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ntroduction and Fix some base field k (char k # 2 for the moment).
pesic methation Consider a field extension K(x)/K of degree 2, K D k.
Minimal polynomial x> + ax + b = 0 where a,b € K.

2
Complete the square: y? + b =0 where y = x+ 3, b’ = b— 3.
K(x) = K(y) D K is defined by one single parameter b’ € K.

Similarly if char k = 2 and K(x)/K is separable, some generator
z € K(x) has min. poly. z2+z+c¢c =0, c € K.

Conclusion: (Separable) field extensions of degree 2 over K are
defined by one parameter.

Question: How many parameters are needed for (separable) field
extensions of degree n?
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“How many parameters?”:

Number of parameters needed to define L/K := minimum of
tdeg, k(a1, 3z, ..., a,) taken over all generators y of L, where
ai, ..., a, = coefficients of the minimal polynomial of y over K.

n=2: 1 parameter, y> + a = 0.

n=3: 1 parameter, y3 +ay +a=0.

n = 4: 2 parameters, y* + ay?> + by + b = 0.

n =5: Hermite: 2 parameters, y°® + ay> + by + b = 0.

n=6: Joubert: 3 parameters, y® + ay* + by? + cy + c =0,
chark # 2.

n > 7: Nobody knows!
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' m L™ a normal closure of L.

Introduction and .
basie motivation m Fact: Number of parameters needed to define L/K and L"™ /K
coincide.

Reformulation:

Let G be a finite group. How many parameters are needed (in
maximum) to define Galois extensions L/K over k with
Gal(L/K) = G?
Fact: The maximal number is attained for the Galois extension
k(V)/k(V)C where:

m V is a faithful G-module over k

m k(V) is the field of rational functions on V.
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Definition (Buhler/Reichstein, 1995)
BN (i, G = min{tdeg, E | k C E C k(V) faithful G-stable subfield}

Note: edimy G does not really depend on V!

edimy, G < min{dim V|V faithful G-module over k} =: rdim, G

G=S,, V = canonical n-dim. permutation module, char k # 2.

m E :=subfield of k(V) = k(x1,...,x,) generated by cross-ratios
[ 53 3 x1] = B9 € k(V)

T (=) (xi—xx)

m tdeg, E =n— 3 for n > 3.
m E is faithful for n > 5. In that case edimy S, < n — 3.
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A covariant of G is a G-equivariant rational map

o1 A(V) ——» A(W)

Essential
dimension in

terms of

s where V, W are (faithful) G-modules.

 is called faithful if the image of the generic point of A(V) has
trivial stabilizer.

dim ¢ := dimension of the Zariski-closure of the image of .

= tdeg, k(f1,...,fs) where ¢ = (f1,..., f4).

Definition (Geometric definition of essential dimension)

edim) G := min{dim ¢ | ¢ faithful covariant of G over k}.
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edimy G := min{tdeg, E | k C E C k(V) faithful G-subfield}
edim) G := min{dim ¢ | ¢ faithful covariant of G over k}.

Essential

ifﬁ:i?" " mp=(f,...,f): A(V) --» A(W) faithful covariant

= E :=k(fy,...,f4) C k(V) faithful G-subfield

m = edim; G = min{tdeg, £} < min{dim ¢} = edim G

Conversely: From a faithful G-subfield k C E C k(V) one can
construct a faithful covariant ¢: A(V) --» A(W) with
dim ¢ < tdeg, E.

Example (G = S, (n > 5), E = field of cross ratios)

Y = (fg)ge(;: A( V) — A(kS,,) where fg = [Xg(l),Xa(g);Xa(3),Xg(4)].
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B G=G X G = edimg G < edimy G; + edim, G

Essential
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m k'/k field extension = edimy G < edimy G

m edimy G < edimg G/N +[G : N]edim, N

m edim, G1S, < nedimy G (where G1S, = G" % S,,)
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m edimy G < edimg G/N +[G : N]edim, N

m edim, G1S, < nedimy G (where G1S, = G" % S,,)
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edimg G < edimy G/N + [G : N]edim, N

edim, G S, < nedimy G (where G5, = G" % S,,)
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e A(VG) - A(We)
Essental B G=G x G = edim G <edimy G + edimy G
ot ©6 X 96, A(Vg, @ Ve,) - A(Ws, © We,)
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m k'/k field extension = edimy G < edimy G
e @k AVe®Kk')--+ AW @ K)

m edimy G < edimg G/N +[G : N]edim, N
ve/n X (on)s: A(Vg/n @ indfy Viv) --» A(We/y ® indf, W)
indf, V ={a: G — V| a(hx) = ha(x)}, (¢n)«(a) = pnoa.
Sometimes edim, G/N > edimy G.

m edim, G1S, < nedimy, G (where G5, = G" % S,,)
6 X X g A(VE") --» A(WE")
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BR If Ais abelian and (exp 4 € k then edimi A = rk A.
Essential BR If n>5 and chark # 2 then || < edim, S, <n—3.

dimension in
terms of

covariants BR If edimy G =1 and char k { |G|, then G is either cyclic or
dihedral of odd order.

Le If chark = p > 0 then edimy Z/p"Z < n.
Le If kK O Fpn then edimy(Z/pZ)" = 1.
KM If G is a p-group and (, € k then edim, G = rdim, G.

BR: Buhler and Reichstein, Le: Ledet, KM: Karpenko and
Merkurjev.
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folond Lorscher Find covariants ¢: A(V) --» A(W), dim ¢ = edim, G with useful
special properties.
m Regular covariants: ¢ = (f1, f, ..., ;) with all f; € k[V]

polynomials.
Multinomo. m Homogeneous covariants: All f; are homogeneous of the same
(eSS degree m € Z (possibly some f; = 0)

covariants

Equivalently: p(Av) = A™p(v) for an indeterminate .

Why is homogeneity useful?
m One reason: Let p # char k be a prime with pt m, p1|Z(G)].
Then ¢ can be turned into a covariant of G x Z/pZ.
m Another reason: If m # 0 then X := (V) is a cone (i.e. stable
under the action G, x A(W) — A(W), (A, x) — Ax).
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Does every group G have a faithful homogeneous covariant
w: A(V) --» A(W) of dimension edim, G?

Multihomo-
geneous
covariants

If W is irreducible it works! Replace ¢ by its highest degree
component @Ymax: A(V) --» A(W).

B Vmax IS again a covariant.

B Qmayx is faithful.
B dim Qmax < dim .

Problem:
Not every group admits a faithful simple representation!
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p-subgroup if chark = p > 0. Then G admits a faithful semi-simple
representation!

m V=@,V Virreducible.
e m W= @}’:1 Wi, W, irreducible.
e B = (1,5 00) A(V) --> A(W) (where @ A(V) — A(W)))
is called multihomogeneous if for some m;; € Z

wj(vi, .., AV, vn) = NTpi(vi, .., ).

m M, = (mjj) € Matpyyn(Z) gives useful information!

m Faithfulness is tested easily: ¢ = (1, ..., @,) is faithful if all
pi # 0!
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G = (Z/pZ)".
k a field with a primitive p-th root of unity (.

V canonical n-dim. faithful G-module.
¢: A(V) — A(V) multihomogeneous =

Multihomo-
geneous

covariants (4@17@2,...7@n)(v) = SO(CV]_7..., Vn)
= (Cmu(pla Cmu(p% cey len@n)(v)

It follows that M, = I, (mod p).
In particular: det M, =1 (mod p) and M,, has rank n.

One finds a torus T of dimension rk M, acting freely on a dense

open subset of ¢(V). Therefore dim ¢ = n.
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foland LStscher m G a group admitting semi-simple faithful G-modules
V:@:‘il Vi, WZ@},ﬂWJ

m o A(V) --» A(W) an arbitrary covariant.

m There is a covariant Hy(¢): A(V) — A(W) depending only on

o © and the choice of a suitable grading A on k[W] s.t.:

geneous m Hx(y) is multihomogeneous.

covariants - d|m H)\((p) S d,m o
m 7o Hy(p) # 0 & mj 0@ # 0, where mj: A(W) — A(W)).

Thus: edim, G = min{dim ¢ | ¢ multihomogeneous covariant}.

Theorem about the rank of M,:

Let Z(G, k) denote the subgroup {g € Z(G) | (orag € k} C Z(G).
m kM, >rkZ(G, k).
m edim, G < dimy — (rk M, — rk Z(G, k)).
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m ;i A(V;) --» A(W;) minimal faithful covariant of G;, i = 1,2
B =1 X2 A(V1 & Va) --» A(W; & W) is again a faithful
covariant, edim, G < edimy G; + edimy Gy.
m Now if 1, po are multihomogeneous, then so is ¢ and

rk My, = rk M, + rk M, Z tk Z(Gy, k) + rk Z(Gy, k),
dim ¢ = dim ¢; + dim ¢y = edimy G; + edimy G,.

Applications

Th
edimg G; x Gy < dimy — (rk My, x o, — rk Z(G, k))
= edimy G; + edimy Go—
— (rkZ(Gy, k) + rk Z(Ga, k) — rk Z( G, k)).
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Roland Létscher

m Let p: A(V) --» A(V) be a multihomogeneous minimal faithful
covariant. So dim ¢ = edim G, rk M, 2 tk Z(G, k).

m Regard ¢ as a H-covariant. Refine decomposition of
V | n= P(V;) |1 into irreducibles.

m “Multihomogenization” yields a faithful multihomogeneous
H-covariant @: A(V) --» A(V) with dim @ < dim ¢ and
rk Mg > rk M.

Applications

Th

edimy H < dim@ — (rk Mg — rk Z(H, k))
<dimy — (rk M, —rk Z(H, k))
=edimy G — (rkZ(G, k) —rk Z(H, k)).
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m Then G has a faithful semi-simple G-module of the form
V=Wak,d &k,

where x; € Hom(G, k), r = rk H and H acts trivially on W.

m Let p: A(W) --» A(W) be a multihomogeneous minimal
e faithful covariant for G/H.

md:AV) - AV), (w,t1,....t)— (p(w), t1,..., t).
m O is a faithful multihomogeneous G-covariant and
tk Mo = rk M, + r 2tk Z(G/H, k) + .

Th
edim, G < dim® — (rk My — rk Z(G, k))
=edimy G/H —rk Z(G/H, k) +rk Z(G, k).



Central extensions
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essential m Let H C Z(G) such that HN [G, G] = {e} and assume that k

dimension i K .
Rond Loeche contains a suitable root of unity.

m Then G has a faithful semi-simple G-module of the form
V=W~ak,& &k,

where x; € Hom(G, k), r = rk H and H acts trivially on W.

m Let o: A(W) --» A(W) be a multihomogeneous minimal
faithful covariant for G/H.

m O AV) - A(V), (w,t1,....t)— (e(w), tr,..., t).

Applications

Th
edim, G < dim® — (rk My — rk Z(G, k))
=edimy G/H —rk Z(G/H, k) +rk Z(G, k).

m The reversed inequality also holds!

m This generalizes results of Buhler/Reichstein (1997), Kang
(2006), Kraft/Schwarz (2007).
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Generalization of M. Florence's twisting technique
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Let V =@D"_, V; be a semi-simple faithful G-module.
Let P(V) :=P(V1) x - -+ x P(V,,).

m: A(V) --+ P(V) the rational quotient map.

Let ¢: A(V) --» A(V) be a (minimal) faithful
multihomogeneous covariant.

Get a rational map ¢: P(V) --» P(V) fitting into a
commutative square:

dimension
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techmiaue A(V) = Z = A(V)

¥ is G/Z-equivariant where
Z:=27(G,k)={g € Z(G)|Cordg € k}.
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P(VV) _Y >IP(VV)

m ¢ is G/Z-equivariant where Z := Z(G, k)

m ldea: Twist ¢: P(V) --» P(V) with a G/Z-torsor E — spec K,
obtain a rational map

Eq: SB(A1) x --- x SB(A,) --» SB(A;) x --- x SB(A,),

technique
where A; = E(End V; ® K) is a central simple K-algebra.
m Fact: Rational maps [[SB(A;) --+ [[SB(A;) are dominant in
specific cases (by results of Karpenko and Merkurjev).
m In these cases:
edimy G —rk Z(G, k) =dimp —rk Z(G, k) = dim ¢

> dim £y = 3 dim SB(A;) = dimP(V) = dim V — n.
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m A K-algebra A is called central simple if Z(A) = K and A has
no nontrivial two-sided ideals.

m Central simple algebras are precisely the “twisted forms" of
matrix algebras (i.e. A®k K ~ M,(K)).

Severi-Brauer varieties

Twisting Let A be a central simple K-algebra of dimension n?

technique

m The Severi-Brauer variety SB(A) is the projective variety defined
by SB(A)(L) = {n-dim. right ideals of A®x L} for L/K field
extension.

m SB(A)(L) # 0 & Ak L~ M,(L)

m Severi-Brauer varieties are precisely the “twisted forms” of
projective space P71



Twisting
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m Let E be a H-torsor over K.

m £ = spec(L) where L/K is a Galois H-algebra (i.e. an étale
algebra of dimension |H| with LY = K).

m EA = (L® A)" is a central simple K-algebra, the “twist” of A
by E, where H acts on L ®k A by h(/ ® a) = hl ® ha.

5 m Twist of quasi-projective H-varieties over K: E£X = (E x X)/H,

e where H acts on E x X by h(e,x) = (eh™ !, hx).

m £SB(A) ~ SB(EA).

m A H-equivariant rational map ¢: X --+ Y induces a rational
map Fp: EX - Ey.

m Functoriality: (0 ¢) = E¢poEp.
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Rep™)(G) := {V irreducible G-module |Vg € C,v € V : gv = x(g)v},
DX(G):= {dim V | V € Rep™(G)}.

Theorem (Generalization of Karpenko and Merkurjev's Theorem)

Let G be a group whose socle C := soc G is a central subgroup of
p-power order and assume (, € k. If for all x € C*

Twisting

technique

ged DX(G) = min DY(G),
then edimy G = min{dim V|V faithful G-module}.

The proof relies heavily on results of Karpenko and Merkurjev on
rational maps of Severi-Brauer varieties and their calculation of the
index of the twist of End(V;) by a generic G/Z-torsor.
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Theorem (Generalization of Karpenko and Merkurjev's Theorem)

Let G be a group whose socle C := soc G is a central subgroup of
p-power order and assume (, € k. If for all x € C*

ged DX(G) = min DY(G),

Twisting then edimy G = min{dim V|V faithful G-module}.

technique
Examples

m G a p-group: socG = {g € Z(G) | g¥ = e},
DX(G)  {p'|r € No}.

m G = nonsplit central extension of Ag by (5: soc G = G,
DX)(G) = {8,24,48} (char k = 3) where x # 1.
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