MULTIHOMOGENIZATION: A NEW [TECHNIQUE IN ESSENTIAL DIMENSION

Roland Lotscher

Covariants and Essential Dimension We use Semisimple Yoga of k-centers and Degree Matrices What does the Rank of M, := (m;;)) € Myn(Z) tell?

. o e - Representations. o
Essential dimension Is a numerical invariant of finite groups. Q := quaternion group, G .= QxZ/97Z, k .= Q |es Let Z(G) be the center of G. The k-center is the subgroup

Our Setting: Semisimple: A direct Z(G, k) :={g € Z(Q) | k contains a primitive (ord g)-th root of unity.}
» (3 finite group, k a field. sum of simple sub-
»pv: G — GL(V)and pw: G — GL(W) faithful representations. representations.

Let 0: Vi — Wi and ¥: Vo & V3 — W, some faith-
ful mUHihOmOgeneOUS covariants for Q and Z/QZ, > Another description: IOV(G) N TV _ ,OV(Z(G k))

. respectively. For example : » G-equivariance of a multihomogeneous covariant ¢: V — W
Basic notions: Our rep. V' = '69/—1 Vi p(Av1) = A"p(wy) implies that pw(Z(G, k)) € D(Ty).
» A covariantis a G-equivariant rational map ¢: V — W, should be taithful’ W(AVo, uV3) = X1 “(vs, v3) » Hence rank M. = dim D,(Ty)> rank Z(G, k).

~equivariant: ¢(pv(g)(v)) = pw(g)(p(V)). Assume chark =: p > 0. . |
edimy G := min{dim ¢ | ¢ faithful covariant def. over k}. G has a semisimple -> 0 _ > 4 Moreover we have the following lower bound:

. faithful: the image of ¢ contains points with trivial stabilizer. faictjhful rep. %EH 4 G of Then Moxy = (8 g) - which has rank 2. edimy G < dim ¢ — (rank M,, — rank Z(G, k)).
»dim ¢ = dim p( Vi) = trdeg, k() where k(y)/k is the field oraerp,r > V. |
extension generated by the coordinates of . Examples in char k — 2: Note: Z(Q, k) = {£1}, Z(Z/9%Z, k) = Z/3Z, hence +
.Bad case: G = Sy rank Z(G, k) = 1 < 2 = rank Z(Q, k) + rank Z(Z/9Z, k).

.l' contains Klein group This implies edim, G < dim ¢ x ¢ = dim ¢ + dim, Twisting Produces Maps between Interesting Varieties.
V' < G of order 4. even if v and ¢ are of minimal dimension among

» Good case: G = Ss. faithful covariants. >V =@, V; semisimple faithful rep. of G.
Normal subgroups are More precisely: edim, Q = 2, edim,Z/9Z = 3, »7: V — P(V) :=][P(V;) canonical map into projective space.
of order 1, 3, 6. edim, G = 4. /

Multihomogeneous Covariants

Let V = P, Vi, W = ;. W, faithful representations. A covariant
o = (p1,...,¢n): V. — Wis multihomogeneous if for some mj; € Z: It p: V — V is multihomogeneous then

Pi(Va, - Vi1, AV, Vi, ..., V) = )\m"’sﬁj(Vu .oy V). T \(/\jreogg(;vc):o:gr%Dug)tf/(evzj)ia_g;‘arc;g'&(V) anad

»G" ~ Ty C GL(V),G? ~ Tw C GL(W) associated tori. The Image of the Multihomogenization as a Limit
» Multihomogeneity of ¢ Iis equivalent to the identity - P(V) — P(V) is a G-equivariant rational map
" o 2 o . o " . .
p(tv) = D(t)p(v) for some D € Hom( Ty, Tw). ﬁt]e(‘;[ W;th_\(/ _xﬂ)% Ter?g?gﬁgfmtggcgr;:ﬁ{esentamn of G = Z/21Z given by » The k-center £ := Z(G, k) acts trivially on P( V).
- D,(t, ... tm) = (t],.... 1)) where t/ = []7, £ V)= ~dim ¢ = dim ¢ — rank Z(G, k).

i | XYy
P - V — V, (X,y) — (ya)() Twist:

+ IS not multihomogeneous for V =R(1,1) & R(1, —1). Let us multihomogenize it! » We can twist ¢ with a G/Z-torsor E over a field extension K /k.
» The twist of P(V; ® K) with E is the Severi-Brauer variety

: ... associated to some central simple K-algebra A;.
Multihomogenization: ¢ ~ H)(y) Result:

>~ rational map “v: []SB(A;) — [[ SB(A)).

It is the way to produce a multihomog. covariant Hy(¢): V — W from | | |
an arbitrary covariant ¢: V — W. - » Upper bound: dim ¢ + rank Z(G, k) > dim > dim &4,

» A € Hom(Gpm, Tv) is the choice of a suitable 1-PSG Image of the limit Image of the original co-

(1-parameter-subgroup). Hy() = limy_ oo, variant ¢ = o). R?2 - R?, +
> 11 € Hom(Gp, Tw) is another 1-PSG, constructed from A and . a single straight line. consisting of two branches
» o\ V — Wfort+# 0, defined by | | of a hyperbola

P O(v) = u(B)p(A(B)V),
is a family of covariants deforming ¢ = ¢!) into:

History and Outlook

| Covariants have been used since the introduction of essential dimen-
\_Images of covariants sion by J. Buhler and Z. Reichstein in 1995. Multihomogenization

_—¢D,0 <t <1,de- was introduced by H. Kraft, G. Schwarz and the author in 2007.

e forming . There is a more general notion of edim G for algebraic groups.

~dim Hy(p) < dimg (V< In the limit the second
- o faithful = H,(y) faithful. branch disappears.

Basic questions:
» Does multihomogenization work in this setting as well?
» If yes, how do previously obtained results generalize?
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