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Covariants and Essential Dimension

Essential dimension is a numerical invariant of finite groups.

Our Setting:
IG finite group, k a field.
IρV : G ↪→ GL(V ) and ρW : G ↪→ GL(W ) faithful representations.

Basic notions:
IA covariant is a G-equivariant rational map ϕ : V →W ,
Iequivariant: ϕ(ρv(g)(v)) = ρW (g)(ϕ(v)).

edimk G := min{dimϕ | ϕ faithful covariant def. over k},
I faithful: the image of ϕ contains points with trivial stabilizer.
Idimϕ := dimϕ(Vk̄) = trdegk k(ϕ) where k(ϕ)/k is the field

extension generated by the coordinates of ϕ.

Multihomogeneous Covariants

Let V =
⊕m

i=1 Vi,W =
⊕n

j=1 Wj faithful representations. A covariant
ϕ = (ϕ1, . . . , ϕn) : V →W is multihomogeneous if for some mij ∈ Z:

ϕj(v1, . . . , vi−1, λvi, vi+1, . . . , vm) = λmijϕj(v1, . . . , vm).

IGm
m ' TV ⊆ GL(V ),Gn

m ' TW ⊆ GL(W ) associated tori.
IMultihomogeneity of ϕ is equivalent to the identity

ϕ(tv) = D(t)ϕ(v) for some D ∈ Hom(TV ,TW ).

IDϕ(t1, . . . , tm) = (t ′1, . . . , t
′
n) where t ′j =

∏n
i=1 tmij

i .

Multihomogenization: ϕ Hλ(ϕ)

It is the way to produce a multihomog. covariant Hλ(ϕ) : V →W from
an arbitrary covariant ϕ : V →W .
Iλ ∈ Hom(Gm,TV) is the choice of a suitable 1-PSG

(1-parameter-subgroup).
Iµ ∈ Hom(Gm,TW ) is another 1-PSG, constructed from λ and ϕ.
Iϕ(t) : V →W for t 6= 0 , defined by

ϕ(t)(v) = µ(t)ϕ(λ(t)v),

is a family of covariants deforming ϕ = ϕ(1) into:
Hλ(ϕ) := lim

t→0
ϕ(t).

Idim Hλ(ϕ) ≤ dimϕ
Iϕ faithful⇒ Hλ(ϕ) faithful. faithful

dimϕ = edimk G

multihom.

non-empty!

We use Semisimple
Representations.

Semisimple: A direct
sum of simple sub-
representations.

Our rep. V =
⊕m

i=1 Vi
should be faithful!

Assume char k =: p > 0.
G has a semisimple
faithful rep. ⇔6 ∃H / G of
order pr , r > 0.

Examples in char k = 2:
IBad case: G = S4

contains Klein group
V /G of order 4.

IGood case: G = S3.
Normal subgroups are
of order 1,3,6.

Yoga of k -centers and Degree Matrices

Q := quaternion group, G := Q×Z/9Z, k := Q
[
e
πi
6

]
Let ϕ : V1 → W1 and ψ : V2 ⊕ V3 → W2 some faith-
ful multihomogeneous covariants for Q and Z/9Z,
respectively. For example

ϕ(λv1) = λ2ϕ(v1)

ψ(λv2, µv3) = λ5µ−2ψ(v2, v3)

Then Mϕ×ψ =

2 0
0 5
0−2

, which has rank 2.

Note: Z (Q, k) = {±1}, Z (Z/9Z, k) = Z/3Z, hence
rank Z (G, k) = 1 < 2 = rank Z (Q, k) + rank Z (Z/9Z, k).

This implies edimk G < dimϕ × ψ = dimϕ + dimψ,
even if ϕ and ψ are of minimal dimension among
faithful covariants.

More precisely: edimk Q = 2, edimk Z/9Z = 3,
edimk G = 4.

The Image of the Multihomogenization as a Limit

Start with V = R2 endowed with the representation of G = Z/2Z given by
[1](x , y) = (y , x). The (faithful) covariant

ϕ : V → V , (x , y) 7→
(

x
y
,
y
x

)
is not multihomogeneous for V = R(1,1)⊕ R(1,−1). Let us multihomogenize it!

Image of the original co-
variant ϕ = ϕ(1) : R2 → R2,
consisting of two branches
of a hyperbola

Images of covariants
ϕ(t), 0 < t < 1, de-
forming ϕ.

Image of the limit
Hλ(ϕ) = limt−>0ϕ

(t),
a single straight line.

In the limit the second
branch disappears.

t = 1

t = 0.8
t = 0.5

t = 0.2
t = 0

t = 0.2
t = 0.5
t = 0.8

t = 1

What does the Rank of Mϕ := (mij) ∈ Mm×n(Z) tell?

Let Z (G) be the center of G. The k -center is the subgroup
Z (G, k) := {g ∈ Z (G) | k contains a primitive ( ord g)-th root of unity.}

IAnother description: ρV(G) ∩ TV = ρV(Z (G, k)).
IG-equivariance of a multihomogeneous covariant ϕ : V →W

implies that ρW (Z (G, k)) ⊆ Dϕ(TV).
IHence rank Mϕ = dim Dϕ(TV)≥ rank Z (G, k).

Moreover we have the following lower bound:
edimk G ≤ dimϕ− (rank Mϕ− rank Z (G, k)).

Twisting Produces Maps between Interesting Varieties.

IV =
⊕m

i=1 Vi semisimple faithful rep. of G.
Iπ : V → P(V ) :=

∏
P(Vi) canonical map into projective space.

If ϕ : V → V is multihomogeneous then
(π ◦ ϕ)(tv) =π(D(t)ϕ(v)) = π ◦ ϕ(v) and
we get a commutative diagram:

P(V )

V

P(V )

V

∃!ψ

ϕ

π π

Iψ : P(V )→ P(V ) is a G-equivariant rational map.
IThe k -center Z := Z (G, k) acts trivially on P(V ).
Idimψ = dimϕ− rank Z (G, k).

Twist:
IWe can twist ψ with a G/Z -torsor E over a field extension K/k .
IThe twist of P(Vi ⊗ K ) with E is the Severi-Brauer variety

associated to some central simple K -algebra Ai.
Result:
I rational map Eψ :

∏
SB(Ai)→

∏
SB(Ai).

IUpper bound: dimϕ + rank Z (G, k) ≥ dimψ ≥ dim Eψ.

History and Outlook

Covariants have been used since the introduction of essential dimen-
sion by J. Buhler and Z. Reichstein in 1995. Multihomogenization
was introduced by H. Kraft, G. Schwarz and the author in 2007.
There is a more general notion of edimk G for algebraic groups.

Basic questions:
IDoes multihomogenization work in this setting as well?
I If yes, how do previously obtained results generalize?
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