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Motivation

Fix some base field k (char k 6= 2 for the moment).

Consider a field extension K (x)/K of degree 2, K ⊇ k.

Minimal polynomial x2 + ax + b = 0 where a, b ∈ K .

Complete the square: y2 + b′ = 0 where y = x + a
2 , b′ = b− a2

4 .

K (x) = K (y) ⊃ K is defined by one single parameter b′ ∈ K .

Similarly if char k = 2 and K (x)/K is separable, some generator
z ∈ K (x) has min. poly. z2 + z + c = 0, c ∈ K .

Conclusion: (Separable) field extensions of degree 2 over K are
defined by one parameter.
Question: How many parameters are needed for (separable) field
extensions of degree n?
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Field extensions

k base field

L/K separable field extension of degree n, K ⊇ k.

“How many parameters?”:

Number of parameters needed to define L/K := minimum of
tdegk k(a1, a2, . . . , an) taken over all generators y of L, where
a1, . . . , an = coefficients of the minimal polynomial of y over K .

n = 2: 1 parameter, y2 + a = 0.

n = 3: 1 parameter, y3 + ay + a = 0.

n = 4: 2 parameters, y4 + ay2 + by + b = 0.

n = 5: Hermite: 2 parameters, y5 + ay3 + by + b = 0.

n = 6: Joubert: 3 parameters, y6 + ay4 + by2 + cy + c = 0,
char k 6= 2.

n ≥ 7: Nobody knows!
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Galois extensions

Lnorm a normal closure of L.

Fact: Number of parameters needed to define L/K and Lnorm/K
coincide.

Reformulation:

Let G be a finite group. How many parameters are needed (in
maximum) to define Galois extensions L/K over k with
Gal(L/K ) = G?

Fact: The maximal number is attained for the Galois extension
k(V )/k(V )G where:

V is a faithful G -module over k

k(V ) is the field of rational functions on V .
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Essential dimension

V a faithful G -module (over k).

Definition (Buhler/Reichstein, 1995)

edimk G := min{tdegk E | k ⊆ E ⊆ k(V ) faithful G -stable subfield}

Note: edimk G does not really depend on V !

edimk G ≤ min{dimk V |V faithful G -module over k} =: rdimk G

G=Sn, V = canonical n-dim. permutation module, char k 6= 2.

E :=subfield of k(V ) = k(x1, . . . , xn) generated by cross-ratios

[xi , xj ; xk , xl ] :=
(xi−xk )(xj−xl )
(xi−xl )(xj−xk ) ∈ k(V )

tdegk E = n − 3 for n ≥ 3.

E is faithful for n ≥ 5. In that case edimk Sn ≤ n − 3.
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Covariants

Definition

A covariant of G is a G -equivariant rational map

ϕ : A(V ) 99K A(W )

where V , W are (faithful) G -modules.

ϕ is called faithful if the image of the generic point of A(V ) has
trivial stabilizer.

dimϕ := dimension of the Zariski-closure of the image of ϕ.

= tdegk k(f1, . . . , fd) where ϕ = (f1, . . . , fd).

Definition (Geometric definition of essential dimension)

edim′k G := min{dimϕ | ϕ faithful covariant of G over k}.
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Relation of the two definitions

1 edimk G := min{tdegk E | k ⊆ E ⊆ k(V ) faithful G -subfield}
2 edim′k G := min{dimϕ | ϕ faithful covariant of G over k}.

ϕ = (f1, . . . , fd) : A(V ) 99K A(W ) faithful covariant
⇒ E := k(f1, . . . , fd) ⊆ k(V ) faithful G -subfield

⇒ edimk G = min{tdegk E} ≤ min{dimϕ} = edim′k G

Conversely: From a faithful G -subfield k ⊆ E ⊆ k(V ) one can
construct a faithful covariant ϕ : A(V ) 99K A(W ) with
dimϕ ≤ tdegk E .

Example (G = Sn (n ≥ 5), E = field of cross ratios)

ϕ = (fσ)σ∈G : A(V )→ A(kSn) where fσ = [xσ(1), xσ(2); xσ(3), xσ(4)].
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Properties of essential dimension

H ⊆ G subgroup ⇒ edimk H ≤ edimk G

ϕG : A(VG ) 99K A(WG )

G = G1 × G2 ⇒ edimk G ≤ edimk G1 + edimk G2

ϕG1 × ϕG2 : A(VG1 ⊕ VG2 ) 99K A(WG1 ⊕WG2 )

k ′/k field extension ⇒ edimk′ G ≤ edimk G

ϕG ⊗ k ′ : A(VG ⊗ k ′) 99K A(WG ⊗ k ′)

edimk G ≤ edimk G/N + [G : N] edimk N

ϕG/N × (ϕN)∗ : A(VG/N ⊕ indG
N VN) 99K A(WG/N ⊕ indG

N WN)

indG
H V = {α : G → V | α(hx) = hα(x)}, (ϕN)∗(α) = ϕN ◦ α.

Sometimes edimk G/N � edimk G .

edimk G o Sn ≤ n edimk G (where G o Sn = G n o Sn)

ϕG × · · · × ϕG : A(V⊕n
G ) 99K A(W⊕n

G )
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Some known results

BR If A is abelian and ζexp A ∈ k then edimk A = rk A.

BR If n ≥ 5 and char k 6= 2 then b n
2c ≤ edimk Sn ≤ n − 3.

BR If edimk G = 1 and char k - |G |, then G is either cyclic or
dihedral of odd order.

Le If char k = p > 0 then edimk Z/pnZ ≤ n.

Le If k ⊇ Fpn then edimk(Z/pZ)n = 1.

KM If G is a p-group and ζp ∈ k then edimk G = rdimk G .

BR: Buhler and Reichstein, Le: Ledet, KM: Karpenko and
Merkurjev.
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Goal:

Find covariants ϕ : A(V ) 99K A(W ), dimϕ = edimk G with useful
special properties.

Regular covariants: ϕ = (f1, f2, . . . , fn) with all fi ∈ k[V ]
polynomials.

Homogeneous covariants: All fi are homogeneous of the same
degree m ∈ Z (possibly some fi = 0)
Equivalently: ϕ(λv) = λmϕ(v) for an indeterminate λ.

Why is homogeneity useful?

One reason: Let p 6= char k be a prime with p - m, p - |Z (G )|.
Then ϕ can be turned into a covariant of G × Z/pZ.

Another reason: If m 6= 0 then X := ϕ(V ) is a cone (i.e. stable
under the action Gm × A(W )→ A(W ), (λ, x) 7→ λx).
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Question:

Does every group G have a faithful homogeneous covariant
ϕ : A(V ) 99K A(W ) of dimension edimk G?

Answer:

No!

But:

If W is irreducible it works! Replace ϕ by its highest degree
component ϕmax : A(V ) 99K A(W ).

ϕmax is again a covariant.

ϕmax is faithful.

dimϕmax ≤ dimϕ.

Problem:

Not every group admits a faithful simple representation!
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Multihomogeneous covariants

Assume that char k = 0 or G does not contain any nontrivial normal
p-subgroup if char k = p > 0. Then G admits a faithful semi-simple
representation!

V =
⊕m

i=1 Vi , Vi irreducible.

W =
⊕n

j=1 Wj , Wj irreducible.

ϕ = (ϕ1, . . . , ϕn) : A(V ) 99K A(W ) (where ϕj : A(V )→ A(Wj))
is called multihomogeneous if for some mij ∈ Z

ϕj(v1, . . . , λvi , . . . vn) = λmijϕj(v1, . . . , vn).

Mϕ := (mij) ∈ Matm×n(Z) gives useful information!

Faithfulness is tested easily: ϕ = (ϕ1, . . . , ϕn) is faithful if all
ϕi 6= 0!
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A simple application

G = (Z/pZ)n.

k a field with a primitive p-th root of unity ζ.

V canonical n-dim. faithful G -module.

ϕ : A(V )→ A(V ) multihomogeneous ⇒

(ζϕ1, ϕ2, . . . , ϕn)(v) = ϕ(ζv1, . . . , vn)

= (ζm11ϕ1, ζ
m12ϕ2, . . . , ζ

m1nϕn)(v)

It follows that Mϕ ≡ In (mod p).

In particular: det Mϕ ≡ 1 (mod p) and Mϕ has rank n.

One finds a torus T of dimension rk Mϕ acting freely on a dense

open subset of ϕ(V ). Therefore dimϕ = n.
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Multihomogenization

G a group admitting semi-simple faithful G -modules
V =

⊕m
i=1 Vi , W =

⊕n
j=1 Wj

ϕ : A(V ) 99K A(W ) an arbitrary covariant.

There is a covariant Hλ(ϕ) : A(V )→ A(W ) depending only on
ϕ and the choice of a suitable grading λ on k[W ] s.t.:

Hλ(ϕ) is multihomogeneous.
dim Hλ(ϕ) ≤ dimϕ.
πj ◦ Hλ(ϕ) 6= 0⇔ πj ◦ ϕ 6= 0, where πj : A(W )→ A(Wj).

Thus: edimk G = min{dimϕ | ϕ multihomogeneous covariant}.

Theorem about the rank of Mϕ:

Let Z (G , k) denote the subgroup {g ∈ Z (G ) | ζord g ∈ k} ⊆ Z (G ).

rk Mϕ ≥ rk Z (G , k).

edimk G ≤ dimϕ− (rk Mϕ − rk Z (G , k)).
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Direct products

G = G1 × G2.

ϕi : A(Vi ) 99K A(Wi ) minimal faithful covariant of Gi , i = 1, 2

ϕ := ϕ1 × ϕ2 : A(V1 ⊕ V2) 99K A(W1 ⊕W2) is again a faithful
covariant, edimk G ≤ edimk G1 + edimk G2.

Now if ϕ1, ϕ2 are multihomogeneous, then so is ϕ and

rk Mϕ = rk Mϕ1 + rk Mϕ2

Th
= rk Z (G1, k) + rk Z (G2, k),

dimϕ = dimϕ1 + dimϕ2 = edimk G1 + edimk G2.

edimk G1 × G2

Th
≤ dimϕ− (rk Mϕ1×ϕ2 − rk Z (G , k))

= edimk G1 + edimk G2−
− (rk Z (G1, k) + rk Z (G2, k)− rk Z (G , k)).
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Subgroups

Let H ⊆ G be a subgroup. Assume that G admits a faithful
semi-simple G -module V =

⊕
Vi s.t. V ↓H is semi-simple, too.

Let ϕ : A(V ) 99K A(V ) be a multihomogeneous minimal faithful

covariant. So dimϕ = edimk G , rk Mϕ
Th
= rk Z (G , k).

Regard ϕ as a H-covariant. Refine decomposition of
V ↓H=

⊕
(Vi )↓H into irreducibles.

“Multihomogenization” yields a faithful multihomogeneous
H-covariant ϕ̃ : A(V ) 99K A(V ) with dim ϕ̃ ≤ dimϕ and
rk Mϕ̃ ≥ rk Mϕ.

edimk H
Th
≤ dim ϕ̃− (rk Mϕ̃ − rk Z (H, k))

≤ dimϕ− (rk Mϕ − rk Z (H, k))

= edimk G − (rk Z (G , k)− rk Z (H, k)).
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Central extensions

Let H ⊆ Z (G ) such that H ∩ [G ,G ] = {e} and assume that k
contains a suitable root of unity.

Then G has a faithful semi-simple G -module of the form

V = W ⊕ kχ1 ⊕ · · · ⊕ kχr ,

where χi ∈ Hom(G , k), r = rk H and H acts trivially on W .

Let ϕ : A(W ) 99K A(W ) be a multihomogeneous minimal
faithful covariant for G/H.

Φ: A(V ) 99K A(V ), (w , t1, . . . , tr ) 7→ (ϕ(w), t1, . . . , tr ).

Φ is a faithful multihomogeneous G -covariant and

rk MΦ = rk Mϕ + r
Th
= rk Z (G/H, k) + r .

edimk G
Th
≤ dim Φ− (rk MΦ − rk Z (G , k))

= edimk G/H − rk Z (G/H, k) + rk Z (G , k).
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Central extensions

Let H ⊆ Z (G ) such that H ∩ [G ,G ] = {e} and assume that k
contains a suitable root of unity.

Then G has a faithful semi-simple G -module of the form

V = W ⊕ kχ1 ⊕ · · · ⊕ kχr ,

where χi ∈ Hom(G , k), r = rk H and H acts trivially on W .

Let ϕ : A(W ) 99K A(W ) be a multihomogeneous minimal
faithful covariant for G/H.

Φ: A(V ) 99K A(V ), (w , t1, . . . , tr ) 7→ (ϕ(w), t1, . . . , tr ).

edimk G
Th
≤ dim Φ− (rk MΦ − rk Z (G , k))

= edimk G/H − rk Z (G/H, k) + rk Z (G , k).

The reversed inequality also holds!

This generalizes results of Buhler/Reichstein (1997), Kang
(2006), Kraft/Schwarz (2007).
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Generalization of M. Florence’s twisting technique

Let V =
⊕n

i=1 Vi be a semi-simple faithful G -module.

Let P(V ) := P(V1)× · · · × P(Vn).

π : A(V ) 99K P(V ) the rational quotient map.

Let ϕ : A(V ) 99K A(V ) be a (minimal) faithful
multihomogeneous covariant.

Get a rational map ψ : P(V ) 99K P(V ) fitting into a
commutative square:

A(V )
ϕ //___

π

���
�
�

A(V )

π

���
�
�

P(V )
ψ //___ P(V )

ψ is G/Z -equivariant where
Z := Z (G , k)= {g ∈ Z (G )|ζord g ∈ k}.
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Generalization of M. Florence’s twisting technique

A(V )
ϕ //___

π

���
�
�

A(V )

π

���
�
�

P(V )
ψ //___ P(V )

ψ is G/Z -equivariant where Z := Z (G , k)
Idea: Twist ψ : P(V ) 99K P(V ) with a G/Z -torsor E → spec K ,
obtain a rational map

Eψ : SB(A1)× · · · × SB(An) 99K SB(A1)× · · · × SB(An),

where Ai = E (End Vi ⊗k K ) is a central simple K -algebra.
Fact: Rational maps

∏
SB(Ai ) 99K

∏
SB(Ai ) are dominant in

specific cases (by results of Karpenko and Merkurjev).
In these cases:

edimk G − rk Z (G , k) = dimϕ− rk Z (G , k) = dimψ

≥ dim Eψ =
∑

i

dim SB(Ai ) = dim P(V ) = dim V − n.
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Central simple algebras and Severi-Brauer varieties

Central simple algebras

A K -algebra A is called central simple if Z (A) = K and A has
no nontrivial two-sided ideals.

Central simple algebras are precisely the “twisted forms” of
matrix algebras (i.e. A⊗K K ' Mn(K )).

Severi-Brauer varieties

Let A be a central simple K -algebra of dimension n2.

The Severi-Brauer variety SB(A) is the projective variety defined
by SB(A)(L) = {n-dim. right ideals of A⊗K L} for L/K field
extension.

SB(A)(L) 6= ∅ ⇔ A⊗K L ' Mn(L)

Severi-Brauer varieties are precisely the “twisted forms” of
projective space Pn−1.
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Twisting

Let A a central simple K -algebra with an action of a group H.

Let E be a H-torsor over K .

E = spec(L) where L/K is a Galois H-algebra (i.e. an étale
algebra of dimension |H| with LH = K ).
EA := (L⊗ A)H is a central simple K -algebra, the “twist” of A
by E , where H acts on L⊗K A by h(l ⊗ a) = hl ⊗ ha.

Twist of quasi-projective H-varieties over K : EX = (E ×X )/H,
where H acts on E × X by h(e, x) = (eh−1, hx).
E SB(A) ' SB(EA).

A H-equivariant rational map ϕ : X 99K Y induces a rational
map Eϕ : EX 99K EY .

Functoriality: E (ψ ◦ ϕ) = Eψ ◦ Eϕ.
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Result

Let C ⊆ Z (G ) be a subgroup. Let for χ ∈ C∗ := Hom(C , k):

Rep(χ)(G ) := {V irreducible G -module |∀g ∈ C , v ∈ V : gv = χ(g)v},

D(χ)(G ):= {dim V | V ∈ Rep(χ)(G )}.

Theorem (Generalization of Karpenko and Merkurjev’s Theorem)

Let G be a group whose socle C := soc G is a central subgroup of
p-power order and assume ζp ∈ k. If for all χ ∈ C∗

gcd D(χ)(G ) = min D(χ)(G ),

then edimk G = min{dim V |V faithful G-module}.

The proof relies heavily on results of Karpenko and Merkurjev on
rational maps of Severi-Brauer varieties and their calculation of the
index of the twist of End(Vi ) by a generic G/Z -torsor.
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Result

D(χ)(G ):= {dim V | V ∈ Rep(χ)(G )}.

Theorem (Generalization of Karpenko and Merkurjev’s Theorem)

Let G be a group whose socle C := soc G is a central subgroup of
p-power order and assume ζp ∈ k. If for all χ ∈ C∗

gcd D(χ)(G ) = min D(χ)(G ),

then edimk G = min{dim V |V faithful G-module}.

Examples

G a p-group: soc G = {g ∈ Z (G ) | gp = e},
D(χ)(G ) ⊂ {pr |r ∈ N0}.
G = nonsplit central extension of A8 by C2: soc G = C2,
D(χ)(G ) = {8, 24, 48} (char k = 3) where χ 6= 1.
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