbolic method which we will describe in the next section is the
basic and fundamental tool to manipulate invariants and covariants of binary forms.
We will use it to produce normal forms for covariants of low degree which will finally
enable us to calculate degree bounds for the generating system. For forms of low
degrees the symbolic method can also be used to determine an explicit minimal
system of generators for the ring of covariants.

Denote by L := V1 the space of linear forms and let W = LJ =
⊕

s∈J L be the
direct sum of copies of L parametrized by the index set J . For an element (ls)s∈J
we write ls = s0x + s1y. The invariants and covariants of LJ are well-known. For
a proof of the following result we refer to the literature (see [GY03] and [We46] for
a rigorous approach).

3.1 First Fundamental Theorem for SL2. The invariants of LJ are minimally
generated by the determinants

(li)i∈J 7→ [la lb] := det
(

a0 b0

a1 b1

)
, a, b ∈ J .

The covariants, as an algebra over the invariants, are minimally generated by the
linear projections

(li)i∈J 7→ lc, c ∈ J .

Like in the classical literature we denote the determinant shortly by (ab) and
the linear projection by cx:

(ab): (li)i∈J 7→ [la lb] cx: (li)i∈J 7→ lc.

With this notation we obtain the following corollary:

3.2 Corollary. The covariants of LJ are linearly spanned by the maps

Pλ,σ =
∏
a6=b

(ab)λab
∏
c

cσc
x , λab, σc ∈ N.

The order of Pλ,σ is equal to
∑

c σc and the multidegree (pa)a∈J is given by pa =∑
b(λab + λba) + σa.

3.3 Definitions. An expression of the form P = Pλ,σ as above, i.e., a (commu-
tative) monomial in the elements (ab) and cx, will be called a symbolic expression
(in the alphabet J ). The order ordP and the weight wt P = (wta P )a∈J of the
symbolic expression P are defined by

ordP :=
∑

c

σc and wta P :=
∑

b

(λab + λba) + σa.
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In particular, wta P is equal to the number of times the symbol a occurs in the
symbolic expression P . The category of the symbolic expression P is the maximal
exponent of a determinant factor of P :

cat P := max
a,b

λa,b.

The symbolic expression P is called decomposable if it can be written as a product
P = P1P2 in a non-trivial way where P1 and P2 are disjoint, i.e., no symbol occurs
in both. Finally, we denote by suppP the support of P , i.e., the set of symbols
a ∈ J occurring in P .

With this notation the First Fundamental Theorem says that we have a canonical
surjective homomorphism

C[(ab), cx | a, b, c ∈ J ]³ C(LJ ).

The next step is to describe the kernel of this map.
The covariants (ab) and ax satisfy the following fundamental relations:

(ab) + (ba) = 0, (i)

(ab) cx + (bc) ax + (ca) bx = 0, (ii)

(ab) (cd) + (bc) (ad) + (ca) (bd) = 0. (iii)

The first relation is clear from the definition. Both expressions on the lefthand side
of (2) and (3) are alternating in the symbols a, b, c (and d) and therefore vanish
because dim L = 2.

It is known that these relations form a generating system for all relations. This
is the content of the following result.

3.4 Second Fundamental Theorem for SL2. There is a canonical isomorphism
of (multi-) graded algebras

SymbJ := C[(ab), cx | a, b, c ∈ J ]/a
∼−→ C(LJ )

where the ideal a is generated by the elements

(ab) + (ba) a, b ∈ J
(ab) cx + (bc) ax + (ca) bx a, b, c ∈ J
(ab) (cd) + (bc) (ad) + (ca) (bd) a, b, c, d ∈ J

(Again we refer to [GY03] and [W46] for the proof.)
The algebra SymbJ defined above is called the symbolic algebra over the alphabet

J . It carries a canonical linear action of the symmetric group SJ (by permuting
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the symbols), and the map is equivariant (with respect to the obvious action on
C(LJ ).)

The Second Fundamental Theorem allows an interesting interpretation of the
space spanned by the symbolic expressions P of a fixed order e and a fixed weight
(d1, d2, . . . , dn) where n = |J | is the number of symbols. Putting F = Cn we have
LJ = F ⊗ L and C(LJ ) = O(F ⊗ L)U . From Cauchy’s formula (see [GW98,
Cor. 4.5.19]) we get the decomposition

O(F ⊗ L)d =
⊕

ν=(2u,1v)
2u+v=d

Sν(F ∗)⊗ Sν(L∗)

where Sν denotes the Schur functor associated to the partition ν. (We shortly
write (2u, 1v) for the partition (2, 2, . . . , 2︸ ︷︷ ︸

u times

, 1, 1, . . . , 1︸ ︷︷ ︸
v times

).) Since S(2u,1v)(L∗) = Vv, we

see that the covariants of degree d and order e can be identified with the space
Sν(F ∗) for ν = (2f , 1e), f := 1

2 (d − e). Using the natural action of the diagonal
torus of GL(F ) = GLn we finally get the following result.

3.5 Corollary. There is a natural identification between the space spanned by the
symbolic expressions P of order e and weight δ = (d1, d2, . . . , dn) and the cor-
responding weight space in the Schur functor Sν(Cn) where ν = (2f , 1e) and
f = 1

2 (
∑

i di − e).

As a consequence, all identities involving symbolic expressions can be understood
as identities in certain weight spaces of Schur functors and can be checked for
example by using their expressions in some standard basis (see [Bu98]).

Let us mention here that this is a special case of the Howe duality. However, the
above identification was already known to the classics (cf. [GY03, chap. II]).

§4. Symbolic Method

We will show that symbolic expressions can be used in a very efficient way to
describe and manipulate invariants and covariants of binary forms.

Fix a decomposition W = ⊕i∈IVdi into irreducible components. Every covariant
of W is a sum of multihomogeneous covariants. Moreover, a multihomogeneous
covariant ϕ of multidegree (mi) can be polarized to produce a multilinear covariant
ϕ̃ of the representation W̃ = ⊕i∈IV

mi

di
where each Vdi is repeated mi many times.

Let us denote this space by ⊕a∈J Vpa . Clearly, ϕ can be reconstructed from ϕ̃ by
“diagonally” embedding W into W̃ :

ϕ(. . . , vi, . . . ) = ϕ̃(. . . , vi, vi, . . . , vi︸ ︷︷ ︸
mi times

, . . . )
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4.1 Remark. Polarizing a covariant does not change its order nor its degree. The-
refore, it would be sufficient to consider only multilinear covariants, i.e., covariants
which are of degree 1 or 0 in each variable, and to show that they can be expressed
as polynomials in those covariants satisfying the bound conditions for degree and
order formulated in the Main Theorem 2.7. However, it will be more convenient to
consider the ring of all covariants of W and to use its multiplicative structure.

As before let L := V1 be the space of linear forms on C2. For every d we have
the power map L −→ Vd given by l 7→ ld. They determine an equivariant morphism

π:LJ −→ W̃ = ⊕s∈J Vps , (ls)s∈J 7→ (lpss )s∈J .

Since the representation Vps can be identified with the symmetric power SpsL we see
that the multilinear functions on W̃ correspond to the multihomogeneous functions
on LJ . Thus every multilinear covariant ϕ̃ of W̃ is completely determined by its
pull-back Φ := π∗(ϕ̃) = ϕ̃ ◦ π which is a covariant of LJ of the same order and of
weight (pa)a∈J . Thus, every multihomogeneous covariant ϕ of multidegree (mi) is
completely determined by Φ.

Conversely, every covariant of LJ of multidegree (pa)a∈J and order e determines
a multilinear covariant of W̃ of the same order and therefore a multihomogeneous
covariant of W of multidegree (mi) and order e.

In the previous section we gave a description of the covariants of LJ . It fol-
lows from the First Fundamental Theorem 3.1 that Φ is a linear combination of
covariants of the form

Pλ,σ =
∏
a6=b

(ab)λab
∏
c

cσc
x

where λab, σc ∈ N are subject to the conditions

wta P =
∑

b

(λab + λba) + σa = pa for a ∈ J and ordP =
∑

c

σc = e.

The multidegree (mi)i∈I of the corresponding covariant ϕ is recovered from the fact
that in the index set J there are exactly mi symbols a corresponding to i ∈ I. Thus
we see that the total degree of ϕ is given by the number of symbols which occur in
the symbolic expression P . We call this the degree of the symbolic expression P :

deg P := number of different symbols occuring in P = # suppP

Thus, we finally obtain the following result which summarizes what is classically
called “symbolic method”:
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4.2 Proposition. Consider a symbolic expression

P = Pλ,σ =
∏
a6=b

(ab)λab
∏
c

cσc
x

of weight (pa)a∈J , order e and degree m. Associate to every symbol a occurring in
P an element i ∈ I such that di = pa and denote by mi the number of elements
associated i. Then P determines a multihomogeneous covariant ϕP of W =

∑
i Vdi

of multidegree mi and order e. Conversely, every covariant of W is a linear combi-
nation of such ϕP associated to symbolic expressions P .

It will always be clear in the context which index i ∈ I has to be associated to
a symbol a ∈ suppP .

If ϕ = ϕP we say that P is the symbolic expression of the covariant ϕ, although
the expression P is in general not uniquely determined by ϕ because of the funda-
mental relations. It might even happened that ϕP is zero.

4.3 Remark. If the covariant ϕ has symbolic expression P =
∏

a6=b(ab)λab
∏

c cσc
x

then its value on (fa)a∈J ∈ W̃ = ⊕a∈J Vpa is calculated in the following way:

Write fa = la1 la2 · · · lapa as a product of linear forms and replace in
the symbolic expression P the pa symbols a by the different symbols
a1, a2, . . . , apa in all pa! possible ways. Then replace the brackets (aibj)
by the determinants [lai lbj ], the symbols aix by the linear forms lai , sum
over all these forms and divide by

∏
a pa! (which is the number of sum-

mands):

ϕ((fa)a∈J ) =
1∏

a pa!

∑
i,j,k

∏
a6=b

[lai lbj ]
λab

∏
a

l
σak
ak

 .

In order to calculate ϕ on (fi)i∈I ∈ W we proceed in the same way, but identify
fa = fb = fc = · · · := fi for all symbols a, b, c, . . . which are associated to the same
index i ∈ I, and use a fixed decomposition fi = l1l2 · · · lmi for all of them.
(It is clear that this is the correct description of the map ϕ: It is well defined because
it is symmetric in the lai , it is equivariant by construction, and it coincides with ϕ
on the forms (fa = lpaa )a∈J , by definition.)

It is best to look now at some examples.

4.4 Examples.
(1) The linear projection W =

∑
i Vdi −→ Vdk has symbolic expression adk

x . (The
symbol a is associated to k ∈ I.)
(2) The Jacobian

(f, h) 7→ Jac(f, h) := det

(
∂f
∂x

∂f
∂y

∂h
∂x

∂h
∂y

)
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is a bilinear covariant of Vp ⊕ Vq of order p + q − 2. It has symbolic expression
(ab)ap−1

x bq−1
x , up to the factor pq. This is easily seen by using Remark 4.3 above:

Jac(l1l2 · · · lp,m1m2 · · ·mq) =
∑
i,j

[li, mj ] l1 · · · l̂i · · · lp m1 · · · m̂j · · ·mq

=
1

(p− 1)!(q − 1)!

∑
[li1 , mj1 ] li2 · · · lipmj2 · · ·mjq

= pq · ϕ(ab)ap−1
x bq−1

x
(l, m).

(3) Let q = α0x
2 + 2α1xy + α2y

2 ∈ V2 be a quadratic form. The discriminant
∆(q) := α0α2 − α2

1 is an invariant; it has symbolic expression 2(ab)2.
In fact, write q = lalb. Then, by Remark 4.3,

ϕ(ab)2(q) =
1
4
([la la][lb lb] + [la lb][lb la] + [lb la][la lb] + [lb lb][la la])

= −1
2
[la lb]2 = −1

2
(a0b1 − a1b0)2

=
1
2
(4a0b0a1b1 − (a0b1 + a1b0)2) = 2(α0α2 − α2

1).

A more direct argument is the following: The covariant ϕ with symbolic expression
(ab)2 does not vanish on the forms q = l1l2 with linearly independent l1, l2, but it
vanishes on the forms q = l2. Thus ϕ is a multiple of the discriminant.

Similarly, one shows that the symbolic expression (ab)2(bc)(cd)2(da) determines
a non-zero invariant ϕ of V3 of degree 4 which vanishes on all forms f ∈ V3 having
a linear factor of multiplicity ≥ 2. Thus ϕ is a multiple of the discriminant.

On the other hand the symbolic expression P = (ab)(ac)(ad)(bc)(bd)(cd) re-
presents the zero function on V3: Permuting the symbols a and b gives −P , but
represents the same invariant on V3.
(4) The symbolic expressions (ab)4 and (ab)2(bc)2(ca)2 determine two non-zero
invariants ϕ and ψ of V4 of degree 2 and 3, respectively. For f ∈ V4, f = α0x

4 +
4α1x

3y + 6α2x
2y2 + 4α3xy3 + α4y

4 they are, up to a factor, explicitly given by

ϕ(f) = α0α4 − 4α1α3 + 3α2
2

and

ψ(f) = det

α0 α1 α2

α1 α2 α3

α2 α3 α4


and are classically called “Apolare” and “Hankelsche Determinante”.
(5) The Hessian

f 7→ Hess(f) := det

(
∂2f
∂x2

∂2f
∂x∂y

∂2f
∂x∂y

∂2f
∂y2

)
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is a covariant of Vn of degree 2 and order 2n − 4 which has symbolic expression
(ab)2an−2

x bn−2
x , up to a factor. (Again this follows easily from Remark 4.3.)

(6) Let V = Vp ⊕ Vq, p ≥ q. Then the symbolic expressions

(ab)k a p−k
x b q−k

x k = 0, 1, . . . , q

determine bilinear covariants

ϕ(k):V → Vp+q−2k.

These are obviously all possible symbolic expressions giving bilinear covariants of
Vp⊕Vq, and they are all non-zero. Thus we obtain an explicit form of the well-known
formula of Clebsch-Gordan

Vp ⊗ Vq ' Vp+q ⊕ Vp+q−2 ⊕ · · · ⊕ Vp−q

describing the SL2-equivariant decomposition of the tensor product Vp ⊗ Vq.
(7) Let V = Vp1 ⊕ Vp2 ⊕ · · · ⊕ Vpm be a representation of SL2 and define

NV := {(α1`
p1 , α2`

p2 , · · · , αm`pm) | αi ∈ C, ` ∈ L}.

It is easy to see that every invariant symbolic expression P =
∏

a6=b(ab)λab vanishes
on NV (use Remark 4.3). Moreover, one shows that the converse is true, too: NV ⊂
V is the zero set of the homogeneous invariants of positive degree. This subset NV

is usually called the nullcone of V .

4.5 Remark. The symbolic method, as explained above, applies to invariants
and covariants of representations W of SL2. However, every SL2-algebra R can be
presented in the form R = O(W )/J where W ⊂ R is a suitable SL2-representation
generating R, and thus the symbolic method can be used here as well. Of course,
it depends on the choice of W . Moreover, we see that every generating system for
the covariants of W gives a generating system for the covariants of R.

§5. Transvections

The Clebsch-Gordan decomposition which we described explicitly in the pre-
vious section (§4 Example 6) gives some ways to combine covariants. Consider the
following equivariant bilinear map (we assume p ≥ q):

[ , ]k : Vp × Vq −→ Vp ⊗ Vq
'−→ Vp+q ⊕ Vp+q−2 ⊕ · · · ⊕ Vp−q

pr−→ Vp+q−2k

which is defined for 0 ≤ k ≤ q = min{p, q}. If ϕ and ψ are covariants of V of order
p and q respectively, then the map

[ϕ, ψ]k:V
(ϕ,ψ)−−−→ Vp × Vq

[ , ]k−−−→ Vp+q−2k
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is a covariant of order p + q − 2k. This covariant is classically called the kth trans-
vection of ϕ and ψ (German: “Überschiebung”). Clearly, the 0th transvection is just
multiplication: [ϕ, ψ]0 = ϕψ:V −→ Vp+q.

Given two covariants with symbolic expression P and Q we want to give an
explicit description of their transvections in terms of the symbolic expressions. For
this we can assume that P and Q are disjoint, i.e. they have no symbol in common.
For example, if ϕ:V −→ Vpa and ψ:V −→ Vpb are linear projections, i.e., ϕ has
symbolic expression ap

x and ψ symbolic expression bq
x, then the transvection [ϕ, ψ]k

is a bilinear covariant of order p+q−2k and has symbolic expression (ab)k a p−k
x b q−k

x :

[ϕapx , ϕbqx ]k = ϕ(ab)k a p−kx b q−kx
.

(This is just our definition, see §4 Example 6.) We shortly write for this

[ap
x, bq

x]k = (ab)k a p−k
x b q−k

x .

Thus we see that this transvection is obtained from the product ap
xbq

x by replacing
k products of the form axbx by the determinant factor (ab). This is a special case
of the following construction.

5.1 Definition. A k-fold contraction (shortly: k-contraction) of two (disjoint) sym-
bolic expressions P and Q is a symbolic expression T obtained from the product
PQ by choosing k pairs (ax, bx) where ax occurs in P and bx occurs in Q and
replacing their product axbx by the determinant factor (ab).

A k-contraction of a single symbolic expression P is a symbolic expression P ′

obtained from P by choosing k products axbx in P where a 6= b and replacing them
by the corresponding determinant factor (ab).

Clearly, the 0-contraction of P and Q is just the product PQ.

5.2 Example. If P = axbxcx and Q = exfx are disjoint then the 1-contractions
are

(ae)bxcxfx, (af)bxcxex, (be)axcxfx, (bf)axcxex, (ce)axbxfx, (cf)axbxex.

It is easy to show that the first transvection [ϕP , ϕQ]1 of the corresponding cova-
riants ϕP and ϕQ has the symbolic expression

1
6
((ae)bxcxfx + (af)bxcxex + (be)axcxfx

+ (bf)axcxex + (ce)axbxfx + (cf)axbxex).

In general, we have the following result which is an immediate consequence of
our Remark 4.3 in §4 and Definition 5.1 of the transvection .
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5.3 Lemma A. Let P and Q be two disjoint symbolic expressions. The transvection
[ϕP , ϕQ]k is a linear combination of covariants ϕT where T runs through the k-fold
contractions of P and Q, and each such ϕT occurs with a positive rational coefficient
qT where

∑
qT = 1:

[ϕP , ϕQ]k =
∑
T

qT ϕT , qT ∈ Q>0 and
∑
T

qT = 1.

From now on we will often confuse P and ϕP and use P instead of ϕP in order
to simplify the notation. Thus the above formula reads

[P, Q]k =
∑
T

qT T.

The next claim is an easy consequence of the fundamental relation (i)-(iii) in 3.3.

5.4 Lemma B. Let T and T ′ be two k-fold contractions of two disjoint symbolic
expressions P and Q. Then the difference T−T ′ can be written as an integral linear
combination of lower contractions. More precisely,

T − T ′ =
∑

j

Tj

and each Tj is either a (k− 1)-fold contraction of Pj and Qj where Pj is P and Qj

a 1-contraction of Q or Qj is Q and Pj a 1-contraction of P , or Tj is a (k−2)-fold
contraction of Pj and Qj where both are 1-contractions of P and Q, respectively.

Proof. By definition T and T ′ are both obtained from the product PQ by choosing
k pairs (ax, bx) where ax occurs in P and bx occurs in Q and replacing their product
axbx by the determinant factor (ab). It is easy to see that we can find k-contractions
T0 = T, T1, T2, . . . , Tn = T ′ such that each pair (Ti, Ti+1) is of one of the following
forms:

(1) Ti = S(ab)a′x and Ti+1 = S(a′b)ax where P = P0axa′x, Q = Q0bx and
S is a (k − 1)-contraction of P0Q0. It follows from relation (ii) in 3.3 that Ti −
Ti+1 = S(aa′)bx. This last symbolic expression is clearly a (k − 1)-contraction of
P ′ = P0(aa′) with Q = Q0bx.

(2) Ti = S(ab)(a′b′) and Ti+1 = S(ab′)(a′b) where P = P0axa′x, Q = Q0bxb′x
and S is a (k − 2)-contraction of P0Q0. In this case we use relation (iii) in 3.3 to
get Ti − Ti+1 = S(aa′)(bb′). This symbolic expression is a (k − 2)-contraction of
P ′ = P0(aa′) with Q′ = Q0(bb′). ¤
5.5 Lemma C. Let T be an k-fold contraction of two (disjoint) symbolic expres-
sions A and B. Then

T − [A, B]k =
∑

j

rjTj =
∑

`

p`[A`, B`]k`
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where Tj is obtainded from A and B as in Lemma B above, k` < k, p` ∈ Q≥0, and
A` and B` are contractions of A and B, respectively.

Proof. The claim is obvious for k = 0, so we can use induction. By Lemma A we
have [A, B]k =

∑
i qi Si where qi ∈ Q>0 and

∑
i qi = 1. Thus

T − [A, B]k =
∑

i

qi(T − Si).

Now Lemma B implies that T − Si is a sum of (k − 1) or (k − 2)-contractions Tj

of Aj and Bj which are contractions of A and B, respectively. This gives the first
equation. For the second, we find by induction Tj = [Aj , Bj ]k′+

∑
k`<k′ p`[A`, B`]k` ,

(k′ = k − 1 or k − 2) which has the required form. ¤
The next lemma is an immediate consequence of the previous result. We just

state it for completeness.

5.6 Lemma D. Let T and T ′ be two k-fold contractions of two (disjoint) symbolic
expressions A and B. Then

T − T ′ =
∑

j

rj [Aj , Bj ]kj

where kj < k, rj ∈ Q, and Aj and Bj are contractions of A and B, respectively.

As an application we give a “constructive” proof of the following result which
plays a central role in Gordan’s proof of the finiteness of invariants and covariants
of binary forms. We will also use in an essential way in the last section (§10) where
we give the examples.

The proof of the proposition is based on Gordan’s famous Lemma. (Recall that
a symbolic expression C is decomposable if it can be written as a product of two
disjoint symbolic expressions, see 3.3.)

5.7 Proposition. Let R and S be two SL2-algebras whose covariants are finitely
generated. Then the covariants of the tensor product R⊗ S are finitely generated,
too. If P1, P2, . . . , Pr are generators of the covariants of R and Q1, Q2, . . . , Qs

generators of the covariants of S, then a finite generating system can be chosen
from the set of transvections [P, Q]` (` ≥ 0) where P is a monomial in the Pi’s and
Q a monomial in the Qj’s.

More precisely, assume that the generators Pi, Qj are given as symbolic expres-
sions. Define a set G of symbolic expressions in the following way: For every pair
P, Q of monomials and every ` ≤ ordP, ordQ choose an `-contraction of P and
Q, but only in case there does not exist a decomposable `-contraction of P and Q.
Then this set G is finite and is a generating system for the covariants of R⊗ S.
Proof. It is clear from Definition 5.1 of the transvection that the covariants ofR⊗S
are linearly spanned by the transvections [ϕ, ψ]` where ϕ is a covariant of R and ψ
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a covariants of S, hence also from the transvections [P, Q]` where P runs through
the monomials in the Pi’s and Q through the monomials in the Qj ’s. Thus the first
claim follows from the more precise statement in the second part.

Now assume that the Pi, Qj are given in symbolic form (cf. Remark 4.5; we also
assume that R and S are graded). For every triple P, Q, ` where ` ≤ ordP, ordQ we
choose an `-contraction C`(P, Q). Then the set {C`(P, Q)} linearly spans (R⊗S)U .
In fact, let Tk ⊂ (R⊗S)U be the subspace spanned by all [P, Q]` and Ck ⊂ (R⊗S)U

the subspace spanned by all C`(P, Q) where ` ≤ k and P and Q are monomials in
the Pi and Qj , respectively. Then Tk contains all transvections [A, B]j where j ≤ k,
A is a covariant of R and B a covariant of S. Moreover, (R ⊗ S)U =

⋃
Tk, and

C0 = T0 is the subalgebra generated by {P1, . . . , Pr, Q1, . . . , Qs}, because [P, Q]0 =
PQ = C0(P, Q). We will show that C` ⊃ T` for all `. By induction, we can assume
that C`−1 ⊃ T`−1. Given [P, Q]` ∈ T` we have C`(P, Q)− [P, Q]` ∈ T`−1 ⊂ C`−1 by
Lemma C and so [P, Q]` ∈ C` which proves the claim.

Now let G ⊂ {C`(P, Q)} be the subset defined by removing all C`(P, Q) with the
property that there exists a decomposable `-contraction of P and Q. By induction
on the degree one easily sees that G generates the algebra of covariants.

In order to finish the proof we have to show that G is finite, i.e., that for almost
all triples P, Q, ` there is an `-contraction of P and Q which is decomposable. Let
P = Pi1Pi2 · · ·Pia and Q = Qj1Qj2 · · ·Qjb and assume that we can write ` = `′+`′′

and find decompositions {1, 2, . . . , a} = R′ ∪ R′′, {1, 2, . . . , b} = S′ ∪ S′′ in such a
way that∑

ν∈R′

ordPiν ,
∑
µ∈S′

ordQiµ ≥ `′ and
∑

ν∈R′′

ordPiν ,
∑

µ∈S′′

ordQiµ ≥ `′′.

Then we can choose an `′-contraction C ′ of P ′ :=
∏

ν∈R′ Piν and Q′ :=
∏

µ∈S′ Qjµ

and an `′′-contraction C ′′ of P ′′ :=
∏

ν∈R′′ Piν and Q′′ :=
∏

µ∈S′′ Qjµ and thus
obtain a decomposable `-contraction C = C ′C ′′ of P and Q.

Now put di := ordPi and ej := ordQj . The preceding considerations show that
if P = Pm1

1 · · ·Pmr
r and Q = Qn1

1 · · ·Qns
s then there exists an `-contraction of P

and Q if and only if we have∑
i

midi = ` + k1 and
∑

j

njej = ` + k2 (∗)

where k1, k2 ≥ 0, and there exists a decomposable `-contraction of P and Q if and
only if we can find positive decompositions mi = m′i +m′′i , nj = n′j +n′′j , ` = `′+`′′,
k1 = k′1 + k′′1 , k2 = k′2 + k′′2 such that∑

i

m′idi = `′ + k′1,
∑

j

n′jej = `′ + k′2,∑
i

m′′i di = `′′ + k′′1 ,
∑

j

n′′j ej = `′′ + k′′2 .
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By Gordan’s famous Lemma the equations (∗) have only finitely many “indecom-
posable” positive solutions in mi, nj , `, k1, k2. Hence there are only finitely many
triples (P, Q, `) such that there exists an indecomposable `-contraction of P and Q.
This finally finishes the proof of the proposition. ¤
5.8 Remark. We can also say something without assuming finite generation. In
fact, the proof of the previous proposition gives the following: Assume that the
covariants of R are generated by those of degree ≤ dR and order ≤ eR and similarly
for S. Then there are numbers d and e which can be calculated from dR, eR, dS , eS
such that the covariants of R⊗ S are generated by those of degree ≤ d and order
≤ e.

§6. Covariants of degree 3

We start with an easy lemma. Consider the graded algebra

R := C[x, y, z]/(x + y + z) = ⊕n≥0Rn

where Rn denotes the nth homogeneous component of R.

6.1 Lemma. Let n + 1 = n1 + n2 + n3 where 0 ≤ n1, n2, n3 ≤ n. Then the
monomials

{xiyn−i | i < n1} ∪ {yjzn−j | j < n2} ∪ {zkxn−k | k < n3}

form a basis of Rn.

Proof. Clearly, the dimension of Rn is n + 1 = n1 + n2 + n3 which is equal to the
number of monomials listed in the lemma. Replacing z by −(x + y) and then y by
1 it suffices to show that the polynomials

Pn1,n2,n3 := {xi | i < n1} ∪ {(x + 1)n−j | j < n2} ∪ {(x + 1)kxn−k | k < n3}

are either linearly independent in C[x] or span the subspace of all polynomials of
degree ≤ n. It is easy to see that the derivatives of these functions span the same
space as the set of polynomials

Pn1−1,n2,n3 = {xi | i < n1−1}∪{(x+1)n−1−j | j < n2}∪{(x+1)kxn−1−k | k < n3}.

(We can assume that n1 > 0.) Since the constant 1 belongs to Pn1,n2,n3 the claim
follows by induction on n. ¤

The lemma will be applied to manipulate symbolic expressions in the following
way. Consider the expressions

Pα,β,γ := (ab)γ(bc)α(ca)β apa−β−γ
x bpb−α−γ

x cpc−α−β
x .
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If pa, pb, pc ≥ n := α + β + γ then we can write

Pα,β,γ = ((ab)cx)γ · ((ca)bx)β · ((bc)ax)α · apa−n
x bpb−n

x cpc−n
x .

The fundamental relation (ii) in 3.3 shows that there is a well-defined homomor-
phism from Rn to the linear span of the Pα,β,γ by sending xγyαzβ to Pα,β,γ . There-
fore, the lemma above implies that every such P is a linear combination of symbolic
expressions P ′ with only two determinant factors. Hence, we get the following result.

6.2 Proposition. Assume that pa, pb, pc ≥ n := α+β+γ and let n+1 = n1+n2+n3

where the ni are non-negative integers. Then every symbolic expression

(ab)γ(bc)α(ca)β apa−β−γ
x bpb−α−γ

x cpc−α−β
x

of degree 3 is a rational linear combination of the following three types of symbolic
expressions:

(i) (ab)n−i(bc)i apa−n+i
x bpb−n

x cpc−i
x where i < n1;

(ii) (bc)n−j(ca)j apa−j
x bpb−n+j

x cpc−n
x where j < n2;

(iii) (ca)n−k(ab)k apa−n
x bpb−k

x cpc−n+k
x where k < n3.

(If ns = 0 then the corresponding term is not needed.)

In particular, choosing n1, n2, n3 ≤ n
3 +1—this is always possible!—we see that all

symbolic expressions occurring in (i), (ii) and (iii) have category ≥ 2n
3 . (Recall that

the category of a symbolic expression Q is the maximal exponent of a determinant
factor occurring in Q, see Definition 3.3.)

6.3 Corollary. If pa, pb, pc ≥ n := α + β + γ then the symbolic expression P =
(ab)γ(bc)α(ca)β apa−β−γ

x bpb−α−γ
x cpc−α−β

x is a rational linear combination of symbo-
lic expressions of category ≥ 2

3n with only two determinantal factors. Moreover, we
can assume that all terms in this linear combination have category ≥ cat P .

Proof. It remains to prove the last statement. It is clear if catP ≤ 2
3n. Otherwise

let us assume that cat P = α > 2
3n. The fundamental relation says that Pα,β,γ +

Pα+1,β,γ−1 + Pα,β+1,γ−1 = 0. Thus Pα,β,γ is equal to ±Pα,β+γ,0 modulo terms of
category > α. Now the claim follows by induction since the statement is clear for
cat P = n. ¤

Before giving the main result of this section let us introduce the following two
ideals I ⊂ J of the coordinate ring O(W ) where W = ⊕iVdi , di ≤ N . As before, we
denote by N1 the integral part of 3

4N . The first ideal I is generated by all covariants
of degree ≤ 2 and order ≤ N1 and the second ideal J by all covariants of degree
≤ 3 and order ≤ N1. Two covariants or symbolic expressions are called equivalent
modulo I or J if their difference belongs to I or J , respectively.
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6.4 Definition. Let P be a symbolic expression and let a, b be two symbols ap-
pearing in P . Then the determinant factor (ab)γ of P is called the ab-factor of
P (or simply a 2-factor of P ) and the integer pa + pb − 2γ is called the order of
the ab-factor. Similarly, we define the abc-factor (a 3-factor) of P to be the part
(ab)γ(bc)α(ca)β of P and its order to be the integer pa + pb + pc − 2(α + β + γ).

6.5 Lemma. If a symbolic expression P contains a term ax with pa ≤ N1 or an
ab-factor (ab)µ of order pa + pb − 2µ ≤ N1 then P belongs to I. If it contains an
abc-factor (ab)γ(bc)α(ca)β of order pa +pb +pc− 2(α+β +γ) ≤ N1 then P belongs
to J .

Proof. Let us give the proof of the second claim; the others follow in a similar
way. By definition, the ideal I contains all transvections [Kµ

a,b, B]ν where Kµ
a,b :=

(ab)µapa−µ
x bpb−µ

x has order pa + pb − 2µ ≤ N1 and B is arbitrary. By assumption,
P is a contraction of such a Kµ

a,b with some B. Hence it follows from Lemma 5.5.C
that P can be expressed as a linear combination

∑
pi[K

µi
a,b, Bi]νi where µi ≥ µ and

νi ≤ ν. Thus all Kµi
a,b have order ≤ N1 and the claim follows. ¤

6.6 Example. If the symbolic expression P has category ≥ 5
8N then P belongs

to I. (In fact, if (ab)µ is a 2-factor where µ ≥ 5
8N then the order of this ab-factor

is pa + pb − 2µ ≤ 2(N − 5
8N) = 3

4N .)
Similarly, if P contains an abc-factor (ab)γ(bc)α(ca)β such that α + β + γ ≥ 9

8N
then P belongs to J .

Now we come to the main result of this section. We call it the abc-Theorem.

6.7 abc-Theorem. Let P = (ab)γ(bc)α(ca)β apa−β−γ
x bpb−α−γ

x cpc−α−β
x be a symbo-

lic expression of degree 3. Assume that pa ≥ pb ≥ pc and put n := α + β + γ =
1
2 (pa + pb + pc − ordP ).

(a) If n ≤ pc then P is a linear combination of symbolic expressions of the form
(ef)µ(fg)νede−µ

x f
df−µ−ν
x g

dg−ν
x where µ + ν = n, µ ≥ 2ν and µ ≥ cat P .

(b) If pc ≤ n ≤ pb then P is modulo I equivalent to a linear combination
of expressions of the form (ab)µ(bc)νapa−µ

x bpb−µ−ν
x cpc−ν

x where µ + ν = n,
µ ≥ 2ν and µ ≥ cat P .

(c) If pb ≤ n ≤ pa then P belongs to I.
(d) If pa ≤ n then P belongs to J .

Proof. We first remark that the condition µ ≥ 2ν in (a) and (b) is equivalent to
the condition µ ≥ 2

3n (and to ν ≤ 1
3n) because µ + ν = n.

(a) This is Corollary 6.3 above.

(b) Set pc = n− λ. Then λ ≤ n− pc ≤ (α + β + γ)− (α + β) = γ. Thus we can
write

P = (ab)λaλ
xbλ

x P ′
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where P ′ = P ′α′,β′,γ′ is defined as Pα,β,γ , using p′a := pa − λ, p′b := pb − λ, p′c := pc

where α′ := α, β′ := β, γ′ := γ−λ. In particular, we have n′ := α′+β′+γ′ = n−λ =
pc ≤ p′a, p′b, p

′
c. Hence, we can apply Corollary 6.3 to P ′ and find, after multiplication

with (ab)λaλ
xbλ

x, that P is a linear combination of symbolic expressions which contain
one of the following factors

(ab)µ+λ(bc)ν (bc)µ(ca)ν (ca)µ(ab)ν+λ

where µ ≥ 2
3n′. In the first case we are done: µ + ν = n′ and so µ ≥ 2ν. In the

second and third case we claim that the corresponding symbolic expression belongs
to I. In fact, the bc-factor in case 2 and the ca-factor in case 3 have order ≤ N1:

pb + pc − 2µ ≤ pa + pc − 2µ ≤ pa + pc −
4
3
n′ = pa + pc −

4
3
pc

= pa −
1
3
pc < N − 1

3
N1 ≤ N1 + 1.

(We used here that pc > N1 since otherwise P ∈ I. Moreover, the last inequality
follows from 4N1 ≤ 3N ≤ 4N1 + 3 which implies N − 1

3N1 ≤ ( 4
3N1 − 1) − 1

3N1 =
N1 + 1.)

(c) This case and the next are similar to (b) except that the calculations are more
involved. Let pc = n−λ and pb = n−ρ. As before, we find λ ≤ γ and ρ ≤ β and so
P can be written in the form P = (ab)λ(ca)ρ aλ+ρ

x bλ
xcρ

x P ′ where P ′ = P ′α′,β′,γ′ with

p′a = pa − λ− ρ, p′b = pb − λ, p′c = pc − ρ,
α′ = α− λ− ρ, β′ = β − λ, γ′ = γ − ρ.

Hence, we have n′ := α′ + β′ + γ′ = n − λ − ρ = p′c = p′b ≤ p′a. In particular,
n′ = (n − λ) + (n − ρ) − n ≥ 2(N1 + 1) − N ≥ 1

2 (N + 1) and so n′ ≥ 2 since
we can assume that N ≥ 2. Now we choose non-negative integers m1, m2, m3 such
that m1 + m2 + m3 = n′ − 2. Then it follows from Proposition 6.2 above that P
is a linear combination of symbolic expressions which contain one of the following
factors

(ab)n′−m1+λ+ρ (bc)n′−m2+λ (ca)n′−m3+ρ.

The claim will follow if we show that we can choose m1, m2, m3 in such a way that
the corresponding 2-factors have order ≤ N1, i.e., that the following inequalities
are satisfied:

pa + pb − 2(n′ −m1 + λ) ≤ N1

pb + pc − 2(n′ −m2) ≤ N1 (∗)
pc + pa − 2(n′ −m3 + ρ) ≤ N1

This will follow from the following two claims:
(1) The three inequalities (∗) are satisfied if we replace each mi by zero.
(2) The sum of the left hand sides of the inequalities (∗) is less or equal to

3N1 − 3.
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(We need 3N1−3 in (2) because the parity of N1 could be different from the parity
of all sums pa + pb, pb + pc and pc + pa and then the inequalities (∗) are all strict.)
(1) First we have pb + pc − 2n′ = 0. Moreover,

pa + pb − 2(n′ + λ) = pa + pb − 2(n− ρ) = pa − pb ≤ N −N1 ≤ N1

and similarly pc+pa−2(n′+ρ) ≤ N1. (Again we assume pb, pc > N1 since otherwise
P ∈ I.)
(2) The sum s of the left hand sides of (∗) is

s = 2(pa + pb + pc)− 6n′ + 2(m1 + m2 + m3)− 2(λ + ρ)

= 2(pa + pb + pc)− 4n′ − 2(λ + ρ)− 4

= 2(pa + pb + pc)− 2(n′ + λ)− 2(n′ + ρ)− 4
= 2pa − 4 ≤ 2N − 4 ≤ 3N1 − 3.

This settles the case (c).
(d) As in the previous cases put pc = n − λ, pb = n − ρ, pa = n − τ and define

n′ := n − λ − ρ − τ = pc + ρ + τ = pb + λ + τ = pa + λ + ρ. We can assume that
the order of P is > N1 since otherwise P belongs to J and we are done. Hence,
N1 < pa +pb +pc−2n = pa +pb +pc−2(n′+λ+ρ+τ) = n′ and so n′ ≥ 2. With the
same arguments as above we see that the claim follows if we can find non-negative
integers m1, m2, m3 such that m1 + m2 + m3 = n′ − 2 and that

pa + pb − 2(n′ −m1 + λ) ≤ N1

pb + pc − 2(n′ −m2 + τ) ≤ N1 (∗∗)
pc + pa − 2(n′ −m3 + ρ) ≤ N1

Again, we first have to show that the inequalities are satisfied if we put mi = 0:
pa + pb − 2(n′ + λ) = pa + pb − (n− ρ)− (n− τ) + ρ + τ

= ρ + τ = (n− λ)− n′ ≤ N −N1 ≤ N1

(We used again that n′ > N1.) Now let s be the sum of the left hand sides of (∗∗):
s = 2(pa + pb + pc)− 6n′ + 2(m1 + m2 + m3)− 2(λ + τ + ρ)

= 2(pa + pb + pc)− 4n′ − 2(λ + τ + ρ)− 4

= 2(pa + pb + pc)− (n′ + λ + ρ)− (n′ + λ + τ)− (n′ + ρ + τ)− n′ − 4

= pa + pb + pc − n′ − 4
≤ 3N −N1 − 5 ≤ 3N1 − 2.

Thus we get s ≤ 3N1 − 3 except possibly in the case where pa = pb = pc = N ,
n′ = N1 + 1 and s = 3N1 − 2. But then we have equality in one of the equations
(∗∗) and so N1 is even. In this case, the inequality s ≤ 3N1 is sufficient to find a
solution of (∗∗) with the required properties, as we remarked above. This completes
the proof of the theorem. ¤

We want to apply the above theorem to general symbolic expressions.
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6.8 Proposition. Let (ab)γ(bc)α(ca)β be a 3-factor of a symbolic expression P of
degree ≥ 3 and put n := α + β + γ. Then P is equivalent modulo J to a linear
combination of symbolic expressions P ′ whose abc-factor has the form (ef)µ(fg)ν

where (e, f, g) is a permutation of (a, b, c), µ ≥ 2ν, µ ≥ max(α, β, γ) and pe, pf ≥
µ + ν ≥ n. In particular, cat P ′ ≥ µ ≥ 2

3n.

Proof. For the given 3-factor of (ab)γ(bc)α(ca)β of P we can assume that pa ≥ pb ≥
pc. Thus, P is a ρ-contraction of Pα,β,γ with some symbolic expression Q. If ρ = 0
then the claims follow immediately from the abc-Theorem applied to Pα,β,γ . So, by
induction, we can assume that the proposition holds for every ρ′-contractions of
any Pα′,β′,γ′ with an arbitrary symbolic expression Q′ where ρ′ < ρ.

We now claim that the following assertions are equivalent:
(i) The proposition holds for one ρ-contraction of Pα,β,γ with Q.
(ii) The proposition holds for all ρ-contractions of Pα,β,γ with Q.
(iii) The transvection [Pα,β,γ , Q]ρ is a linear combination of symbolic expressions

P ′ which satisfy the conditions of the proposition.
Clearly, (ii) implies (i) and, by Lemma 5.3.A, also (iii). Moreover, by Lemma 5.5.C,
we get for an arbitrary ρ-contraction P of Pα,β,γ with Q

P − [Pα,β,γ , Q]ρ =
∑

i

pi[Pαi,βi,γi , Qi]ρi (∗∗)

where αi ≥ α, βi ≥ β, γi ≥ γ and ρi < ρ. Thus, again by Lemma 5.3.A, the right
hand side is a linear combination of ρ′-contractions P ′ of certain Pα′,β′,γ′ with
some Q′ where ρ′ < ρ, α′ + β′ + γ′ ≥ α + β + γ = n and catP ′ ≥ max(α′, β′, γ′) ≥
max(α, β, γ). By induction, the proposition applies to the right hand side of the
equation (∗∗) and so (i) and (iii) are equivalent. But P was an arbitrary contraction
and thus (ii) follows, too.

Now we can finish the proof of the proposition. We use the abc-Theorem to
write Pα,β,γ = ϕ0 +

∑
qiPi where Pi is of the form (ef)µ(fg)νepe−µ

x f
pf−µ−ν
x g

pg−ν
x

(µ ≥ 2ν, µ ≥ max(α, β, γ) and pe, pf ≥ µ + ν = n) and ϕ0 belongs to J . Then
any contraction of Pi with Q has the required form and so claim (iii) holds for
the transvections [Pi, Q]ρ by Lemma 5.3.A. Thus, it holds for the transvection
[Pα,β,γ , Q]ρ by linearity and the fact that [ϕ0, Q]ρ belongs to J . Now the implication
(iii) ⇒ (ii) above shows that the proposition holds for P . ¤

The previous proposition above implies the following result.

6.9 Corollary. Every covariant of degree ≥ 3 is equivalent modulo J to a linear
combination of symbolic expressions P which satisfy cat P ≥ 2

3τ3(P ) where τ3(P )
is defined to be the maximum of the sum of the exponents α + β + γ of an arbitrary
3-factor (ab)γ(bc)α(ca)β of P .

(In fact, choose the abc-term (ab)γ(bc)α(ca)β in P such that α + β + γ = τ3(P ).
Then P is a linear combination of symbolic expressions P ′ of the form given in
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Proposition 6.8, and so catP ′ ≥ µ ≥ 2ν and µ + ν ≥ τ3(P ). But this implies that
cat P ′ ≥ 2

3τ3(P ).)

6.10 Remark. A similar kind of induction as in the proof above will be used again
in the following two sections.

§7. Covariants of degree 4

The aim of this section is to describe some properties of 4-factors in symbolic
expressions. We start with the following normal form for covariants of degree 4
modulo the ideal J .

7.1 Proposition. Every covariant ϕ of degree 4 is modulo the ideal J equivalent
to a linear combination of symbolic expressions of the form

(ab)µ(bc)ν(ad)σ apa−µ−σ
x bpb−µ−ν

x cpc−ν
x dpd−σ

x

where µ ≥ 2ν, 2σ.

Proof. It suffices to prove the theorem for a symbolic expression P of degree 4. If Q
is an arbitrary symbolic expression we define τ3(Q) to be the maximum of α+β+γ
where (ab)γ(bc)α(ca)β is a 3-factor of Q (see Corollary 6.9). If τ3(Q) is large enough
then Q belongs to J (see Example 1 of §6). So we can assume that the proposition
holds for all symbolic expressions P ′ of degree 4 with τ3(P ′) > τ3(P ).

Let (ab)γ(bc)α(ca)β be a 3-factor of P such that τ3(P ) = α + β + γ =: n.
Then P is a ρ-contraction of Pα,β,γ with dpd

x . If ρ = 0 then the claim follows from
the abc-Theorem 6.7. Hence, we can assume that the proposition holds for all ρ′-
contractions of an arbitrary Pα′,β′,γ′ with dpd

x where ρ′ < ρ. Using Lemma A and
C of §5 we conclude as in the proof of Proposition 6.8 of the previous section (§6)
that the following claims are equivalent:

(i) The proposition holds for one ρ-contraction of Pα,β,γ with dpd
x .

(ii) The proposition holds for all ρ-contractions of Pα,β,γ with dpd
x .

(iii) The proposition holds for the transvection [Pα,β,γ , dpd
x ]ρ.

Using the abc-Theorem 6.7, the equivalence (i)⇔(iii) and the linearity of the trans-
vection reduces the proof to the case of an arbitrary ρ-contraction P of the symbolic
expression (ab)µ(bc)ναpa−µ

x bpb−µ−ν
x cpc−ν

x with dpd
x where µ ≥ 2ν and pa > n = µ+ν.

In particular, we have pa − µ > ν.
Now we choose the ρ-contraction P in such a way that the exponent σ of the ad-

factor is maximal, i.e. σ = min(pa−µ, ρ). If σ > ν then τ3(P ) ≥ µ+σ > µ+ ν = n
and the claim follows by induction. If σ ≤ ν then P has the given form. ¤

A consequence of the theorem above is the following: Every covariant P of degree
4 is equivalent modulo J to a linear combination of symbolic expressions Pi where
cat Pi is greater or equal to half of the sum of the exponents of the determinant
factors of Pi, for all i. The next proposition shows that this holds in general.
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7.2 Proposition. Let (ab)γ(bc)α(ac)β(ad)δ(bd)ε(cd)η be a 4-factor of a symbolic
expression A of degree ≥ 4 and put m := α + β + γ + δ + ε + η, the sum of
the exponents. Then A is equivalent modulo J to a linear combination of symbolic
expressions of category ≥ m

2 .

Proof. The proof is similar to the proof of Proposition 6.8 in §6. We only give the
main lines.

(1) By assumption, A is a ρ-contraction of a symbolic expression P of degree 4
(corresponding to the abcd-factor of A) and a symbolic expression Q. For ρ = 0 the
claim follows from the theorem above. Hence, we can assume that the proposition
holds for any ρ′-contractions of an arbitrary expression P ′ of degree 4 with some
expression Q′ provided that ρ′ < ρ.

(2) Using again the Lemmas A and C of §5 in combination with (1) we find that
the following statements are equivalent:

(i) The proposition holds for one ρ-contraction of P with Q.
(ii) The proposition holds for all ρ-contractions of P with Q.
(iii) The proposition holds for the transvection [P, Q]ρ.

Using Proposition 7.1 we can therefore assume that P is of the special form

(ab)µ(bc)ν(ad)σ αpa−ν−σ
x bpb−µ−ν

x cpc−ν
x dpd−σ

x

where µ + ν + σ ≥ m and µ ≥ 2ν, 2σ. Hence, 2 cat A ≥ 2µ ≥ µ + ν + σ ≥ m. ¤

7.3 Corollary. Every covariant ϕ of degree ≥ 4 is equivalent modulo J to a linear
combination of symbolic expressions A which satisfy 2 cat A ≥ τ4(A) where τ4(A)
denotes the maximum of the sum of exponents of a 4-factor of A .

In fact, if the condition 2 catA ≥ τ4(A) is not satisfied for a symbolic expression
A then Proposition 7.2 above shows that A is equivalent modulo J to a linear
combination of symbolic expression Ai of strictly higher category.

§8. Normal form of covariants modulo J

The following result plays a crucial rôle in the proof of our Main Theorem 2.7. It
gives a normal form for covariants modulo the ideal J . We call it the PQ-Theorem.

8.1 PQ-Theorem. Every covariant ϕ is equivalent modulo J to a linear combi-
nation of symbolic expressions of the form PQ where Q is a product of symbolic
expressions of degree ≤ 2 and P has the form

P = (ab)µ(bc)ν(cd)µ1(de)ν1 · · · apa−µ
x bpb−µ−ν

x cpc−ν−µ1
x · · ·
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where
µ < 5

8N 0 < ν ≤ 1
2µ

µ1 < µ− ν 0 < ν1 ≤ 1
2µ1

...
...

µi < µi−1 − νi−1 0 < νi ≤ 1
2µi

...
...

8.2 Remark. It follows from the definition of the ideal J that the factors of Q of
degree 2 have order > N1 and ≤ 2N − 2. Moreover, for N ≤ 3 the factors P can be
omitted: Every covariant modulo J is a linear combination of products of symbolic
expressions of degree ≤ 2.

Proof of the PQ-Theorem. (0) The theorem is clear for N = 1. It follows from the
First Fundamental Theorem 3.1 that the covariants of A/J are generated by the
covariants in degree 1, hence are linear combinations of symbolic expressions of
type Q. Thus we can use induction and assume that N ≥ 2.

(1) Let A be a symbolic expression of degree d and category λ. The claim is
obvious for symbolic expressions of degree ≤ 2 and also for those of large category.
In fact, cat A ≥ 5

8N implies that A ∈ I ⊂ J (see §6 Example 1). Thus we can
assume that the claim holds for all symbolic expressions of degree < d and for
those of degree d and of category > λ (and that λ < 5

8N).
(2) Let (ab)λ be a 2-factor of A with maximal exponent λ = cat A. Then A is

a ρ-contraction of Kλ
ab = (ab)λapa−λ

x bpb−λ
x with a symbolic expression B of degree

d− 2. By induction, we have B =
∑

qiPiQi where Pi and Qi satisfy the conditions
of the theorem. If ρ = 0 then A = Kλ

abB =
∑

qiPi(Kλ
abQi) and the claim follows.

So we can assume that the theorem holds for any ρ′-contractions of Kλ
ab with any

B′ of degree < d where ρ′ < ρ.
(3) As in the proofs of Proposition 6.8 in §6 and Propositions 7.1 and 7.2 in §7 it

follows, using Lemma A and C of §5 and induction, that the following statements
are equivalent:

(i) The theorem holds for one ρ-contraction of Kλ
ab with B.

(ii) The theorem holds for all ρ-contractions of Kλ
ab with B.

(iii) The theorem holds for the transvection [Kλ
ab, B]ρ.

In fact, (ii) implies (i) and, by Lemma 5.3.A, also (iii). Conversely, if T is an
arbitrary ρ-contraction of Kλ

ab with B then, by Lemma 5.5.C,

T − [Kλ
ab, B]ρ =

∑
pi[Kλi

ab , Bi]ρi

where λi ≥ λ and ρi < ρ. Thus, either λi > λ and then [Kλi
ab , Bi]ρi is a sum of

symbolic expression of category > λ, or λi = λ and then [Kλi
ab , Bi]ρi is a sum of

lower contractions of Kλ
ab with Bi. In both cases, induction applies and so the right
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hand side of the equation above satisfies the conditions of the theorem. This shows
the equivalence of (iii) and (i). Since T was arbitrary, we also get that (iii) implies
(ii).

It follows now that it is suffices to prove the claim for one ρ-contraction of Kλ
ab

with a product PQ where P and Q satisfy the conditions of the theorem.
(4) Write P = (cd)µ1(de)ν1 · · · where µ1 ≤ 5

8N , ν1 ≤ 1
2µ1, . . . . (In case P = 1

we have Q = (cd)µ1 · · · where µ1 ≤ 5
8N and the same arguments can be used.)

Moreover, we can assume that pb ≥ pa. We now choose the ρ-contraction A of Kλ
ab

with PQ in such a way that the exponent ν of the bc-factor becomes maximal. This
means that ν = min(pb − λ, pc − µ1, ρ).

(4a) If ν = pc − µ1 then we get ν + µ1 = pc > 3
4N > 5

8N > λ. This inequality
shows that for m := the sum of the exponents of the abcd-term of A we get

m ≥ λ + ν + µ1 > 2λ.

By Proposition 7.2 this shows that A is equivalent modulo J to a linear combination
of symbolic expressions of category > λ, and we are done.

(4b) If ν = pb − λ then we look at the abc-term and find

λ <
3
4
N < pa + pb − 2λ ≤ 2(pb − λ) = 2ν,

since otherwise A belongs to J . Hence, 3λ < 2(λ + ν) ≤ 2n where n := the sum
of the exponents of the abc-term of A. It follows from Proposition 6.8 that A is
equivalent modulo J to a linear combination of symbolic expressions of category
> λ, and we are again done.

(4c) Finally, if ν = ρ then A = (ab)λ(bc)ν(cd)µ1(de)ν1 · · · . If λ < 2ν or λ < ν+µ1

it follows again from Proposition 6.8 or from Proposition 7.2 that A is equivalent
modulo J to a linear combination of symbolic expressions of category > λ.

This completes the proof of the PQ-Theorem. ¤

In the proof of the RST -Theorem 2.6 we will need an estimate for the degree
and the order of the covariants of type P .

8.3 Corollary. For the covariants of type P we have

deg P ≤ 5
4
N and ordP + deg P ≤ 55

64
N2.

Proof. Consider a covariant of type P

P = (ab)µ(bc)ν(cd)µ1(de)ν1 · · · apa−µ
x bpb−µ−ν

x cpc−ν−µ1
x · · ·
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where
µ < 5

8N 0 < ν ≤ 1
2µ

µ1 < µ− ν 0 < ν1 ≤ 1
2µ1

...
...

µi < µi−1 − νi−1 0 < νi ≤ 1
2µi

...
...

Such a covariant P only exists for N ≥ 3, and we can even assume N > 3, because
for N = 3 we have P = (ab) and the claim is obvious. Since the sequence µ0 :=
µ, µ1, µ2, . . . , µk is decreasing, the number of symbols in P (which equals deg P )
is ≤ 2µ < 5

4N . In order to estimate the order of P we can assume that µk = 1
(otherwise we add νk = 1 and µk+1 = 1 which increases the order and the degree).
Moreover, we can assume that all νi = 1 and all pj = N . Then we find

ordP = (2k + 2)N − 2(
k∑

i=0

µi + k).

For fixed degree deg P = 2k + 2 the maximal order is obtained by putting µk =
1, µk−1 = 2, µk−2 = 3, . . . , µ1 = k, µ0 = k + 1. This gives

ordP = (2k + 2)N − 2(
k+1∑
j=1

j + k) = (2k + 2)N − (k2 + 5k + 2).

Denote this polynomial by f(k). The maximal value of f(k) is obtained for k =
2N−5

2 . Since µ = k + 1 = 2N−3
2 > 5

8N we finally get

ordP + deg P ≤ f(
5
8
N − 1) +

5
4
N =

55
64

N2 − 5
8
N + 2 <

55
64

N2.

¤

§9. Proof of the RST -Theorem

Let us shortly recall the RST -Theorem from §2.

9.1 RST-Theorem. Every covariant in the algebra BU is a linear combination of
products RST where the factors R, S and T have the following form:

• R is a covariant of order < 2N2 whose sum of order and degree is < 9N2;
• S is a product of factors of degree 1 (and order ≤ N) or of degree 2 and

order at least 2 and at most 2N − 2;
• T is a product of invariants of degree ≤ 7N − 5.
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The algebra B is defined to be

B = A0/J0 ⊗K A1/J1 ⊗ . . .⊗K Aτ = (O(W )/J)⊗ B1

where B1 is defined as B starting with W1 := (J/mJ)∗ instead of W . The result
will be obtained from this decomposition by induction using the description of the
covariants of O(W )/J given in the PQ-Theorem 8.1.

Proof. We prove the theorem by induction on N . The case N = 1 is clear by the
First Fundamental Theorem 3.1: In this case we have τ = 0 and B = A, and the
generating covariants are either of degree 1, hence of type S, or invariants of degree
2, hence of type T .
For a given N ≥ 2 we use induction on the degree of the covariant, the degree 1
case again being clear since every covariant of degree 1 is of type S.

By induction on N we can assume that each covariant in B1 can be written as
a linear combination of products R1S1T1 where

(1) R1 is a covariant of order < 2N2
1 , whose sum of order and degree is < 9N2

1 ;
(2) S1 is a product of factors of degree 1 (and order ≤ N1 and ≥ 1) and of

degree 2 and order at least 2 and at most 2N1 − 2;
(3) T1 is a product of invariants of degree ≤ 7N1 − 5.

By the PQ-Theorem 8.1 we can assume that every covariant in A/J can be written
as a linear combination of products PQ where

(1) Q is a product of covariants of degree 1 or 2;
(2) P is a covariant whose symbolic expression is of the type

P = (ab)µ(bc)ν(cd)µ1(de)ν1 · · · apa−µ
x bpb−µ−ν

x cpc−ν−µ1
x · · ·

where
µ < 5

8N 0 < ν ≤ 1
2µ

µ1 < µ− ν 0 < ν1 ≤ 1
2µ1

...
...

µi < µi−1 − νi−1 0 < νi ≤ 1
2µi

...
...

Recall that every factor of Q of degree 2 has order > N1 and ≤ 2N − 2 (Remark
8.2). Moreover, by Corollary 1 of §8, we have for o := ordP and d := deg P

d ≤ 5
4
N and o + d ≤ 55

64
N2.

Every covariant in BU is a linear combination of the transvections

[PQ, R1S1T1]λ
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(see Proposition 5.7). We have to show that every such transvection is a linear
combination of products RST satisfying the conditions of the theorem. We can
assume that T1 = 1. Indeed, T1 is an invariant and so our transvection is a product
T1 · [PQ, R1S1]λ. By induction, [PQ, R1S1]λ is a linear combination of products
RST and we can include T1 as an additional factor in T .

Now we proceed by induction on λ. If λ = 0 we are dealing with the product
PQ ·R1S1 = (PR1)(QS1). It is clear that QS1 is a product of type S. We will show
that PR1 is a covariant of type R. Denoting by d1, o1 the degree and the order of
R1 we get

ordPR1 = o + o1 <
55
64

N2 + 2N2
1 < 2N2,

ordPR1 + deg PR1 = (o + d) + (o1 + d1) <
55
64

N2 + 9N2
1 < 9N2.

Thus we can assume that the theorem is true for all covariants of smaller degree
than δ and for all λ′-transvections of degree δ with λ′ < λ. By Lemma 5.5.C it is
enough to prove the theorem for one λ-contraction U of PQ with R1S1 which can
be chosen arbitrarily.

We will denote the degrees and orders of the covariants involved as indicated in
the following table:

covariant order degree
P o d
Q ω δ
R1 o1 d1

S1 ω1 δ1

From the considerations above we can deduce that these degrees and orders satisfy
the following inequalities:

d <
5
4
N o <

55
64

N2 o + d <
55
64

N2

o1 < 2N2
1 <

9
8
N2 o1 + d1 < 9N2

1 <
81
16

N2

We also have ω ≥ δ and ω1 ≥ δ1. The first inequality follows because each factor of
Q of degree 2 has order > N1 ≥ 1, and the second is clear by assumption:

Finally, we denote o′ and d′ order and degree of the λ-contraction U of PQ with
R1S1 . Obviously, we have

o′ = o + ω + o1 + ω1 − 2λ

o′ + d′ = o + ω + o1 + ω1 − 2λ + d + δ + d1 + δ1
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We subdivide our consideration into four cases. The first three are rather special,
the last one is the main case.

I: Assume Q = S1 = 1. Then U is of type R. In fact, we have

o′ = o + o1 − 2λ <
55
64

N2 +
9
8
N2 < 2N2

o′ + d′ = o + d + o1 + d1 − 2λ <
55
64

N2 +
81
16

N2 < 9N2

II: Assume S1 = 1 and Q 6= 1. Let L be a factor of Q of order ωL ≤ 2N − 2,
Q = LQ′. If λ ≤ o + ω − ωL then we can choose the contraction U without
using the symbols of L, i.e. U = LU ′ where U ′ is a λ-contraction of PQ′ with
R1. By induction, U ′ can be written as a linear combination of products
RST and we can add L as an additional factor to S.

So we can therefore assume that λ > o + ω − ωL. Then we claim that U
is of type R. In fact,

o′ < o + ω + o1 − 2(o + ω − ωL) = o1 + ωL − (ω − ωL)− o

<
9
8
N2 + (2N − 2) < 2N2,

o′ + d′ < o + ω + o1 − 2(o + ω − ωL) + d + δ + d1

< (o1 + d1) + d + 2ωL − o− (ω − δ)

<
81
16

N2 +
5
4
N + 2(2N − 2) < 9N2.

(Here we used ω ≥ δ.)
III: Assume S1 6= 1 and Q = 1. Let M be a factor of S1 of degree 1 or 2 and of

order ωM ≤ max(N1, 2N1 − 2) < 2N1, S1 = MS′1. If λ ≤ o1 + ω1 − ωM we
can choose the contraction U without using the symbols of M , i.e. U = MU ′

where U ′ is a contraction of P with R1S1. Then we finish the proof as in
Case II.

Thus we can assume that λ > o1 + ω1 − ωM . Now we show that U is of
the type R:

o′ < o + o1 + ω1 − 2(o1 + ω1 − ωM )

< o + ωM − (ω1 − ωM ) <
55
64

N2 + ωM <
55
64

N2 + 2N1 < 2N2,

o′ + d′ < o + ω1 + o1 − 2(o1 + ω1 − ωM ) + d + δ1 + d1

< (o + d) + d1 + 2ωM − (o1 − δ1)

<
55
64

N2 +
81
16

N2 + 2ωM < 9N2.
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IV: It remains the case where S1, Q 6= 1. Let us write Q = LL1 . . . Lm and
S1 = MM1 . . . Mn as products of factors of degree 1 and 2. We may assume
that L and M have maximal order among all factors of Q (resp. S1). Let
ρ := ord(L), ρ1 := ord(M). If λ ≤ max(o + ω − ρ, o1 + ω1 − ρ1) then, as
in case II and III, we choose the contraction U in such way that it has the
factor M or L and finish the argument by induction. Thus we can assume
that λ > max(o + ω − ρ, o1 + ω1 − ρ1) ≥ max(ω − ρ, ω1 − ρ1).

IVa: Assume that m ≥ ρ1 and n ≥ ρ. We want to show that the contraction U
can be chosen in such a way that it contains an invariant of type T . For this
consider the products

LL1L2 · · ·Lρ1 , L1L2 · · ·Lρ1 , L2 · · ·Lρ1 , . . . , Lρ1 .

Their respective orders µ0, . . . , µρ1 form a decreasing sequence where the
difference of consecutive terms is ≤ ρ. Similarly, consider the products

MM1M2 · · ·Mρ, M1M2 · · ·Mρ, M2 · · ·Mρ, . . . , Mρ.

Their respective orders ν0, . . . , νρ also form a decreasing sequence where
the difference of consecutive terms is ≤ ρ1 and ν0 ≥ ρ + 1 = the number of
factors.

Assume ν0 ≤ µ0. (The case µ0 ≤ ν0 can be handled similarly.) Then all
numbers νj , j = 1, . . . , ρ, are smaller than µ0. Let µνj be the last member
of the sequence of the µi’s which is ≥ νj and consider the ρ differences
µνj − νj , j = 1, 2, . . . , ρ. They form ρ non-negative numbers, all of which
are < ρ. Indeed, for each j we have

µνj − νj < µνj − µνj+1 ≤ ρ.

Therefore, either one of the differences is 0 or two of them are equal. If
µνj − νj = 0 for some j > 0, then the products LνjLνj+1 · · ·Lρ1 and
MjMj+1 · · ·Mρ have the same order. If µνj − νj = µνk − νk for some
j > k > 0, then the products Lνk . . . Lνj and Mk . . . Mj have the same
order. Call this order π. We have π ≤ ω1 − ρ1 because in both products of
the Mi’s the factor M is missing. Hence π < λ.

This implies that we can choose the λ-contraction U of PQ with R1S1

in such way that the two subproducts of the same order π are completely
contracted to an invariant factor I of U . It’s degree is the sum of degrees
of the two subproducts. Since the first subproduct contains at most ρ1 + 1
factors, the second at most ρ, and every factor has degree 1 or 2 we obtain
deg I ≤ 2(ρ + ρ1 + 1). Now ρ ≤ 2N − 2 and ρ1 ≤ max(N1, 2N1 − 2) by
definition. If N > 2 and so N1 > 1 this gives

deg I ≤ 2(2N − 2 + 2N1 − 2 + 1) ≤ 7N − 6.
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If N = 2 and so N1 = 1 and ρ1 = 1 we find

deg I ≤ 2(2 + 1 + 1) = 8 = 7N − 6.

Therefore, I is a factor of type T . Induction on degree concludes the proof.

IVb: Assume that m ≤ ρ1−1. We want to show that the contraction U is of type
R, i.e., that o′ < 2N2 and that o′ + d′ < 9N2 .

Since Q = LL1 . . . Lm, we have ω ≤ ρρ1 and δ ≤ 2ρ1. Moreover, we have
seen above that λ > max(o + ω − ρ, o1 + ω1 − ρ1). Hence

o′ = o + ω + o1 + ω1 − 2λ < ρ + ρ1.

For N = 2 we have ρ ≤ 2, ρ1 ≤ 1 and so o′ < 3 < 2N2. For N > 2 we have
ρ ≤ 2N − 2, ρ1 ≤ 2N1 − 2 ≤ 3

2N − 2. This gives o′ ≤ 7
2N − 4 < 2N2, hence

o′ < ρ + ρ1 < 2N2

On the other hand we find

o′ + d′ = o + ω + o1 + ω1 − 2λ + d + δ + d1 + δ1

< o + ω + o1 + ω1 − 2(o1 + ω1 − ρ1) + d + δ + d1 + δ1

< (o + d) + (ω + 2ρ1 + δ) + d1 − (ω1 − δ1)

<
55
64

N2 + (ρ + 4)ρ1 +
81
16

N2

For N > 2, we have ρ ≤ 2N − 2 and ρ1 ≤ 2N1 − 2. Therefore

(ρ + 4)ρ1 ≤ (2N + 2)(2N1 − 2) < 4NN1 ≤ 3N2

and this also holds for N = 2. Therefore

o′ + d′ < (
55
64

+ 3 +
81
16

)N2 < 9N2.

This shows that U is of type R.
IVc: Assume finally that n ≤ ρ− 1. Again this will imply that U is of type R.

Since S1 = MM1 · · ·Mn we have ω1 ≤ ρρ1 and δ1 ≤ 2ρ1. As in the
previous case we find

o′ < ρ + ρ1 ≤ 2N2

and

o′ + d′ < (o1 + d1) + (ω1 + 2ρ + δ1) + d− (ω − δ)

<
81
16

N2 + ρ(ρ1 + 4) +
5
4
N < 9N2.

The finishes the proof of the RST -Theorem. ¤
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§10. The action of GLm and the type of a covariant

In the following section we will use Jordan’s method to determine a minimal
generating system for the covariants of (several copies of) binary quadratics and
binary cubics. For that purpose let us first make some general remarks.

10.1 The action of GLm. Let W := M⊗VN where M is an arbitrary vector space
of dimension m. Choosing a basis {u1, u2, . . . , um} we can identify W with V m

N .
Clearly, the group GL(M)×SL2 acts on W and therefore also on the coordinate ring
O(W ). From Cauchy’s formula (see [GW98, Cor. 4.5.19]) we get the decomposition

O(W ) =
⊕

ht µ≤N+1

Sµ(M∗)⊗ Sµ(V ∗N ) (1)

where µ runs through the partitions of height ≤ dimVN = N + 1 and Sµ denotes
the corresponding Schur functor (cf. [ABW82]; we assume that dimM is large,
i.e. ≥ N + 1.) Moreover, we have Sµ(M∗) ⊗ Sµ(V ∗N ) ⊂ O(W )|µ| where |µ| :=
µ1 +µ2 +µ3 + · · · is the length of the partition. We can further decompose the SL2

representation Sµ(V ∗N ) using the formulas of Jacobi-Trudi and Sylvester (see
[Sch68, §7 Satz 2.22]) or the computer program LiE [Lie92].

It follows that a minimal system of generators for the covariants of W can be
chosen to be a direct sum of subspaces of the form Sµ(M∗)⊗Ve ⊂ O(W )d. Thus, a
generating covariant for W of order e and degree d always comes coupled with an
irreducible representation Sµ of GL(M) where |µ| = d.

For our purpose, it is more convenient to pass to the dual partition µ′ of µ and
to use the notation Sµ′ instead of Sµ. Thus Sk is the k-th symmetric power and
S1,1,... ,1 =

∧k is the k-th exterior power.

10.2 The type of a covariant. There is another important point here, relating
the considerations above to the symbolic method and to what is classically called
the type of a covariant. Consider a symbolic expression

P = Pλ,σ =
∏
a6=b

(ab)λa,b
∏
c

cσc
x

in the symbols a, b, c, . . . from the set J where every symbol has weight N , i.e.,
it appears N times in P . In order to define a covariant ϕP corresponding to P
(shortly, a covariant of type P ) we have to associate to every symbol a occurring
in P a copy of VN in W = V m

N . (Then the sum e of the exponents σc in P is equal
to the order of the covariant and the number d of different symbols in P is equal
to the degree of the covariant, see §4).

More generally, we can choose for every symbol a an (non-zero) element ua ∈M
to obtain a covariant of W = M ⊗ VN of degree d and order e in the obvious
way. Doing this in all possible ways the corresponding covariants linearly span a
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subspace CP of O(M⊗VN )d of the form CP = TP⊗Ve where TP is a (not necessarily
irreducible) representation of GL(M). We will express this by saying that TP ⊗ Ve

are the covariants of type P or that the covariants of type P form the subspace
TP ⊗ Ve.

The classical results describe a “minimal” generating set for the covariants in
terms of these types, i.e. by giving the symbolic expressions. We will complete this
by describing the irreducible types, i.e., the spaces T ′ ⊗ Ve where T ′ ⊂ TP are the
irreducible subspaces which are needed to form a minimal generating system.

There is a nice method due to Burckhardt [Bu98] which describes the sub-
space TP associated to a symbolic expression P . For this we consider the obvious
linear action of the summetric group Sn (n = |J |) on the symbolic algebra SymbJ
(3.4). In the following statement we use the Schur-duality between irreducible re-
presentations of the symmetric group and the general linear group: The irreducible
representations Lµ of Sn are parametrized by partitions µ of length |µ| = n and
thus give rise to irreducible representations Sµ(M) (and Sµ(M∗)) of GL(M).

10.3 Proposition. Let P be a symbolic expression in the letters a ∈ J and denote
by SnP ⊂ SymbJ the Sn-stable subspace spanned by P . If SnP =

⊕
i Lµi is the

decomposition into irreducible components then TP =
⊕

i Sµi(M∗).

§11. The Covariants of binary quadratics

In this section and the following we use Jordan’s method to determine a minimal
generating system for the covariants of (several copies of) binary quadratics and
binary cubics. These results are classical and can be found in the book [GY03] of
Grace and Young. However, in the case of cubics we will give a more precise
statement using representation theory of the general linear group.

11.1 Binary quadratics (N = 2). Take W := M ⊗V2 where M is a vector space
of dimension m ≥ 3. According to Jordan’s method we have to look at the ideal
J ⊂ O(W ) generated by all covariants of degree ≤ 3 and order ≤ N1 = b 3

4Nc = 1
and describe the covariants of O(W )/J . Since all covariants of W are of even order
(the center ±E acts trivially!) the ideal J is generated by invariants.

Now we use the following decompositions of the coordinate ring O(W ) in low
degrees. They follow from Cauchy’s formula and the decompositions of the Schur
functors SλV2. (We have been using the program LiE [Lie92] to obtain these de-
compositions.)

O(W )1 = M∗ ⊗ V2,

O(W )2 = S2M∗ ⊗ (V4 ⊕ V0)
⊕ ∧2

M∗ ⊗ V2,

O(W )3 = S3M∗ ⊗ (V6 ⊕ V2)
⊕

S2,1M∗ ⊗ (V4 ⊕ V2)
⊕ ∧3

M∗ ⊗ V0,

O(W )4 = S4M∗ ⊗ (V8 ⊕ V4 ⊕ V0)
⊕

S3,1M∗ ⊗ (V6 ⊕ V4 ⊕ V2)
⊕

S2,2M∗ ⊗ (V4 ⊕ V0)
⊕

S2,1,1M∗ ⊗ V2.

(1)
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It follows that the ideal J is generated by the invariants of type (ab)2 in degree
2 and (ab)(bc)(ca) in degree 3, corresponding to the subspaces S2M∗ ⊗ V0 and∧3

M∗ ⊗ V0 which form the isotypic components of V0 in degree 2 and 3.

11.2 Lemma.

(a) The ideal J contains all invariants. It is generated by the invariants of
type (ab)2 and (ab)(bc)(ca) corresponding to the subspaces S2M∗ ⊗ V0 and∧3

M∗ ⊗ V0 in degree 2 and 3.
(b) The covariants of O(M ⊗ V2)/J are generated by the covariants of type a2

x

and (ab)axbx corresponding to the subspaces M∗ ⊗ V2 and
∧2

M∗ ⊗ V2 in
degree 1 and 2. Moreover, (

∧2
M∗ ⊗ V2)2 = (0) in O(M ⊗ V2)/J .

(c) All covariants of degree 3 and order ≤ 2 and of degree 4 and order ≤ 4
belong to J , and we have

(O(M ⊗ V2)/J)3 = S3M∗ ⊗ V6

⊕
S2,1M∗ ⊗ V4,

(O(M ⊗ V2)/J)4 = S4M∗ ⊗ V8

⊕
S3,1M∗ ⊗ V6.

(2)

In Proposition 11.5 we will complete the picture by giving a description of the
algebra O(M ⊗ V2)/J as a GL(M)× SL2-module. In order to determine a minimal
system of generators in the following proposition we will only need item (a) and
the first part of (b).

Proof. We have already shown the second part of (a). Looking at the PQ-Theorem
8.1 we see that the covariants of O(W )/J are generated by covariants of degree ≤ 2,
because the only covariants of the form P are of type (ab)axbx (see Remark 8.2).
Thus we get the first part of assertion (b). In particular, O(W )/J doesn’t contain
any invariants and so the first part of (a) follows, too.

For the second part of (b) we remark that (
∧2

M∗ ⊗ V2)2 consists of covariants
of degree 4 and order ≤ 4. We will see below that these covariants all belong to J
(see the second formula in item (c)).

For (c) we look again at the decompositions (1). From the abc-Theorem 6.7
we see that every covariant of degree 3 and order ≤ 2 belongs to J . In degree 4,
Proposition 7.1 implies that modulo J every covariant is a linear combination of
covariants of types a2

xb2
xc2

xd2
x, (ab)axbxc2

xd2
x and (ab)2d2

xe2
x. The last one belongs

to J and the second corresponds to the subspace S3,1M∗ ⊗ V6, because this is the
isotypic component of V6 in degree 4. This gives the first part of (c), and the second
follows, because J , being generated by invariants of degree ≥ 2, can only contain
covariants of order ≤ 2d in degree d + 2. ¤

11.3 Proposition. A minimal generating system for the covariants of binary qua-
dratics V m

2 (= M ⊗ V2) is given by the covariants of type a2
x and (ab)axbx, and the



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 39

invariants of type (ab)2 and (ab)(bc)(ca). They correspond to the following subspaces
in O(M ⊗ V2):

a2
x : M∗ ⊗ V2 ⊂ O(M ⊗ V2)1

(ab)axbx :
∧2

M∗ ⊗ V2 ⊂ O(M ⊗ V2)2

(ab)2 : S2M∗ ⊗ V0 ⊂ O(M ⊗ V2)2

(ab)(bc)(ca) :
∧3

M∗ ⊗ V0 ⊂ O(M ⊗ V2)3

Proof. The following general fact is well-known and easy to prove: If I ⊂ A is an
ideal generated by invariants, then we obtain a generating set for the covariants of
A by taking a generating set of the ideal I consisting of invariants together with
the liftings of a generating set of the covariants of A/I to A.

Now it follows from Lemma 11.2 (a) and (b) that the given set generates the
covariants and that the corresponding subspaces have the given form. It is obvious
that the set is minimal. ¤
11.4 Remarks. (a) If we denote by F a covariant of type a2

x, then the other
generators listed in the proposition are given by the following transvections:

F, [F, F ]1, [F, F ]2, [[F, F ]1, F ]2.

This is clear because the corresponding isotypic components in degree 1, 2 and 3
are irreducible (see the decompositions (1) in 11.1).

(b) The above results already show the strength of the general methods developed
in §6–8, in particular of the PQ-Theorem, even in this “very small” case. Of course,
there is also a direct argument for the first claim of the proposition, based on certain
simple relations between symbolic expressions. In fact, the only indecomposable
covariant of W of category 2 is (ab)2. All others have category ≤ 1 and are therefore
of the form (ab)(bc)(cd) · · · (fg)(ga) or (ab)(bc)(cd) · · · (fg)axgx. Now we have the
following relations:

2(ab)(bc)(cd)(da) = (ab)2(cd)2 + (bc)2(ad)2 − (ac)2(bd)2,

2(ab)(bc)(cd)(de) = (bc)(cd)(db)(ae)− (cd)2(ab)(be)−
(bc)2(ad)(de) + (bd)2(ac)(ce).

(3)

They show that all symbolic expressions are reducible if they contain at least 4
symbols, i.e., are of degree ≥ 4. Thus the only possible candidates for the generating
system are those given in the proposition.

An interesting observation is the geometric interpretation of the ideal J . Recall
that the nullcone N of W = V2

m is defined by the vanishing of all homogeneous
invariants of positive degree. One knows that N is the set of all m-tuples of quadra-
tics which are all squares of the same linear form, up to a scalar (see 4.4 Example
(7)). This can also be seen by using the Hilbert Criterion (cf. [Kr85, III.2]).
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11.5 Proposition. The radical
√

J is generated by all invariants of positive degree
together with the covariants of type (ab)axbx. The ideal

√
J is prime and its zero

set is the nullcone N ⊂W . Moreover, we have the following decompositions:

O(M ⊗ V2)/
√

J '
⊕
j≥0

SjM∗ ⊗ V2j and

O(M ⊗ V2)/J '
⊕
j≥0

(
SjM∗ ⊗ V2j ⊕ Sj−1,1M∗ ⊗ V2j−2

)
.

Proof. Denote by I the ideal generated by J and
∧2

M∗ ⊗ V2. It follows from
Lemma 11.2 (b) that I2 ⊂ J , because (

∧2
M∗ ⊗ V2)2 ⊂ J , and that the covariants

of O(W )/I are generated by M∗ ⊗ V2. Therefore, O(W )/I '
⊕

j≥0 SjM∗ ⊗ V2j

and (O(W )/I)U ' S(M∗). Moreover, both algebras are integral domains. This is
obvious for the second. For the first we simply remark that every GL(M) ⊗ SL2-
stable ideal 6= (0) in O(W )/I is of finite codimension since it has to contain one of
the irreducible subspaces SjM∗⊗V2j . It follows that I =

√
J , that

√
J is prime and

that O(W )/
√

J '
⊕

j≥0 SjM∗⊗V2j . It remains to prove the second decomposition
formula.

By Lemma 11.2 (b) the covariants of O(W )/J are generated by M∗ ⊗ V2 and∧2
M∗ ⊗ V2, and (

∧2
M∗ ⊗ V2)2 = (0) in O(W )/J . Therefore, the only representa-

tions of SL2 which can appear in degree j are V2j and V2j−2, and we have

(O(M ⊗ V2)/J)j = SjM∗ ⊗ V2j + Sj−2M∗ ⊗ V2j−4 ·
∧2

M∗ ⊗ V2.

By Pieri’s formula we have Sj−2M∗⊗
∧2

M∗ ' Sj−1,1M∗⊕Sj−2,1,1M∗ (see [FH91,
(6.9)] or [GW98, Cor. 9.2.4]). On the other hand, Cauchy’s formula 10.1(1) gives

O(M ⊗ V2)j '
⊕
|µ|=j

SµM∗ ⊗ SµV2.

Since V2j−2 appears in Sj−1,1V2, but not in Sj−2,1,1V2 (⊂ Sj−3V2), we finally get
that Sj−2M∗ ⊗ V2j−4 ·

∧2
M∗ ⊗ V2 = Sj−1,1M∗ ⊗ V2j−2, hence the claim. ¤

§12. The covariants of binary cubics

The next case we treat is the case of several cubics (N = 3). This can also be
found in the book of Grace and Young ([GY03]). In [Sch87] Schwarz gave a
rigorous proof of the description of the ring of invariants and their relations. Here
we show that Jordan’s approach is essentially the algorithm given by Grace and
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Young. Their proof will therefore be shown to be correct. As mentioned above, we
are able to improve their result by using representation theory.

We take W := M ⊗ V3 where M is a vector space of dimension m ≥ 4. For later
references let us write down the decompositions of the O(W ) in low degrees:

O(W )1 =M∗ ⊗ V3,

O(W )2 =S2M∗ ⊗ (V6 ⊕ V2)
⊕∧2

M∗ ⊗ (V4 ⊕ V0),

O(W )3 =S3M∗ ⊗ (V9 ⊕ V5 ⊕ V3)
⊕

S2,1M∗ ⊗ (V7 ⊕ V5 ⊕ V3 ⊕ V1)
⊕∧3

M∗ ⊗ V3,

O(W )4 =S4M∗ ⊗ (V12 ⊕ V8 ⊕ V6 ⊕ V4 ⊕ V0)
⊕

S3,1M∗ ⊗ (V10 ⊕ V8 ⊕ 2V6 ⊕ V4 ⊕ 2V2)
⊕

S2,2M∗ ⊗ (V8 ⊕ 2V4 ⊕ V0)
⊕

S2,1,1M∗ ⊗ (V6 ⊕ V4 ⊕ V2)
⊕∧4

M∗ ⊗ V0.

(1)

The formulae show that in degree 4 the representations S3,1M∗ ⊗ V6, S3,1M∗ ⊗ V2

and S2,2M∗ ⊗ V4 appear with multiplicity 2.
Following Jordan’s method we consider the ideal J ⊂ O(W ) generated by

all covariants of degree 2 and 3 and of order ≤ N1 = b 3
4Nc = 2. In degree 2,

these are the covariants of type (ab)3 and (ab)2axbx corresponding to the subspaces∧2
M∗ ⊗ V0 and S2M∗ ⊗ V2. In degree 3, the only covariant of order ≤ 2 is of

type (ab)2(ac)(bc)cx corresponding to the subspaces S2,1M∗ ⊗ V1. However, by
Example 6.6, every covariant of category ≥ 2 belongs to the ideal I generated by
the covariants of type (ab)3 and (ab)2axbx, and so J is generated by these two types.
This proves the first assertion of the following lemma.

12.1 Lemma.
(1) The ideal J is generated by the covariants of type H = (ab)2axbx and the

invariants of type I = (ab)3 corresponding to the subspaces S2M∗ ⊗ V2 and∧2
M∗ ⊗ V0 in degree 2. It contains all invariants.

(2) The covariants of O(W )/J are generated by those of type F = a3
x and

∆ = (ab)a2
xb2

x corresponding to the subspaces M∗ ⊗ V3 and
∧2

M∗ ⊗ V4 in
degree 1 and 2.

Proof. (1) We have already proved the first assertion. The second follows from (2)
since O(W )/J doesn’t contain any invariants.

(2) This is a consequence of the PQ-Theorem 8.1 which shows that every symbolic
expression of type P has the form P = (ab)a2

xb2
x which is of degree 2 (see Remark

8.2). ¤
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By Lemma 12.1(1) the subspace E = S2M∗⊗V2⊕
∧2

M∗⊗V0 ⊂ J is a minimal
homogeneous and SL2-stable subspace generating the ideal J . Put

W1 := E∗ = S2M ⊗ V2 ⊕
∧2

M ⊗ V0.

We denote by H and I the linear covariant and invariant corresponding to the
subspace S2M∗ ⊗ V2 ⊂ O(W1)1 and

∧2
M∗ ⊗ V0 ⊂ O(W1)1. Then it follows from

Proposition 11.3 and Remark 11.4(a) that the covariants of W1 are generated by
the invariants I, I ′ := [H, H]2 and I ′′ = [[H, H]1, H]2, and the covariants H and
K := [H, H]1 corresponding to the following subspaces:

I :
∧2

M∗ ⊗ V0 ⊂ O(W1)1

I ′ : S2(S2M∗)⊗ V0 ⊂ O(W1)2

I ′′ :
∧3(S2M∗)⊗ V0 ⊂ O(W1)3

H : S2M∗ ⊗ V2 ⊂ O(W1)1

K :
∧2(S2M∗)⊗ V2 ⊂ O(W1)2

Our next step is to determine the “irreducible” covariants of the tensor pro-
duct (O(W )/J) ⊗ O(W1). We know from our general approach in §2 that their
images under the canonical homomorphism Φ: (O(W )/J)⊗O(W1)→

⊕
i J i/J i+1 =

grJ O(W ) will generate the covariants of grJ O(W ) and lift to a generating set for
the covariants of O(W ).

12.2 Lemma. The covariants of (O(W )/J) ⊗ O(W1) are generated by the cova-
riants of O(W )/J , the covariants of O(W1) and the following transvections

[F, H]1, [F, H]2, [F, H1H2]3, [F1F2, H1H2H3]6,

[F, K]1, [F, K]2, [F, HK]3, [F1F2, H1H2K]6, (2)

[∆, H]1, [∆, H]2, [∆, H1H2]3, [∆, H1H2]4,

[∆, K]1, [∆, K]2, [∆, HK]3, [∆, HK]4,

where the symbols F and ∆ denote the covariants of O(W )/J of type a3
x and

(ab)a2
xb2

x, respectively, W1 = S2M ⊗V2⊕
∧2

M ⊗V0, and the symbols H denote the
linear covariants of O(W1) of order 2 (of type f2

x) and K = [H, H]1 the quadratic
covariants of O(W1) of order 2 (of type (fg)fxgx).

(We will see below that the covariants [F, K]1, [∆, H]1 and [∆, K]1 are reducible
and can therefore be deleted from the list above.)



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 43

Proof. We first recall that the covariants of the tensor product O(W )/J ⊗O(W1)
are generated by the invariants of O(W )/J , the invariants of O(W1) and all trans-
vections of the form

[F1 · · ·Fα∆1 · · ·∆β , H1 · · ·Hγ ]` and [F1 · · ·Fα∆1 · · ·∆β , H1 · · ·HγK]`

where the symbols have the same meaning as in the Lemma. This follows from
Proposition 5.7 and the fact that the covariants of O(W1) are linearly spanned by
the products TH1H2 · · ·Hγ and TH1H2 · · ·HγK where T is an invariant.

According to Proposition 5.7 we have to show that for all these transvections
except those listed in the Lemma there is a decomposable `-contraction of the
two monomials L := F1F2 · · ·Fα∆1∆2 · · ·∆β and R := H1H2 · · ·Hγ or R :=
H1H2 · · ·HγK.

If the left hand side L contains a factor ∆ then L = ∆. Otherwise, there is a
decomposable contraction because all factors of the right hand side have order 2
(and ∆ has order 4). In this case the right hand side R has at most two factors.
This gives the last two lines of the list (1) in the Lemma.

Thus we can assume that L = F1F2 · · ·Fα. Since H and K have order 2 it is
clear that there is always a decomposabel contraction of L with R := H1H2 · · ·Hγ

and R := H1H2 · · ·HγK in case L has three or more F -factors. Thus L = F or
L = F1F2, and it is easy to see that we are left with those given in the first two
lines of the list (1) in the Lemma. ¤
12.3 Lifting covariants to O(W ). We obtain a first set of generators for the
covariants of the binary cubics V m

3 = W by lifting the covariants listed in Lemma
12.2 to O(W ). This lift is obvious for the generators F , ∆ of O(W )/J and for
the covariants H and I of O(W1) since they are already given in symbolic form in
Lemma 12.1 (we use the same symbol for the lift but with a tilde):

F̃ = a3
x, ∆̃ = (ab)a2

xb2
x, H̃ = (ab)2axbx and Ĩ = (ab)3.

They correspond to the subspaces M∗⊗V3,
∧2

M∗⊗V4, S2M∗⊗V2 and
∧3

M∗⊗V0.
The other generators are given as transvections. Therefore, we get a lift by forming
the corresponding transvections in O(W ), e.g.

[H̃, H̃]1, [H̃, H̃]2, [F̃ , H̃]1, [F̃ , H̃K̃]3, [∆̃, H̃1H̃2]3, etc.

On the other hand we know that we can always replace these transvections by
arbitrary chosen contractions. In particular, we will use K̃ := (ab)2(bc)(cd)2axdx

instead of [H̃, H̃]1 and Ĩ ′ := (ab)2(bc)(cd)2(da) instead of [H̃, H̃]2.

Remarks. (a) It follows from 5.5 Lemma C that the difference K̃ − [H̃, H̃]1 is a
sum of covariants of type ĨH̃. This implies that K̃ ∈ J2 because [H, H]1 ∈ J2.
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Similarly, we see that Ĩ ′ = (ab)2(bc)(cd)2(da) belongs to J2. In fact, Ĩ ′− [H̃, H̃]2 is
a sum of invariants of type Ĩ Ĩ, again by 5.5 Lemma C.

(b) It follows from Proposition 11.3 and Remark 11.4(a) that the subspace cor-
responding to the covariant [H̃, H̃]1 lies in the image of

∧2(S2M∗)⊗V2 in O(W )4.
This space is irreducible because

∧2(S2M∗) = S3,1M∗. Thus, in the notation of
10.2, we have T[H̃,H̃]1

⊗V2 = S3,1⊗V2. Similarly, we see that T[H̃,H̃]2
⊂ S2(S2M∗) =

S4M∗ ⊕ S2,2M∗ and T[[H̃,H̃]1,H̃]2
⊂
∧3(S3M∗) = S4,1,1M∗ ⊕ S3,3M∗.

(c) Using Proposition 10.3 one can show that the covariants of type K̃ form the
subspace TK̃ ⊗ V2 = (S3,1 ⊕ S2,1,1) ⊗ V2 ⊂ O(W )4 and that the remaining part
of the isotypic component of V2 in degree 4 is obtained from the product ĨH̃ =
(ab)3(cd)2cxdx whose corresponding subspace is TĨH̃ ⊗ V2 = (S3,1 ⊕ S2,1,1)⊗ V2.

From now on we are mostly dealing with covariants of O(W ) and we will remove
the tilde from the notation above if there is no danger of confusion. From our
considerations so far we obtain the following list of generators for the covariants of
binary cubics:

F = a3
x, ∆ = (ab)a2

xb2
x, H = (ab)2axbx, K = (ab)2(bc)(cd)2axdx,

I = (ab)3, I ′ = [H, H]2, I ′′ = [[H, H]1, H]2
[F, H]1, [F, H]2, [F, H1H2]3, [F1F2, H1H2H3]6, (3)

[F, K]1, [F, K]2, [F, HK]3, [F1F2, H1H2K]6,

[∆, H]1, [∆, H]2, [∆, H1H2]3, [∆, H1H2]4,

[∆, K]1, [∆, K]2, [∆, HK]3, [∆, HK]4.

12.4 Reduction by universal relations. We apply the results of the following
section 13 to reduce further the list of generators. We check for every transvection
listed above in 12.3(3) if there is suitable contraction such that Proposition 13.1 or
13.2 applies. In this case, the contraction is reducible and thus can be deleted from
the list.

It is easy to see that Proposition 13.1 applies to the following transvections:

[∆, H]1 : (ab)(bc)(cd)2a2
xbxdx

[∆, K]1 : (ab)(bc)(cd)2(de)(ef)2a2
xbxfx

[∆, H1H2]3 : (ab)2(bc)(cd)(de)(df)(ef)2axcx

[∆, HK]3 : (ab)2(bc)(cd)2(de)(ef)(fg)(fh)(gh)2axex

[F, K]1 : (ab)(bc)2(cd)(de)2a2
xex

[F, HK]3 : (ab)2(bc)(cd)2(de)(ef)(eg)(fg)2ax

[F1F2, H1H2H3]6 : (ab)2(ac)(bc)(cd)(de)2(ef)(fg)(fh)(gh)2

[F1F2, H1H2K]6 : (ab)2(ac)(bc)(cd)(de)2(ef)(fg)2(gh)(hl)(hm)(lm)2
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In the same way we can use Proposition 13.2 to show that [∆, K]2 is reducible:

[∆, K]2 : (ab)(bc)(cd)2(de)(ef)2(fa)axbx

12.5 Reduction by the lifting procedure. Let [A, B]` be one of the transvec-
tions of Lemma 12.2 where A is a covariant of O(W )/J and B a covariant of O(W1).
Recall that “lifting” to O(W ) means to take first the image under the canonical
homomorphism Φ:O(W )/J ⊗ O(W1) →

⊕
i J i/J i+1 = grJ O(W ) and then to lift

it to O(W ). Such a lift for [A, B]` is obtained by lifting A, B to Ã, B̃ and then
forming the transvection [Ã, B̃]` in O(W ).

Now assume that B ∈ O(W1)k and so Φ([A, B]`) ∈ Jk/Jk+1. If there is an `-
contraction T of Ã and B̃ such that T ∈ Jk+1 then C̃ := [Ã, B̃]` − T is also a lift
of [A, B]`. But according to 5.5 Lemma C this difference is expressible by lower
transvections. Thus we can remove [Ã, B̃]` from our list of generators.

We claim that this method applies to the transvections

[∆, H]2, [∆, H1H2]4, and [∆, HK]4.

(a) We have H ∈ O(W1)1, and so Φ([∆, H]2) ∈ J/J2. Consider the 2-contraction
(ab)2(bc)(cd)(da)cxdx of ∆̃ and H̃. It can be written in the form

2(ab)2(bc)(cd)(da)cxdx =
1
2
(ab)

(
(ab)2(cd)2 + (bc)2(ad)2 − (ac)2(bd)2

)
cxdx

= (ab)3(cd)2cxdx + (da)2(ab)(bc)2dxcx−
(ca)2(ab)(bd)2cxdx

(see Remark 11.4(b)). It shows that (ab)2(bc)(cd)(da)cxdx ∈ J2. In fact, the first
expression is of type ĨH̃ ∈ J2 and the two others of type K̃ where K̃ ∈ J2 by
Remark 12.3(a).

(b) We have Φ([∆, H1H2]4) ∈ J2/J3. Consider the following 4-contraction of ∆̃
and H̃1H̃2:

C = (ab)2(ac)(bd)(cd)(ce)(df)(ef)2.

It can be considered as a 2-contraction of A = (ab)2(ac)(bd)(cd)cxdx with H̃ =
(ef)2exfx. The first belongs to J2 by (a) and the second to J . Thus [A, H̃]2 ∈ J3.
From 5.5 Lemma C we see that C − [A, H̃]2 is a sum of products of invariants of
type Ĩ ′ = (ab)2(ac)(bd)(cd)2 and Ĩ = (ef)3, and Ĩ ′ ∈ J2 by Remark 12.3(a) and
Ĩ ∈ J .

(c) We have Φ([∆, HK]4) ∈ J3/J4. Consider the following 4-contraction of ∆̃
and H̃K̃:

D = (ab)2(ac)(bd)(cd)(ce)(ef)2(dg)(gh)2(fh)
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It can be considered as a 2-contraction of A = (ab)2(ac)(bd)(cd)cxdx with K where
both belong to J2 by (a) and Remark 12.3(a). As above, we find that D − [A, K]2
is a sum of products Ĩ ′Ĩ ′ ∈ J4 and so D ∈ J4.

Finally, we claim that only one of the two transvections [F, K]2 and [F, H1H2]3
is needed in the generating system. First, we can replace [F, H1H2]3 by the 3-
contractions C = (ab)(ac)(ad)(bc)2(de)2ex of F with H1H2. Now C = [F, M ]2
where M := (ab)(bc)(bd)(cd)2a2

x, because there is only one 2-contraction of F with
M . Inspecting the list of generators given in 12.3(3) we see that the covariants of
degree 4 and order 2 are linearly spanned by K, HI and [∆, H]2. Since [∆, H]2 is
reducible (12.4), it follows that M is a linear combination of K and HI. Therefore,
C = [F, M ]2 is a linear combination of [F, K]2 and the reducible covariant [F, H]2I
and the claim follows.

Summing up we have proved the following result. We write C(d,e) to indicate that
the covariant is of degree d and order e. Moreover, we use the notation “[A, B]j : P”
in order to indicate that the symbolic expression P is a j-contraction of A and B
and that P can be used in place of [A, B]j in the generating system. In some special
cases, there is only one j-contraction and so [A, B]j = P .

12.6 Proposition. The following types form a generating system for the covariants
of binary cubics V m

3 :

F(1,3) = a3
x, ∆(2,4) = (ab)a2

xb2
x, H(2,2) = (ab)2axbx, I(2,0) = (ab)3,

K(4,2) = [H, H]1 : (ab)2(bc)(cd)2axdx, I(4,0) = [H, H]2 : (ab)2(bc)(cd)2(da),

I(6,0) = [[H, H]1, H]2 : (ab)2(bc)(cd)2(de)(ef)2(fa),

C(3,3) = [F, H]1 : (ab)(bc)2a2
xcx, C(3,1) = [F, H]2 = (ab)(ac)(bc)2ax

One of the two types D(5,1) = [F, K]2 = (ab)(bc)2(cd)(de)2(ea)ax

or D′(5,1) = [F, H2]3 : (ab)2(bc)(cd)(ce)(de)2ax.

In particular, the covariants are generated by those of order ≤ 4 and degree ≤ 6.

We have already mentioned earlier that the subspace TC ⊗ Ve generated by the
covariants of type C (given as a symbolic expressions or as a transvection of those)
is, in general, not an irreducible representation of GL(M)×SL2 (see 10.2, 10.3 and
Remark 12.3(b)). We will now give the exact list of “irreducible” subspaces which
minimally generate the covariants. This approach is beyond the methods employed
by the classics and so the result seems to be new.

12.7 Theorem. The covariants of binary cubics V m
3 = M ⊗ V3 are generated

by 10 types of covariants corresponding to the following irreducible subspaces of
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O(M ⊗ V3):

(1) Three types of invariants in degree 2, 4 and 6:

∧2
M∗ ⊗ V0 = T(ab)3 ⊗ V0 ⊂ O(W )2

S4M∗ ⊗ V0 ⊂ T[H,H]2 ⊗ V0 ⊂ O(W )4

S3,3M∗ ⊗ V0 ⊂ T[[H,H]1,H]2 ⊗ V0 ⊂ O(W )6

(2) Two types of covariants of order 1 in degree 3 and 5:

S2,1M∗ ⊗ V1 ⊂ T[F,H]2 ⊗ V1 ⊂ O(W )3

S4,1M∗ ⊗ V1 ⊂ T[F,K]2 ⊗ V1 ⊂ O(W )5

(3) Two types of covariants of order 2 in degree 2 and 4:

S2M∗ ⊗ V2 ⊂ TH=(ab)2axbx ⊗ V2 ⊂ O(W )2

S3,1M∗ ⊗ V2 = T[H,H]1 ⊗ V2 ⊂ T(ab)2(bc)(cd)2axdx ⊗ V2 ⊂ O(W )4

(4) Two types of covariants of order 3 in degree 1 and 3:

M∗ ⊗ V3 = TF=a3
x
⊗ V3 ⊂ O(W )1

S3M∗ ⊗ V3 ⊂ T[F,H]1 ⊗ V3 ⊂ O(W )3

(5) One type of covariant of order 4 in degree 2:

∧2
M∗ ⊗ V4 ⊂ T∆=(ab)a2

xb2
x
⊗ V4 ⊂ O(W )2

Proof. We first rewrite the types C = Cd,e listed in Proposition 12.6 indicating what
we know about the corresponding subspaces TC⊗Ve ⊂ O(W )d. For the covariants of
type F , ∆, H and I they are known because in these cases the isotypic component of
Ve in O(W )d is irreducible (see the decompositions (1) at the beginning of §12). For
[H, H]1, [H, H]2 and [[H, H]1, H]2 the description follows from Remark 12.3(b). For
the other types we use the obvious fact that T[A,B]j ⊂ TA⊗TB for any j ≥ 0. For the
covariant [F, H]2 of order 1 this gives T[F,H]2 ⊂ TF ⊗TH = M∗⊗S2M∗ = S3M∗⊕
S2,1M∗. But S3M∗⊗V1 does not occur in O(W )3 and so T[F,H]2⊗V1 = S2,1M∗⊗V1

is irrducible.
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F = a3
x : TF ⊗ V3 = M∗ ⊗ V3 ⊂ O(W )1

∆ = (ab)a2
xb2

x : T∆ ⊗ V4 =
∧2

M∗ ⊗ V4 ⊂ O(W )2

H = (ab)2axbx : TH ⊗ V2 = S2M∗ ⊗ V2 ⊂ O(W )2

I = (ab)3 : TI ⊗ V0 =
∧2

M∗ ⊗ V0 ⊂ O(W )2

[H, H]1 : T[H,H]1 ⊗ V2 =
∧2(S2M∗)⊗ V2 =

= S3,1M∗ ⊗ V2 ⊂ O(W )4

[H, H]2 : T[H,H]2 ⊗ V0 ⊂ S2(S2M∗)⊗ V0 =

= (S4M∗ ⊕ S2,2M∗)⊗ V0 ⊂ O(W )4

[[H, H]1, H]2 : T[[H,H]1,H]2 ⊗ V0 ⊂
∧3(S2M∗)⊗ V0 =

= (S4,1,1M∗ ⊕ S3,3M∗)⊗ V0 ⊂ O(W )6

[F, H]1 : T[F,H]1 ⊗ V3 ⊂ (M∗ ⊗ S2M∗)⊗ V3 =

= (S3M∗ ⊕ S2,1M∗)⊗ V3 ⊂ O(W )3

[F, H]2 : T[F,H]2 ⊗ V1 = S2,1M∗ ⊗ V1 ⊂ O(W )3

[F, K]2 : T[F,K]2 ⊗ V1 ⊂ (M∗ ⊗ S3,1M∗)⊗ V1 =

= (S4,1M∗ ⊕ S3,2M∗ ⊕ S3,1,1M∗)⊗ V1 ⊂ O(W )5

[F, H2]2 : T[F,H1H2]2 ⊗ V1 ⊂ (M∗ ⊗ S2(S2M∗)⊗ V1 =

= (S5M∗ ⊕ S4,1M∗ ⊕ S3,2M∗ ⊕ S2,2,1M∗)⊗ V1

⊂ O(W )5

In order to reduce this list further, we proceed by degree and try to determine the
subspaces which are obtained by forming products of previous covariants. For this
we can use the following remark. Let A and B be two covariants with corresponding
irreducible subspaces TA⊗Ve and TB⊗Vf , and denote by T ⊂ TA⊗TB the Cartan
component. Then we get for the subspace corresponding to the product AB the
following inclusions

T ⊗ Ve+f ⊂ TAB ⊗ Ve+f ⊂ (TA ⊗ TB)⊗ Ve+f . (∗)

(a) In degree 1 there is only the covariant F and TF = M∗ is irreducible.

(b) In degree 2 we have three types, ∆, H and I, where T∆ =
∧2

M∗, TH = S2M∗

and TI =
∧2

M∗ and all these spaces are irreducible.
(c) In degree 3 we have two types, [H, F ]1 and [H, F ]2. We have already seen

that T[H,F ]2 ⊗ V1 = S2,1⊗ V1 is irreducible. Next we observe that S2,1M∗⊗ V1 and



DEGREE BOUNDS FOR INVARIANTS AND COVARIANTS OF BINARY FORMS 49

S3M∗⊗V3 cannot be obtained from lower degree covariants according to (∗). In fact,
for all covariants C of degree 2 the order of F ·C is ≥ 3, and TF⊗TI = M∗⊗

∧2
M∗ =

S2,1M∗ ⊕
∧3

M∗. On the other hand, again by (∗), TF ·I ⊃ S2,1M∗. Hence, we can
replace the type [F, H]1 by the irreducible subspace S3 ⊗ V3 ⊂ T[F,H]1 ⊗ V3 which
has to occur in the minimal generating system in degree 3.

(d) In degree 4 we have again two types, [H, H]1 and [H, H]2. We have already
seen that T[H,H]1 = S3,1M∗ is irreducible and that T[H,H]2 ⊂ S4M∗ ⊕ S2,2M∗.
By (∗) it follows that

∧2
M∗ ⊗

∧2
M∗ ⊃ TI·I ⊃ S2,2M∗ which shows that we can

replace [H, H]2 by S4M∗ ⊗ V0.
(e) In degree 5 we have only to deal with [F, K]2 where T[F,K]2 ⊂ S4,1M∗ ⊕

S3,2M∗ ⊕ S3,1,1M∗. First we observe that T[F,H]2·I ⊃ S3,2M∗ by (∗). Then we
know that we could replace [F, K]2 by [F, H2]2 and that S3,1,1M∗ does not occur
in T[F,H2]2 . Thus we can replace [F, K]2 by S4,1M∗ ⊗ V1.

(f) We are left with the invariant [[H, H]1, H]2 in degree 6 where T[[H,H]1,H]2 ⊂
S4,1,1M∗⊕S3,3M∗. If we denote by I4 the invariant corresponding to the subspace
S4M∗ ⊗ V0 (see (d)) we obtain from (∗) that S4,1,1M∗ ⊂ TI·I4 . Moreover, TI3 ⊃
S3,3M∗. But S3,3M∗ ⊗ V0 has multiplicity 2 in O(W )6. Therefore, we have to add
S3,3M∗ ⊗ V0 to obtain a minimal generating system.
This completes the proof of the Theorem. ¤

§13. Two universal relations for symbolic expressions

Recall that a symbolic expression is said to be reducible if it can be written as a li-
near combination (with rational coefficients) of decomposable symbolic expressions.
In the following we describe two general types of reducible symbolic expressions.
This has been used in the determination of the generating set for the covariants
of cubics in the previous paragraph. All the relations below are relations in the
symbolic algebra SymbJ (3.4).

The starting point is the following classical relation which shows that the sym-
bolic expression (ab)(bc)apa−1

x bpb−2
x cpc−1

x is reducible:

2(ab)(bc)axcx = −(ab)2c2
x − (bc)2a2

x + (ca)2b2
x

“Polarizing” this relation we find an equation in 6 symbols a1, a2, b1, b2, c1, c2, each
of order 1 which can also be considered as a relation in V1 ⊗ V1 ⊗ · · · ⊗ V1︸ ︷︷ ︸

6 times

:

1
2

∑
σ,τ,ρ∈S2

(aσ1bτ1)(bτ2cρ1)aσ2xcρ2x = (a1b1)(a2b2)c1xc2x + (a1b2)(a2b1)c1xc2x

+ (b1c1)(b2c2)a1xa2x + (b1c2)(b2c1)a1xa2x

+ (a1c1)(a2c2)b1xb2x + (a1c2)(a2c1)b1xb2x
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(This formula and all following ones can easily be checked by using a Computer
Algebra Program like Maple.) At the left hand side we can use sucessively relations
of the form

(a1b1)(b2c2)a2xc1x +(a1b1)(b2c1)a2xc2x = 2(a1b1)(b2c2)a2xc1x +(a1b1)(c2c1)a2xb2x

to end up with the following relation:

4(ab)(b′c′)a′xcx = 2(ab)(cc′)a′xb′x + 2(aa′)(bc)b′xc′x

− 2(ac)(bb′)a′xc′x + (aa′)(cc′)bxb′x − (bb′)(cc′)axa′x − (aa′)(bb′)cxc′x

− (ab)(a′b′)cxc′x − (ab′)(a′b)cxc′x − (bc)(b′c′)axa′x − (bc′)(b′c)axa′x

+ (ac)(a′c′)bxb′x + (ac′)(a′c)bxb′x (∗)

Each term on the right hand side can be written as a product of two factors where
one contains only one letter and the other the two others, e.g. (ab)(cc′)a′xb′x =
(ab)a′xb′x·(cc′) or (bb′)(cc′)axa′x = (bb′)·(cc′)·axa′x or (bc′)(b′c)axa′x = (bc)(b′c′)·axa′x.

13.1 Proposition. Let P , Q, R be three disjoint symbolic expressions of order ≥ 2
and let T be the symbolic expression obtained from the product PQR by choosing a
1-contraction of P and Q and a 1-contraction of Q and R. Then T is reducible.

Proof. We can write P = P̄ axa′x, Q = Q̄bxb′x and R = R̄cxc′x such that T =
P̄ Q̄R̄(ab)(b′c′)a′xcx, i.e. we contract axbx to (ab) and b′xc′x to (b′c′).

Multiplying the relation (∗) above with P̄ Q̄R̄ we find

4T = 2P̄ Q̄R̄(ab)(cc′)a′xb′x + 2P̄ Q̄R̄(aa′)(bc)b′xc′x − 2P̄ Q̄R̄(ac)(bb′)a′xc′x + · · ·

It is easy to see that all terms on the right hand side are decomposable into products
of 2 (or 3) factors, e.g. P̄ Q̄R̄(ab)(cc′)a′xb′x = P̄ Q̄(ab)a′xb′x · R̄(cc′). Hence the claim
follows. ¤

We can proceed in the same way, starting with the classical relation

2(ab)(bc)(cd)(da) = (ab)2(cd)2 + (ad)2(bc)2 − (ac)2(bd)2

First we get

1
2

∑
σ,τ,ρ,µ∈S2

(aσ1bτ1)(bτ2dµ1)(aσ2cρ1)(cρ2dµ2) =

(a1b1)(a2b2)(c1d1)(c2d2) + (a1b1)(a2b2)(c1d2)(c2d1)+

(a1b2)(a2b1)(c1d1)(c2d2) + (a1b2)(a2b1)(c1d2)(c2d1)+

(a1c1)(a2c2)(b1d1)(b2d2) + (a1c1)(a2c2)(b1d2)(b2d1)+

(a1c2)(a2c1)(b1d1)(b2d2) + (a1c2)(a2c1)(b1d2)(b2d1)
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Again, the left hand side can be sucessively rewritten using realtions of the form

(a1b1)(a2c1)(b2d1)(c2d2) + (a1b1)(a2c1)(b2d2)(c2d1) =

2(a1b1)(a2c1)(b2d1)(c2d2) + (a1b1)(a2c1)(b2c2)(d2d1)

to obtain the relation

16(ab)(a′c)(b′d)(c′d′) = −((ab)(a′c)(b′c′)(d′d) + (a′b)(ac)(b′c′)(d′d)+

(ab)(a′c′)(b′c)(d′d) + (a′b)(ac′)(b′c)(d′d)+

(ab′)(a′c)(bc′)(d′d) + (a′b′)(ac)(bc′)(d′d)+

(ab′)(a′c′)(bc)(d′d) + (a′b′)(ac′)(bc)(d′d))

− 2((a′a)(bc)(b′d)(c′d′) + (a′a)(bc′)(b′d)(cd′)+

(a′a)(b′c)(bd)(c′d′) + (a′a)(b′c′)(bd)(cd′))

− 4((ab)(a′d′)(b′d)(cc′) + (ab′)(a′d′)(bd)(cc′))

− 8(ad)(a′c)(bb′)(c′d′)

+ (ab)(a′b′)(cd)(c′d′) + (ab)(a′b′)(cd′)(c′d)+

(ab′)(a′b)(cd)(c′d′) + (ab′)(a′b)(cd′)(c′d)+

(ac)(a′c′)(bd)(b′d′) + (ac)(a′c′)(bd′)(b′d)+

(ac′)(a′c)(bd)(b′d′) + (ac′)(a′c)(bd′)(b′d) (∗∗)

Again, every term in the right hand side is decomposable into a product of two “dis-
joint” factors, i.e. one containing two letters and the other containing the remaining
two letters. As a consequence we obtain the following result.

13.2 Proposition. Let P , Q, R, S be four disjoint symbolic expressions of order
at least 2. Define the symbolic expression T by forming the product PQRS choosing
a 1-contraction for each of the four pairs (P, Q), (Q, R), (R, S) and (S, P ). Then
T is reducible.

Proof. We can write P = P̄ axa′x, Q = Q̄bxb′x, R = R̄cxc′x, S = S̄dxd′x such that
T = P̄ Q̄R̄S̄(ab)(b′c′)(cd)(d′a′). Hence, multiplying the above relation with P̄ Q̄R̄S̄
we see that 16T is expressed as a sum of decomposable terms. ¤
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