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Essential dimension of algebraic groups
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Essential m k an arbitrary field

dimension and

RS m G a (smooth linear) algebraic group over k (often finite)

Definition (of edx G)

The essential dimension of G is the least transcendence degree over k
of a field of definition of a generic G-torsor T — spec K (where K/k
is some field extension).

It is the essential dimension of the Galois cohomology functor
H(—, G): Fieldsy — Sets.



Covariants ¢: A(V) --» A(W)
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A covariant of G is a G-equivariant rational map
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Essential
w: A(V) --» A(W)
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where V, W are G-modules.

m ¢ is called generically free if o(A(V)) is generically free.

dim ¢ := dimension of p(A(V)).
Essential dimension in terms of covariants
edy G = min{dim ¢ | ¢ gen. free covariant of G over k} — dim G.

For G-modules V, W with A(V) and A(W) gen. free there exists
w: A(V) --» A(W) gen. free such that dimp — dim G = edy G.



Motivation for using covariants
w: A(V) --» A(W)
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m Computational: explicit description, search in low degrees
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G = S, and P the canonical n-dim. permutation module

=T Every covariant p: A(P) --» A(P) is of the form

1
QD:;’(f;l?fév"'vfn)

where s € k[P]%, f; € k[P]?}*S—1 and £ = ) for i =2,...,n.

m Relation with classical results
m Flexibility by modifying covariants and deforming
p(A(V)) € A(W):
m o~ P=F-pwhere f € k(V)®
m (multi-)homogenization
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dimension with useful special properties.
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m Regular covariants: ¢ = (f1, f, ..., ;) with all f; € k[V]
polynomials.

m Homogeneous covariants: All f; are homogeneous of the same
degree m € Z (possibly some f; = 0)
Equivalently: p(Av) = A™p(v) for an indeterminate .

Why is homogeneity useful?

m One reason: Let p # char k be a prime with pt m, p1|Z(G)].
Then ¢ can be turned into a covariant of G x Z/pZ.

m Another reason: If m # 0 then o(A(V)) is a cone (i.e. stable
under the action G, x A(W) — A(W), (A, x) — Ax).
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Essential
dimension and
covariants

No!

But: (Kraft and Schwarz)

If W is irreducible and G is finite it works! Replace ¢ by its highest
degree component @may: A(V) --» A(W).

B (Pmax IS again a covariant.
B Omax IS faithful.
B dim pmax < dim .

Problem:

Few groups admit an irreducible generically free representation!
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Multihomogeneous rational maps and covariants
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s W=, W,

m A rational map (covariant)
©=(p1,-.-,0n): A(V) --> A(W)

is called multihomogeneous (with respect to the chosen
decompositions of V and W) if for some mj; € Z

Multihomo-
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technique

©j(vi, .., AV, vn) = NTpi(vi, . ).

m The degree matrix M, := (mjj) € Maty,«n(Z) gives useful
information! Assume ¢; # 0 for all j in the sequel.



A simple example
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G = (2/pZ)".

B k a field containing a primitive pth root of unity.

V' canonical n-dim. faithful G-module.
©: A(V) --» A(V) multihomogeneous (wrt. irred. decomp.)
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Then the degree matrix has the form

1+ app ap ainp
anp 1+ axnp ;

anp anmp cee oo I4amp

m In general: M, is influenced by central elements of G.



Multihomogenization
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multihomogeneous covariants while preserving good properties.

Multihomo-

Mol Let V =@, V; be a decomposition into G-submodules.

echmase Ty := (Gm)™ — GL(V) (similarly for W = @]_; W;)

Let \: G, — Ty and p: G, — Ty 1l-parameter subgroups and
©: A(V) --» A(W) a covariant.

Consider (for t € G,,)

P80 DAY A(W), v p(t)p(A(t)V)

Each ga()\t)u is a covariant and their images are all isomorphic.
(t)

My has a limit in t = 0.

For well chosen A, i the family ¢
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e Let V =@, V; be a decomposition into G-submodules.
Fene e m Ty = (Gp)™ — GL(V) (similarly for W = @7_, W;)
mlet \: G, —» Ty and p: G, — Tw l-parameter subgroups and
" w: A(V) --» A(W) a covariant.

genization m Consider (for t € G,,)

technique

P D AV) - A(W), v p(t)p(A(E)v)

t - . I - .
(A)u is a covariant and their images are all isomorphic.
(®)
A p

m Each ¢

has a limit in t = 0.
m For given A there exists unique p such that @&OL is defined and

its components in Wy, ..., W, are # 0. For such 1 define
0
HA(9) = ),

m For well chosen A, i the family ¢



lllustration of multihomogenization
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Xy
SA(V) - AV ==
¢ AV) A, () (52)
Multihomo- will be multihomogenized wrt. V = k(1,1) & k(1,-1).
techiaue m Choose \: G, — G2, t— (1,t), pu(t)=(1,t71).

m In basis (1,1),(1,—1) (and coordinates a, b)

u(E)e(A()(a, b)) = (1 : fﬁﬁg e 2_((1’2))

(@ + 7D 2ab =0 129
T\ a2 — 12p27 2 — p2#2 T a

m Hi(p)(x,y) = (1+2’;+y,172x y) has degree ( 8 _11 >
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Images of the covariants
<p(;))u: A(V) --» A(V) for
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Images of the covariants
<p(;))u: A(V) --» A(V) for
various t
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Images of the covariants
<p(;))u: A(V) --» A(V) for
various t
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Images of the covariants
<p(;))u: A(V) --» A(V) for
various t
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t=20.5
t=20.8

t=1
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<p(;))u: A(V) --» A(V) for
various t
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Multihomogenization continued
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P DAY - AW), v p(t)p(A(t)v)

m For given )\ there exists unique p such that @E\OL is defined and
Multihomo: its components in Wq,..., W, are # 0.
tehnie m For such p define Hy(p) := goE\OL.

m Hy(y) is a covariant.
m dim Hy(p) < dim .

m For suitable choice of A the covariant Hx(p) is
multihomogeneous.

m Wi,..., W, irreducible = G acts faithfully on Hx(p)(A(V)).
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: edy G = min{dim ¢ |p: A(V) --» A(W) faithful
senization multihomogeneous covariant }.

technique
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edyx G = min{dim ¢ |p: A(V) --» A(W) faithful
%EEEE; multihomogeneous covariant }.

Question:
Why are multihomogeneous covariants useful?
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representation W = @;_; W;. Then (for any V = @i, Vi)

edy G = min{dim ¢ |p: A(V) --» A(W) faithful
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Question:

Why are multihomogeneous covariants useful?

Theorem about M,: Assume G finite, constant, V;, W; irreducible

Let Z(G, k) denote the subgroup {g € Z(G) | Corag € k} € Z(G).
mrk M, > rkZ(G, k).
med, G <dimg — (rk M, —rk Z(G, k)).
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Central extensions

Essential
dimension and

Let G = H x A a constant finite alg. group with A abelian
Tl Assume that (epa € k and H has a faithful completely reducible
Roland Ltscher H-module W.
m Then G has a faithful G-module of the form

V=Wdky@® @ ky,,

for characters x; € Hom(G, k), r = rk A.
Let p: A(W) --» A(W) be a multihomogeneous minimal
faithful covariant for H.
O A(V) - A(V), (w,tr,....t) = (p(w), tr,..., t).
® is a faithful multihomogeneous G-covariant and
tk Mo = rk M, + r 2tk Z(H, k) + r.

Applications

Th
edy G < dim® — (rk My — rk Z(G, k))
= edy H — rk Z(H, k) + rk Z(G, k).
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m Let G = H x A a constant finite alg. group with A abelian
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m Assume that (epa € k and H has a faithful completely reducible
H-module W.

INS

edy G < dim® — (rk My — rk Z(G, k))
Appctins = edy H — rk Z(H, k) + rk Z(G, k).
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m Let G = H x A a constant finite alg. group with A abelian
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m Assume that (epa € k and H has a faithful completely reducible
H-module W.

INS

edy G < dim® — (rk My — rk Z(G, k))
Appctins = edy H — rk Z(H, k) + rk Z(G, k).

m The reverse inequality also holds!
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m Let G = H x A a constant finite alg. group with A abelian
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m Assume that (epa € k and H has a faithful completely reducible
H-module W.

INS

edy G < dim® — (rk My — rk Z(G, k))
Appctins = edy H — rk Z(H, k) + rk Z(G, k).

m The reverse inequality also holds!

m It works more generally for central extensions
1-A— G— H—1with AN|[G, G] = {e}.

m Special cases by Buhler/Reichstein (1997), Kang (2006),
Kraft/Schwarz (2007).



Generalization of M. Florence's twisting technique
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m V=@,V acompletely reducible faithful G-module.
m Let PP(V) :=P(V4) x - - x B(V,).
m 7: A(V) --» PP(V) the rational quotient map.

Applications
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m V=@, V;acompletely reducible faithful G-module.
Applications m Let PP(V) :=P(V4) x --- x P(V,).
m 7: A(V) --» PP(V) the rational quotient map.

Let p: A(V) --» A(V) be a faithful multihomogeneous covariant.



Generalization of M. Florence's twisting technique
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Roland Létscher m V=@, V;acompletely reducible faithful G-module.
m Let PP(V) :=P(V4) x --- x B(V,).
m 7: A(V) --» PP(V) the rational quotient map.

Let ¢: A(V) --» A(V) be a faithful multihomogeneous covariant.

Applications

m Get a rational map ¢: PP(V) --» PP(V) fitting into a
commutative square:

AV)= £ = A(V)

m Let C C Z(G) act trivially on PP(V); ¢ is G/C-equivariant
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m Get a rational map ¢: PP(V) --» PP(V) fitting into a
commutative square:

A(V)= £ =A(V)
o o
Y ¥ \

PP(V)— < > PP(V)

Applications

m Let C C Z(G) act trivially on PP(V); ¢ is G/C-equivariant



Generalization of M. Florence's twisting technique
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Applications Y

PP(V)— ¥ = PP(V)

m Let C C Z(G) act trivially on PP(V); v is G/C-equivariant

m Twist ¢: PP(V) --» PP(V) with a G/C-torsor E — spec K
~ Eqp: SB(A;) x --- x SB(A,) --» SB(A;) x --- x SB(A,),

where A; = E(End V; ® K) is some central simple K-algebra.



Generalization of M. Florence's twisting technique
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ot Lot m Twist ¢: PP(V) --» PP(V) with a G/C-torsor E — spec K
~ Eqp: SB(A;) x -+ x SB(A,) —-» SB(A1) x --- x SB(A,),
where A; = E(End V; ® K) is some central simple K-algebra.

Applications u

dimyg —rk C > dim) > dim Eyp

> min<{ dima | a: HSB(AJ') - HSB(Aj)

J

K-ZM- Canonical dim. of a finite subgroup of Br(K)



Conclusion
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foland Lorsche representation
m For any C C Z(G) acting trivially on PP(V) and G/C-torsor
E — spec K we have a lower bound

(¥)
Applications edx G+dim G—rk C > canonical dim. of a sg. D(C, E) C Br(K)

m D(C, E) is finite and can be described explicitly with maps from
Galois cohomology

m If D(C,E) is a p-group (or generated by an element of index 6)
its canonical dimension has been computed by Karpenko and
Merkurjev (and Colliot-Thélene)

m A stack-theoretic proof of (x) was given by Karpenko and
Merkurjev in case C is a p-group.
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